
Vol. 118 (2010) ACTA PHYSICA POLONICA A No. 2

XIV National School on Superconductivity, Ostrów Wielkopolski, October 13–17, 2009

Electron Spectral Functions
in the Presence of the Antiferromagnetic Order

in the Two-Dimensional Hubbard Model
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We use a recently proposed quantum SU(2)×U(1) rotor approach for the Hubbard model to calculate
electronic spectral functions in a presence of an antiferromagnetic state for any value of the Coulomb interaction.
We isolate the collective variables for charge and spin in the form of the space-time fluctuating U(1) phase field
and SU(2) rotating spin quantization axis, respectively. As a result, the fermion Green function in the space-time
domain becomes a product of a CP1 propagator resulting from the SU(2) gauge fields, U(1) phase propagator and
the pseudo-fermion correlation function. In turn, the spectral lines are obtained by performing the convolution
of spin, charge and pseudo-fermion Green’s functions. We observe an emergence of a sharp peak in the electron
spectral functions within the antiferromagnetic phase, whose spectral weight is equal to the antiferromagnetic
order parameter.

PACS numbers: 71.10.Fd, 71.10.−w, 71.10.Pm

1. Introduction

High-resolution angle-resolved photoemission spec-
troscopy (ARPES) is a powerful tool for study of the
electronic structure of complex materials returning direct
high-resolution momentum and energy dependent infor-
mation about electronic states [1]. Since, it requires little
or no modeling and experiments are performed in clean
conditions (ultrahigh vacuum, no magnetic field), it can
be straightforwardly used for comparison with theory. In
the discussion of photoemission on solids, and in partic-
ular on the correlated electron systems, the most power-
ful and commonly used approach is based on the Green-
-function formalism. In this context, the propagation of
a single electron in a many-body system is described by
the time-ordered one-electron Green propagator. A com-
mon approach in describing strong electron correlations is
based on consideration of the Hubbard model [2]. Since
it envolves only few explicit parameters, it provides a
great environment to test the power and quality of ana-
lytical [3–9] and numerical [10–17] methods. The inher-
ent difficulty of dealing with Hamiltonians appropriate
for strongly correlated electronic systems originates from
the non-perturbative nature of the problem and the pres-
ence of several competing physical mechanisms. In the
fermionic systems with spin and charge excitations the
situation is even worse, because dynamic quantum fluc-
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tuations are important even in large dimensions. Thus,
we use a recently developed quantum SU(2)×U(1) rotor
approach method, which takes into account both spatial
correlations and quantum fluctuations to calculate one-
-particle spectral function for the Hubbard model [7]. We
isolate the collective variables for charge and spin in the
form of the space-time fluctuating U(1) phase field and
rotating spin quantization axis governed by the SU(2)
symmetry, respectively. As a result strongly interact-
ing electrons appear as composite objects consisting of
weakly interacting bare fermions with attached strongly
fluctuating U(1) and SU(2) gauge fields. The collective
spin and charge fluctuations are governed by the effective
actions that are derived from the Hubbard model for any
value of the Coulomb interaction. The fermion Green
function in the space-time domain becomes the product
of the complex-projective (CP1) propagator (which re-
sults from the SU(2) gauge fields), U(1) phase propa-
gator and the pseudo-fermion correlation function, while
the fermion spectral lines are convolutions of spin, charge
and pseudo-fermion Green’s spectral functions.

The paper is organized as follows. After introduc-
tion of the model Hamiltonian in Sect. 2, we present in
Sect. 3 the transformations to the phase and spin an-
gular variables that reflect the basic symmetries of the
Hubbard model. Section 4 is devoted to the derivation
of Green’s functions in the phase, spin-rotational and
pseudo-fermion sectors. In Sect. 5 we present single elec-
tron spectral functions and finally conclude in Sect. 6.
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2. The model

We start with a Hubbard Hamiltonian H ≡ Ht +HU:

H = −t
∑

〈rr′〉,α

[
c†α(r)cα(r′) + H.c.

]

−µ
∑

r

n(r) +HU , (1)

where the Hubbard interaction term is given by

HU = U
∑

r

n↑(r)n↓(r) (2)

and n(r) = n↑(r) + n↓(r) is the number operator. The
summation 〈r, r′〉 runs over the nearest-neighbor (n.n.)
sites of the two-dimensional (2D) square lattice, t is the
hopping amplitude and U stands for the Coulomb re-
pulsion, c†α(r) and cα(r) are operators of creation and
annihilation of an electron with spin α =↑ (≡ 1), ↓ (≡ 2)
at the lattice site r. The number of electrons with spin
α is nα(r) = c†α(r)cα(r) and µ is the chemical potential
controlling the average number of electrons. The parti-
tion function is written within the path integral formal-
ism in the Grassmann fields, cα(rτ) depending on the
“imaginary time” 0 ≤ τ ≤ β ≡ 1/kBT (with T being
the temperature) that satisfy the anti-periodic condition
cα(rτ) = −cα(rτ + β):

Z =
∫

[Dc̄Dc] e−S[c̄,c], (3)

where the fermionic action

S[c̄, c] = SB[c̄, c] +
∫ β

0

dτH[c̄, c] (4)

contains the fermionic Berry term [18]

SB[c̄, c] =
∑
rα

∫ β

0

dτ c̄α(rτ)∂τ cα(rτ) (5)

that will play an important role in our considerations.

3. Spin-charge rotating reference frame

The Hubbard Hamiltonian contains the spin-rotational
symmetry, which is crucial for its low energetic prop-
erties. Thus, it is important to use a theoretical ap-
proach that naturally preserves this symmetry. The Hub-
bard interaction term can be written in a spin-rotational
form [19]:

HU = U
∑

r

{
1
4
n2(rτ)− [Ω(rτ) · S(rτ)]2

}
, (6)

where Sa(rτ) = 1
2

∑
αα′ c

†
α(rτ)σ̂a

αα′cα′(rτ) denotes the
vector spin operator (a = x, y, z) with σ̂a being the Pauli
matrices and Ω is the spin-quantization axis that can be
a priori arbitrary. Integration over all possible directions
of Ω(rτ) in the partition function at each site and time
leads to an explicit spin-rotational invariance

Z =
∫

[DΩ ]
∫

[Dc̄Dc] e−S[Ω,c̄,c] . (7)

Since the spin and charge density terms of the Hamil-
tonian in Eq. (6) are of the fourth order in fermionic

operators, they must be decoupled using the Hubbard–
Stratonovich (HS) formula [20] with auxiliary fields %(rτ)
and iV (rτ), respectively. This leads to the following
form of the partition function [21]:

Z =
∫

[DΩ ]
∫

[DVD%]
∫

[Dc̄Dc] e−S[Ω,V,%,c̄,c] , (8)

while the effective action reads

S [Ω , V, %, c̄, c] =
∑

r

∫ β

0

dτ

[
%2(rτ)

U
+

V 2(rτ)
U

+iV (rτ)n(rτ) + 2%(rτ)Ω(rτ) · S(rτ)]

+ SB[c̄, c] +
∫ β

0

dτHt[c̄, c] . (9)

Besides noticing the spin-rotational invariance, one
would also like to switch from the particle-number rep-
resentation to the conjugate phase representation of the
electronic degrees of freedom that is governed by the com-
pact U(1) group, which can be done with the help of the
topologically constrained path integral formalism [22].
To this end, we write the fluctuating “imaginary chemical
potential” iV (rτ) as a sum of a static V0(r) and periodic
function

V (rτ) = V0(r) + Ṽ (rτ) , (10)
where, using Fourier series

Ṽ (rτ) =
1
β

∞∑
n=1

[
Ṽ (rωn)e iωnτ + c.c.

]
(11)

with ωn = 2πn/β (n = 0,±1,±2) being the (Bose) Mat-
subara frequencies. This allows us to introduce the U(1)
phase field φ(rτ) via the Faraday-type relation [23]:

φ̇(rτ) ≡ ∂φ(rτ)
∂τ

= e− iφ(rτ) 1
i

∂

∂τ
e iφ(rτ) = Ṽ (rτ) .

(12)
Furthermore, by performing the local gauge transforma-
tion to the new fermionic variables hα(rτ) we obtain[

cα(rτ)
c̄α(rτ)

]
=

[
z(rτ) 0

0 z̄(rτ)

][
ζ↑(rτ) −ζ̄↓(rτ)
ζ↓(rτ) ζ̄↑(rτ)

]

×
[

h↑(rτ)
h↓(rτ)

]
, (13)

where the unimodular parameter |z(rτ)|2 = 1 satisfies
z(rτ) = e iφ(rτ). The transformation to ζα(rτ) variables
takes away the rotational dependence on Ω(rτ) in the
spin sector. This is done by means of the Hopf map [24]:

R(rτ)σ̂zR†(rτ) = σ̂ ·Ω(rτ) (14)
that is based on the enlargement from two-sphere S2 to
the three-sphere S3 ∼ SU(2). The variables fulfill the
unimodularity condition

|ζ↑(rτ)|2 + |ζ↓(rτ)|2 = 1 (15)
that can be resolved by using the parametrization of
Ω(rτ) with the Euler angular variables ϕ(rτ), ϑ(rτ):
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ζ1↑(rτ) = e−
i
2 [ϕ(rτ)+χ(rτ)] cos

(
ϑ(rτ)

2

)
,

ζ↓(rτ) = e
i
2 [ϕ(rτ)−χ(rτ)] sin

(
ϑ(rτ)

2

)
. (16)

The extra variable χ(rτ) represents the U(1) gauge free-
dom of the theory as a consequence of S2 → S3 map-
ping from Eq. (14). As a result of the transformation in
Eq. (13) the electrons emerge as composite particles con-
sisting of spin-carrying neutral fermions and topological
charged bosons in a form of “flux tubes” with the quan-
tum phase variable dual to the local electron density.

4. Green’s functions

The presented scheme allows us to transform the ini-
tial purely fermionic action of the Hubbard model into
effective actions in spin, charge and fermionic sectors by
performing the trace over selected set of variables. For
more technical discussion we refer the readers to Ref. [7].
Charge (phase) action. In systems with the Coulomb

interactions, the phase variable dual to the charge is an
important collective field. We start with a partition func-
tion for charge sector

Z =
∫

[Dz̄Dz] e−S[z̄,z], (17)

where the charge action with the topological contribution
can be written as

Seff [z̄, z] =
1

Nβ

∑

k,n

z̄ (kωn)G−1
z0k (ωn) z (kωn) . (18)

The inverse of the propagator reads
G−1

z0k (ωn) = λz + γ−1 (ωn) , (19)
while the phase correlator after the Fourier transform,
can be written as

γ (ωn) =
1
Z0

4
U

+∞∑
m=−∞

e−
βU
2 (m+ µ

U )2

1− 4
(
m + µ

U − iωn

U

)2 , (20)

where

Z0 =
+∞∑

m=−∞
exp

(
−1

2
βU

(
m +

µ

U

)2
)

(21)

is the partition function for the set of non-interacting
quantum rotors. Let us note that the presence of the
integer winding numbers in Eqs. (20) and (21) renders
the phase propagator periodic in the reduced chemical
potential µ/U . The unimodular condition of the U(1)
phase variables translates into the equation

1 =
1

Nβ

∑

k,n

1
λz0 + γ−1 (ωn)

, (22)

which fixes the Lagrange multiplier λz0.
Fermionic action. Tracing out the gauge degrees of

freedom we arrive at the effective action of pseudo-
-fermions. The partition function can be written as

Z =
∫ [Dh̄Dh

]
e−S[h̄,h], (23)

where the fermionic action in a compact Nambu form

reads

S[h̄, h] =
1

βN

∑

k,n

Λ̄h (kωn)G−1
h0k (ωn)Λh (kωn) , (24)

where vectors Λh(kτ) are defined by
Λ̄ (kωn) =

[
h̄↑k, h̄↓k, h̄↑k−π, h̄↓k−π

]
(ωn) (25)

and the inverse propagator

G−1
h0k (ωn) =




ω−hk 0 ∆c 0
0 ω−hk 0 −∆c

∆c 0 ω+
hk 0

0 −∆c 0 ω+
hk


 . (26)

In Eq. (26) ∆c = U〈Sz(rτ〉 sets the magnitude for the
Mott-charge gap. Furthermore, ω±hk = iωn − µ̄ ± 2χξk,
where χ = tJ/2, the effective hopping tJ = Jv/4 is
proportional to the antiferromagnetic exchange constant
J = 4t2/U and the v field can be fixed self-consistently
using saddle-point method to give

v =
∑
α

〈h̄α(rτ)hα(r′τ)〉 . (27)

Spin-angular action. Being interested in the magnetic
properties of the system it is a natural step to obtain
the effective action that involves the spin-directional de-
grees of freedom Ω , whose important fluctuations corre-
spond to rotations. This can be done by integrating out
fermions

Z =
∫ [Dζ̄Dζ

]
e−S[ζ̄,ζ], (28)

where the action in the spin-bosonic sector

S [
ζ̄, ζ

]
=

1
2βN

∑

knσ

Λ̄ζσ (kωn)G−1
ζ0k (ωn)Λζσ (kωn)

(29)
with

Λ̄ (k, ωn) =
[
ζ̄σk, ζσ−k, ζ̄σk−π, ζσ−k+π

]
(ωn) (30)

and
G−1

ζ0k (ωn)

=




ω2
n

Es
+ λζ 2Qξk −2iθωn 0

2Qξk
ω2

n

Es
+ λζ 0 2iθωn

−2iθωn 0 ω2
n

Es
+ λζ −2Qξk

0 2iθωn −2Qξk
ω2

n

Es
+ λζ




. (31)

The kinetic energy scale for the SU(2) rotors is Es =
1/(2χT) with the transverse susceptibility behaving in
weak and strong coupling limit as follows [25]:

χT ∼
{

1
8J , t ¿ U,
1
2π

1
t

√
t
U , t À U.

(32)

Also, decoupling of the fourth-order terms in the spin
action leads to additional field Q, whose value is deter-
mined from the equation

Q = −J(∆c)
2

〈
ζ̄(rτ) · ζ̄(r′τ)

〉
. (33)

The AF-exchange coefficient
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J(∆c) =
4t2

U
(n↑ − n↓)

2 ≡ 4t2

U

(
2∆c

U

)2

(34)

behaves in the large-U limit (U → ∞) like J(∆c) ∼ 4t2

U

since 2∆c
U → 1. In general, the AF-exchange parame-

ter persists as long as the charge gap ∆c exists. How-
ever, J(∆c) diminishes also in the weak coupling limit
(U/t → 0).

The AF order parameter in terms of the original
fermion operators is defined as:

mAF =
∑

r

(−1)r〈Sz(rτ)〉

=
∑

r

(−1)r〈Ω(rτ)〉 · 〈Sh(rτ)〉. (35)

Owing the fact that 〈Sa
h(rτ)〉 = (−1)r∆cδa,z we obtain

mAF = ∆c

∑
r

〈Ωz(rτ)〉

= ∆c

∑
r

[〈ζ̄↑(rτ)ζ↑(rτ)〉 − 〈ζ̄↓(rτ)ζ↓(rτ)〉]

=
∆c

U
m2

0 . (36)

It is clear that the existence of AF long-range order does
not only require a nonzero value of ∆c, but also the
angular degrees of freedom Ω(rτ) have to be ordered.
In the CP1 representation (where the Néel field is
represented by two Schwinger bosons) it is signalled by
the Bose–Einstein condensation of the Schwinger bosons
at zero temperature. The CP1 order parameter m2

0

along with the Lagrange multiplier λζ can be fixed from
the uniformity condition in Eq. (15):

1−m2
0 =

1
βN

∑

knσ

Gσ
ζk (ωn) .

5. Single electron spectral function

Within our construction, the electron Green function
is a product of U(1) phase, SU(2) spin (in CP1 represen-
tation) and pseudo-fermion Green’s functions

Gαα (rr′τ) = −
∑

βγ

〈zr z̄r′〉
〈
Rαβ (rτ)R†γα (r′τ)

〉

×〈hβ (rτ)hγ (r′τ)〉 (37)
where the Green functions in the respective sectors are
defined as:

Gz (rτ, r′τ ′) = −〈z (r, τ) z̄ (r′, τ ′)〉 ,

Gαα′
ζ (rτ, r′τ ′) = − 〈

ζα (r, τ) ζ̄α′ (r′, τ ′)
〉

,

Gαα′
h (rτ, r′τ ′) = − 〈

hα (r, τ) h̄α′ (r′, τ ′)
〉

. (38)
Since in the antiferromagnetic phase we allow for order-
ing in the spin sector, the averages over spin variables
can be non-zero. This leads to the following expression
for the spin-sector Green function:

Gαα
ζk (ωn) = −βNm2

0δα↑δk0δωn0

+ (1− 2δα↑δk0δωn0) Gαα
ζk (ωn) . (39)

Introducing a spectral density function that is defined for
fermions as follows:

Gαα
Xk (νn) =

∫ +∞

−∞

dω

2π

Aαα
Xk(ω)

iνn − ω
(40)

with X = c, h for full system and pseudo-fermionic sec-
tor, respectively and, similarly, for bosonic sectors

GXk (ωn) =
∫ +∞

−∞

dω

2π

AXk(ω)
iωn − ω

, (41)

where X = z, ζ for charge and spin part, one can calcu-
late spectral density of the system

Aαα
ck (ω) = m2

0A
αα
zhk(ω) +

∑
σ

Aσσ
zhζk(ω) . (42)

Consequently, the density of states being a local spectral
density

ραα
X (ω) = − 1

2πN

∑

k

Aαα
Xk(ω) , (43)

can be written as
ραα
c (ω) = m2

0ρ
αα
zh (ω) + 2ραα

zhζ(ω) , (44)
with

ραα
zh (ω) =

∫ +∞

−∞
dω′ρz (ω′) ραα

h (ω − ω′)

× [nB (−ω′) + nF (ω − ω′)] ,

ραα
zhζ(ω) =

∫ +∞

−∞
dω′ραα

ζ (ω′) ραα
zh (ω − ω′)

× [nB (−ω′) + nF (ω − ω′)] . (45)
The single electron density of states in Eq. (44) contains
then two terms. The first generates the coherence peak
associated with the long-range AF order, which is a prod-
uct of the condensate density m2

0 and the pseudo-fermion
spectral function convolved with phase spectral function
ραα

zh (ω). To the extent that the peak and the background
are distinguishable objects, see Fig. 1, the weight under
this quasi-particle peak should be equal to the condensate
density m2

0 of the CP1 bosons. The second term ραα
zhζ(ω)

being the spectrum background is a double convolution of
phase, spin-rotational and pseudo-fermion contributions.
Since the density of states obeys the sum rule, the weight
of this part of the spectrum is 1−m2

0.
In Fig. 1 the evolution of the spectrum with variable

coupling has been presented. For strong coupling limit
the hopping is strongly renormalized leading to zero value
of the v field in Eq. (27) and a non-dispersive spectrum.
For lower interactions the spectrum becomes more com-
plex and the long-range AF order disappears. Finally, in
the weak coupling the density of states recovers the form
usual for the 2D lattice with the logarithmic singularity
at ω/t = 0.

The details of disappearance of the long-range order
and the corresponding coherence peaks in the spectrum
have been presented in Fig. 2. The peaks located next to
the gap decrease for weaker couplings until they finally
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disappear for a critical value of U/t = 1.18. Since the
spectrum obeys the sum rule, the spectral weight from
the coherence peaks is relocated to the spectrum back-
ground. This behavior exhibits a great similarity to that,
which is seen in the ARPES spectra in the underdoped
high-temperature superconducting samples, however in
this case the condensate density refers to the supercon-
ductor, not the antiferromagnet. The electron spectral
function is very broad above the superconducting tran-
sition, but a sharp quasiparticle peak develops at the
lowest binding energies, followed by a dip and a broader
hump, giving rise to the so-called peak-dip-hump struc-
ture [26]. The evolution of the spectral density as a
function of temperature is depicted in Fig. 3. At finite
temperature there is no AF ordering according to the
Mermin–Wagner theorem and consequently no coherence
peak, but one observes the gap filling as the temperature
increases.

Fig. 1. Evolution of the density of states of the model
for various interactions U/t from strong to weak-
-coupling limit.

6. Conclusions

In this paper we have presented a method of calcula-
tion of electron spectral densities for strongly correlated
systems described by the Hubbard model in terms of a
collective phase variable, the rotating quantization axis
and the fermionic degrees of freedom. Our approach goes
beyond purely local mean-field description by incorporat-
ing the effect of spatial correlations and in particular the
influence of the ordered states on the spectral properties
of the system. The inclusion of the antiferromagneti-
cally ordered phase was done by resorting to the saddle-
-point analysis of the bosonic and fermionic effective ac-
tions, however the general architecture of the method
is not resting on this assumption. The single-particle
properties are obtained by writing the original fermion
field in terms of a U(1) phase field related to the charge,
CP1 bosons that parametrize the variable spin quantiza-
tion axis related to the rotational symmetry and pseudo-

Fig. 2. Disappearance of the antiferromagnetic coher-
ence peak density with variable interactions U/t from
strong to weak-coupling limit.

Fig. 3. Evolution of density of states as a function of
the temperature (as indicated in the plot) for U/t =
1.25.

-fermions. This decomposition in real space reduces the
fermion Green function to the product of the phase, the
Schwinger boson and the remaining fermionic propaga-
tors, respectively. Because the method takes into account
spatial correlations, the effect of the ordered states on the
electronic picture can be observed. The obtained density
of states consists of two parts: one generating the coher-
ence peak dependent on the density of condensed CP1

bosons that represents the antiferromagnetic order and
the second — with the remaining spectrum background.
We notice a similarity of the situation to the behavior of
the normal state ARPES spectra in the underdoped sam-
ples, where the the superconducting condensate produces
the well-known peak-dip-hump structure.
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