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Exact Solutions of Bose–Einstein Condensate in Linear
Magnetic Field and Time-Dependent Laser Field
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A generalized G′
G
-expansion method is extended to construct exact solutions for the Gross–Pitaevskii equation

with weak bias magnetic and time-dependent laser fields. Many types of exact solutions including hyperbolic
function solution, trigonometric function solution and rational exact solution with parameters are obtained. In
addition, soliton solutions are found.
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1. Introduction

Nonlinear evolution equations (NLEEs) are frequently
used to model a wide variety of phenomena in physics,
chemistry, biology and even in social science field. Seek-
ing and constructing exact solutions especially soliton
solutions of NLEEs is one of the most important and
essential task in nonlinear science. With the help of ex-
act solutions, when they exist, the nonlinear phenomena
can be better understood. In the past decades, various
sophisticated methods have been created such as the in-
verse scattering method [1], the Bäcklund transforma-
tions [2], the Darboux transformations [3] and the Hi-
rota bilinear method [4]. Especially, in recent years, with
the rapid development of computerized symbolic compu-
tation, many direct and effective algebraic methods are
proposed such as the homogeneous balance method [5],
tanh function method [6], the Jacobi elliptic function ex-
pansion method [7], the F-expansion techniques [8], exp-
-function method [9] and so on. Recently, Wang et al. [10]
introduced a new direct method called G′

G -expansion
method for a reliable treatment of the NLEEs. Then
this method is generalized and widely used to seek trav-
elling wave solutions, non-travelling wave solutions and
coefficient function solutions for many nonlinear physical
models [11–14], and even extended to solve NLEE with
variable coefficients [15].

The Gross–Pitaevskii equation appears as a relevant
model in various areas of physics: nonlinear optics, fluid
mechanics, Bose–Einstein condensation (BEC). The re-
alization of BEC of weakly interacting atomic gases stim-
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ulates the exploration of nonlinear properties of matter
waves [16–19]. Recently the theoretical and experimen-
tal studies have focused on the dynamics and stability
of dark solitons of two-component BEC. The nonlinear
excitations of BEC in magnetic trap can be described by
the Gross–Pitaevskii equation [20]

i~ψτ = − ~
2

2m
ψyy +

4π~2

m
a|ψ|2ψ

+ y [n1 + n2 sin(νt)] ψ , (1)
where τ is the time, y is the coordinate, m is the atomic
mass, a is the scattering length between atoms, n1 and
n2 are bias magnetic and time-dependent laser fields pa-
rameters, respectively. By the following dimensionless
transformation:
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mεt

4π~a
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√
ε

4πa
x ,
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√

ε
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, c =

√
ε

πa

mεn2

8πa~2
, (2)

we can rewrite Eq. (1) as

iut = −1
2
uxx + ε|u|2u + x [b + c sin(ωt)] u , (3)

where x is measured in units of ς = 1 µm (a charac-
teristic length unit in this type of experiment), t is in
unit of mς2/~, u is in units of the square root of n0a

3

(the maximum density in the initial distribution of the
condensate), and the interaction constant is defined as
ε = 4πn0aς2, with a being the interatomic scattering
length. It is very difficult to solve the variable coeffi-
cients nonlinear equation. The bright soliton solutions
of Eq. (3) have been obtained when C = 0 [21]. Re-
cently, Liu et al. [20] have derived the exact bright and
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dark soliton solutions of Eq. (3) by applying the inverse
scattering method and selecting the appropriate trans-
formation. And, by the tanh method, Li et al. [22]
also obtained some new dark soliton solutions. The goal
of the present work is to conduct further investigations
of the Gross–Pitaevskii equation by the generalized G′

G -
-expansion method. Many new types of exact analytical
solutions and soliton solutions are obtained.

2. The generalized
(

G′

G

)
-expand method

First, we give a brief description for the generalized(
G′
G

)
-expand method. For a given NLEE with indepen-

dent variables X = (x, y, z, . . . , t) and dependent vari-
able u:

F
(
u, ut, ux, uy, uz, . . . , uxt, uyt, uzt,

. . . , utt, uxx, uyy, uzz, . . .
)

= 0 , (4)

we suppose that its solution can be expressed by a poly-
nomial in

(
G′
G

)
as follows:

u =
m∑

i=1

αi(X)
(

G′

G

)i

+ α0(X) , αm(X) 6= 0 , (5)

where α0(X), αi(X)(i = 1, 2, .,m) and ξ = ξ(X) are all
functions of X to be determined later, G = G(ξ) satisfies
a second order linear ordinary differential equation

G′′ + λG′ + µG = 0 , (6)

where G′′ = ∂2G(ξ)
∂ξ2 , G′ = ∂G(ξ)

∂ξ , and λ, µ are real con-
stants.

To determine u explicitly, we take the following four
steps:

Step 1. Determine the integer m by balancing the high-
est order nonlinear terms and the highest order partial
derivative of u in Eq. (4).

Step 2. Substitute (5) along with Eq. (6) into Eq. (4)
and collect all terms with the same order of

(
G′
G

)
to-

gether, the left hand side of Eq. (4) is converted into
a polynomial in

(
G′
G

)
. Then set each coefficient of this

polynomial to zero to derive a set of over-determined par-
tial differential equations for α0(X), αi(X) and ξ.

Step 3. Solve the system of over-determined partial
differential equations obtained in Step 2 for α0(X), αi(X)
and ξ by use of Mathematica or Maple.

Step 4. Use the results obtained in above steps to de-
rive a series of fundamental solutions of Eq. (6) depend-
ing on

(
G′
G

)
, since the solutions of Eq. (6) have been

well known for us, then we can obtain exact solutions of
Eq. (4).

3. Exact solutions for the generalized 2D NLSE

In order to obtain some exact solutions of Eq. (3), we
define the complex u field as:

u(x, t) = A(x, t)e iB(x,t), (7)
where A(x, t) and B(x, t) are real functions. Substituting
u(x, t) into Eq. (3), we find the following coupled equa-
tions for the phase B(x, t) and the amplitude A(x, t):

At + AxBx +
1
2
ABxx = 0 , (8)

−ABt +
1
2
(Axx −AB2

x)− εA3

−x [b + c sin(ωt)] A = 0 . (9)

According to the balance principle and the generalized
G′
G -expansion method, the solution of Eqs. (8) and (9)
can be expressed in the following form:

A(x, t) = f(t) + h(t)
G(ξ)′

G(ξ)
, ξ = p(t)x + q(t) , (10)

B(x, t) = Γ (t)x + Ω(t) , (11)
where f(t), h(t), p(t), q(t), Γ (t), Ω(t) are functions of t
to be determined. Substituting Eqs. (10) and (11) into
Eqs. (8) and (9) and collecting all the terms with the
same order of G′

G together, the left sides of Eqs. (8)

and (9) are converted into two polynomials of xi1
(

G′
G

)j1

(i1 = 0, 1; j1 = 0, 1, 2) and xi2
(

G′
G

)j2
(i2 = 0, 1, 2;

j2 = 0, 1, 2, 3), respectively. Setting each coefficient of
the two polynomials to zero, after simplifying one can fi-
nally derive a system of algebraic or first-order ordinary
differential equations for f(t), h(t), p(t), q(t), Γ (t) and
Ω(t) as follows:

−hptk = 0 , (12)

−h(qt + Γp) = 0 , (13)

ft − hqtµ− Γhpµ = 0 , (14)

ht − hqtλ− Γhpλ = 0 , (15)

−fΩt − Γ 2f

2
− εf3 +

hp2λµ

2
= 0 , (16)

−l [Γt + c sin(ωt) + b] = 0 , (17)

−h

(
Ωt − p2µ + 3εf2 +

Γ 2

2
− p2λ2

2

)
= 0, (18)

3hp2λ

2
− 3εfh2 = 0 , (19)

hp2 − εh3 = 0 , (20)
where k = 1, λ, µ and l = f, h.

Solving Eqs. (12)–(20) self-consistently, we have a set
of conditions on the coefficients and parameters as fol-
lows:

p = C1 , h = ±C1√
ε

, f = ±C1λ

2
√

ε
, (21)

Γ =
c cos(ωt)

ω
− bt + C2 , (22)
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q = C1

(
−c sin(ωt)

ω2
+

bt2

2
− C2t + C3

)
, (23)

Ω = −b2

6
t3 +

1
2
bC2t

2 − 1
4
t

(
2C2

2 + C2
1λ2

+
c2 − 4cb sin(ωt)

ω2

)
− cC2 sin(ωt)

ω2
+

cb cos(ωt)
ω3

− c2 cos(2ωt)
8ω3

+ C4 , (24)

where C1, C2, C3, and C4 are arbitrary constants. Substi-
tuting Eqs. (10) and (11) with Eqs. (21)–(24) into Eq. (7),
we have the fundamental solution of Eq. (3):

u = ±C1λ

2
√

ε

[
1 +

2
λ

(
G(ξ)′

G(ξ)

)]
exp(i(Γx + Ω)) , (25)

where
ξ = px + q

= C1x + C1

(
−c sin(ωt)

ω2
+

bt2

2
− C2t + C3

)
,

Γ =
c cos(ωt)

ω
− bt + C2 ,

Ω = −b2

6
t3 +

1
2
bC2t

2 − 1
4
t

(
2C2

2 + C2
1λ2

+
c2 − 4cb sin(ωt)

ω2

)
− cC2 sin(ωt)

ω2
+

cb cos(ωt)
ω3

− c2 cos(2ωt)
8ω3

+ C4 (26)

and G(ξ) is the solution of Eq. (6).
Substituting the general solutions of Eq. (6) into

Eq. (25), we have three types of exact solutions of Eq. (3)
as follows:

u1 = ±C1λ

2
√

ε

×


1 +

2
λ

K1 sinh
(√

λ2−4µ

2 ξ

)
+ K2 cosh

(√
λ2−4µ

2 ξ

)

K1 cosh
(√

λ2−4µ

2 ξ

)
+ K2 sinh

(√
λ2−4µ

2 ξ

)




× exp(i(Γx + Ω)) , λ2 − 4µ > 0 , (27)

u2 = ±C1λ

2
√

ε

×


1 +

2
λ

−K1 sin
(√

4µ−λ2

2 ξ

)
+ K2 cos

(√
4µ−λ2

2 ξ

)

K1 cos
(√

4µ−λ2

2 ξ

)
+ K2 sin

(√
4µ−λ2

2 ξ

)




× exp(i(Γx + Ω)) , λ2 − 4µ < 0 , (28)

u3 = ±C1λ

2
√

ε

(
1 +

2
λ

K2

K1 + K2ξ

)
exp(i(Γx + Ω)) ,

λ2 − 4µ = 0 , (29)
where K1, K2 are arbitrary constants, ε > 0 (a > 0)
and ξ, Γ , Ω determined by Eq. (26).

In particular, for the hyperbolic function solution u1

expressed by Eq. (27), if setting K2 = 0, we can obtain
the following dark soliton solution:

u4 = ±C1λ

2
√

ε

[
1 +

2
λ

tanh

(√
λ2 − 4µ

2
ξ

)]

× exp(i(Γx + Ω)) , λ2 − 4µ > 0 . (30)
Figure 1 shows the dark soliton solution U = |u4| in detail
with the conditions C1 = C2 = C3 = b = c = ω = ε = 1,
λ = 3, µ = 1. When λ = ±2, µ = 0, Eq. (30) is just the
soliton solution reported in Ref. [22].

Fig. 1. Dark soliton solution U = |u4| with C1 = C2 =
C3 = b = c = ω = ε = 1, λ = 3, µ = 1.

4. Summary and discussion

To summarize, applying the generalized G′
G -expansion

method, three types of new exact solutions including hy-
perbolic function solution, trigonometric function solu-
tion and rational solution with parameters for the Gross–
Pitaevskii equation with weak bias magnetic and time-
-dependent laser fields are obtained. Selecting the param-
eters and the arbitrary functions in the solutions freely,
more abundant exact solutions including soliton solutions
can be derived. A new dark soliton solution is presented.
The more about the physical significance and its stabil-
ity for the dark soliton solution in BEC for the Gross–
Pitaevskii equation will be investigated somewhere else.
The G′

G -expansion method is generalized and extended to
solve variable coefficients nonlinear physical models and
shown effective and powerful. More exploring about the
solutions for the Gross–Pitaevskii equation and seeking
exact solutions for other NLEEs by the generalized G′

G -
-expansion method is further worth studying.
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