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Properties of the short coherence length £ superconductors are markedly different from those with long &.
The main difference is connected with their response to impurities. Even the s-wave superconductors have been
predicted not to obey the so-called Anderson theorem and to show appreciable fluctuations of order parameter.
This observation has been recently confirmed in a number of beautiful scanning tunnelling experiments on
high temperature cuprate and pnictide superconductors. In this work we study clean two-band systems within
BCS-type approach and impure superconductors within mean field Bogolubov—de Gennes approach. In the weak

disorder limit both s-wave and d-wave superconductors only weakly react to impurities.

Presence of the Van

Hove singularities in the density of states of the two-band clean systems strongly increases their superconducting
transition temperature if the intra-band pair scattering is the only pairing interaction. The effect of impurities on
such superconductors does depend on the sign of the inter-orbital interaction.

PACS numbers: 71.10.Fd, 74.20.—z, 74.81.—g

1. Introduction

It is a well recognised fact that impurities present im-
portant probes of the superconducting state. The sys-
tematic experimental studies of the influence of disor-
der on superconductivity has been started by Hilsch and
Buckel [1] in the early fifties and then continued by many
researchers [2]. The theoretical understanding of the rel-
atively weak influence of disorder on classic supercon-
ductors was achieved by Anderson 50 years ago [3]. He
showed that the BCS prescription for pairing, which re-
quires the occupation of the one-particle eigenstates |k)
and |—k) is too restrictive because disorder which breaks
translational symmetry should have a deleterious effect
on superconductivity in contradiction with many exper-
iments. Anderson showed that, in fact, it is sufficient
for members of a Cooper pair to be in states which are
time reversed versions of each other and that the effect of
disorder is to merely modify the normal metal density of
states — the statement which is known as the Anderson
theorem for s-wave superconductors.

However, it turns out that the Anderson theorem is
valid only in the limit of site independent order param-
eter [4], the assumption which can be shown to be ful-
filled in the limit of long coherence length. In this limit
the details of disorder are not felt by the members of the
Cooper pair. The detailed calculations [4] have predicted
the existence of order parameter fluctuations which are
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well characterised by their mean square deviation

(164i%) = (|1 4:l*) = (45}, (1)
where the sign (...) denotes the configurational average
over impurities configurations. In a system with fluctuat-
ing local potentials ; assumed to be independent random
variables for which (g;e;) = (¢7)d;; it has been shown [4]
that

(104i*) = I'{ef) . (2)

1
The coeflicient I' depends on the coherence length £ and
vanishes for large £ indicating that in this limit the An-
derson theorem is fulfilled and the fluctuations of the
gap vanish. On the contrary, in impure short coherence
length superconductors the appreciable gap fluctuations
have been predicted. They have been recently discovered
in high temperature cuprate (HTS) [5-10] and pnictide
superconductors [11-14| and are visible in the scanning
tunneling spectroscopy (STS) or microscopy (STM) data.

In HTS the neighbouring regions of the sample show
largely different values (by a factor of 2 or 3) of the su-
perconducting gap. The gap is defined as the distance
between the coherence peaks in the differential conduc-
tance. The spread of the gap values in pnictides is smaller
and amounts to +20%.

The description of cuprate superconductors is usually
done within t—J or two-component boson—fermion mod-
els [15, 16]. Both of them have successfully been applied
to the problem at hand [17-19]. The former model re-
quires assumptions about the changes of pairing interac-
tion energies, but is able to describe the puzzling positive
correlation between the position of oxygen dopants and
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the value of the superconducting gap [18]. Similar as-
sumption about the modification of the boson energies
which as a result of doping are moved into close vicinity
of the Fermi level have to be made in the latter model.
In this paper we discuss three important aspects of
disordered short coherence length superconductors using
BCS-type theory for clean systems or the Bogolubov—
de Gennes (BdG) approach for impure ones. The BdG
technique correctly treats the inhomogeneities, like grain
boundaries, impurities and other defects. The variational
wave function used in this method is position dependent.
As a result it can appropriately describe the supercon-
duting condensate in a presence of disorder. Contrary
to the k-space based approaches we do not average over
disorder and study the properties of the system with a
given configuration of impurities. In the previous studies
[20] we have applied similar method to find pairing cor-
relations around two-orbital impurity in a metallic host.
In Sect. 2 we discuss possible increase of the supercon-
ducting transition temperature due to the presence of the
Van Hove singularities near the Fermi energy in the two-
-band superconductor with inter-band pairing only. The
two-orbital model of impure superconductor is studied in
Sect. 3. Section 4 compares the reaction of the s-wave
and d-wave superconductors to impurities. It turns out
that in the weak disorder limit this reaction is very much
similar for both symmetries, contrary to results of the
standard approach which does not allow for a position
dependence of the condensate wave function.

2. Inter-band pairing superconductor 7T,
enhancement by the Van Hove singularities

We consider here the model of a clean two-band super-
conductor, but contrary to the standard approach [21] we
assume that the pairing interaction scattering the pairs
between different bands is the only active interaction. It
reads

Hyair = Z U/\’/\lci,knC;,fk,lckﬁ—q,lcx\’,qﬁ . (3)

AN ,q.k

The Cooper pairs are of intra-band character. The inter-
action UM\ = U'2(1 — 6y /), however, scatters the pairs
between different bands only. Properties of such a model
turn out to be vastly different from that with both inter-
-band and intra-band interactions. The BCS-like equa-
tions governing the behaviour of the system read [21]:

E2+A2
tanh Y522

2kgT
VEZ+ A2

tanh VESAL

kT (4)

VE? + A%

Usually the densities of states in a close vicinity of the
Fermi energy are only weakly dependent on energy. In
such a case it is a matter of simple calculations to find
[22, 23] that the ratio A3/ Ay = /Ny /Ny, where Ny (N7)
is the density of states in band 2 (1) at the Fermi level

Awe
A = —U12A2/ dEN,(E)
0

hwe
Ay = —U12A1/ dEN,(E)
0

and the superconductiong transition temperature of the
system is given by the BCS-like expression [21]:

0 hw, -1
T, =1.136 o exp (/\eff> (5)
with /\eff = )\0 = 1/ U122N1N2.

In a previous paper [24] we have calculated the effect of
the Van Hove singularity in the density of states in one of
the bands on the T, and the gap ratio A/A; and found
strong enhancement of them in the limit of small Ag.
The first principles calculations of the energy spectrum
in the pnictides [25] give two hole-like Fermi pockets cen-
tered near the I' point of the Brillouin zone and two, sim-
ilar in size, electron pockets centered at M-points. Due
to the nesting properties in the electron and hole Fermi
surfaces one expects the singularities in the density of
states in both bands.

For the sake of completeness let us assume that they
have logarithmic form [26, 27] near the Fermi level

NA(E) = NxIn(2W/|E])O(|E| = W) (6)
with 2W being the band width and ©(x) — the step func-
tion. Solving Egs. (4) with the density of states given by
Eq. (6) near T when A; and A — 0 one finds (we ap-

proximate tanh(x) = min(x,1) and use units in which
h= k‘B = 1):

2W 41 We
n
We 2T

Al = 7A2U12N2 |:]. + In

+ln2W1n We +1 In We :
We 2T, 2 2T,

i

2W 41 We
n
We 2T,

AQ = —A1U12N1 |:1 + In

1 7
We H2TC (7)

Here w. is the usual BCS energy cut-off. It is easy to
notice that in the limit of Aeg < 1 the above linearised
equations lead to

T2V o exp (=(4/20)/4) (8)

This means a very strong enhancement of the supercon-
ducting transition temperature with respect to its value
given by Eq. (5). Let us note that the presence of the
Van Hove singularity in one of the bands resulted [24] in
TIVH o exp(—(2/A2)'/?). In Fig. 1 we show the depen-
dence of TO, T2VH their ratio T2VH/T? and the ratio
TIVH/TO on the coupling \g. At low values of Ay the T
is very low and the Van Hove singularity enhances it by
a few orders of magnitude.

+1In

2W . we ]

3. Local properties of the two-orbital model

Our main assumption in the study of the two-orbital
model 28] in the context of HTS is that the oxygen im-
purities are responsible for the appearance of negative U
centers inducing superconductivity. The detailed study
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Fig. 1. The coupling constant A\g = 1/UZ, N1 N2 depen-
dence of the superconducting transition temperatures:
TO of a system with constant density of states, T2VH of
the material with Van Hove singularities in both bands
and their ratio 72" /T?. The ratio of a transition tem-
perature of superconductor with Van Hove singularity
in one of the bands T2VH and T2 is also plotted. Let
us note that the Van Hove singularity increases T, by
several orders of magnitude.

shows that the resulting model has a potential to de-
scribe some of the correlations observed in the STM ex-
periments [28]. In particular, the short range supercon-
ducting interactions allow calculation of the local density
of states (LDOS) in sites with U < 0 and U = 0. It turns
out that LDOS in sites with U = 0 is characterised by
small values of the gap and high well pronounced coher-
ence peaks whereas in sites with U < 0 the gaps are
larger and the coherence peaks wider and lower.

Consider the two-orbital [21] impure superconductor
described by the Hamiltonian

H == Z |:_t2>})\ — ﬂéijd)\k/ —+ ‘/H/}fl\) (rl)éw} C;;gcj)\’a
iJ,AN o

+ Z Uxx ("'i)cj)\ch)\lCi)\’lCiA'T . 9)
AN

In the above equation c;.t\o, Cirno denote creation and an-
nihilation operators of electrons with spin ¢ =7, | at the
lattice site 7; = ¢ in the orbital A\. u is the chemical po-
tential, tf‘?‘/ are the hopping integrals between the same
(it A = )\;) or different orbitals (if A # X') in neighbor-
ing sites. Uy (7;) denotes the on-site interaction, which
is attractive for Uyy/(7;) < 0. The dependence of the
Hamiltonian parameters on the position i = r; allows a
study of inhomogeneous systems.

In the superconducting iron pnictides the role of inter-
-orbital interactions seem to be of great importance.
That is why we concentrate here on the model with Ujq
as the only non-zero interaction. The system contains
15% impurities randomly distributed over the square lat-
tice of size 19 x 15 sites. Impurities are extended as

<A>/AO

Fig. 2.

Vi;}é,'(ri). (b) The dependence of the normalised mean
order parameter on Vimp = V4 = V2 (bold curves with
full symbols) or Vimp = Viz (thin curves with empty
symbols). The attractive inter-orbital pairing potential
Ui2 = U (curves with circles) only weakly affects super-
conductivity in comparison to repulsive one Uiz = —
(curves with squares).

(a) The distribution of the impurity potential

Vzﬁf}; (ri) = Vax 24 fia with fig being a number from
the Gaussian distribution defined in sites at distance
id = 1,/2,2 from the impurity. The map presenting the
distribution of impurity potentials is shown in Fig. 2a.
Figure 2b presents the dependence of the mean order pa-
rameter (A)/Aj on the potential strength Vi, for differ-
ent kinds of impurities and two signs of inter-orbital in-
teraction Ujs. For Ujs > 0 impurities suppress the super-
conducting state much more effectively than for Uy < 0.
This is independent of the kind of impurities i.e. if they
are of intra-orbital V; V4 or inter-orbital Vio charac-
ter. Weak potential scattering leads to the in-gap bound
states for repulsive intra-orbital pairing interaction. For
larger scattering strength Vi, the superconductivity is
severely suppressed.

4. Weakly scattering non-magnetic impurities
in the s- and d-wave superconductors

The weak reaction of the superconductor to disorder
introduced by means of impurities, alloying, ion beam
implantation, amorphisation by quenched condensation,
etc. is usually taken as a hint of the s-wave symme-
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try of order parameter, and vice versa strong reaction to
impurities points towards a non-s-wave symmetry. It is
the reaction of SroRuO,4 to small amount of impurities
[29] which was taken as a strong indication of non-s-wave
symmetry of the order parameter. The influence of non-
-magnetic impurities on the non-s-wave symmetry super-
conductor [30, 31| is similar to the effect of magnetic im-
purities [32] on superconductor with constant gap. The
latter is described by the formula

()l o)

with the parameter p = ﬂ%rﬁ and 75 denoting the time
for scattering by magnetic impurities. It is proportional
to impurity concentration. For anisotropic i.e. d- or
p-wave superconductors the formula is the same, but the
interpretation of the scattering time differs [30, 31]. The
relative independence of superconducting transition tem-
perature T, of MgBy on Al or C impurities, together
with its strong degradation by magnetic Mn impurities
is taken as evidence [33] of s-wave symmetry of the order

parameter in this two-band superconductor.

In high temperature cuprate superconductors believed
to be of d-wave symmetry the effect of impurities seems
to be smaller than expected on the basis of Eq. (10).
Here we study the problem by means of the Bogolubov—
de Gennes theory. We describe the superconductor by
the two-component boson-fermion model [34]:

FBF _ Z (Viimp - M) el o+ Z (EP —2) blb;

ol

K3
" tigtloto + > % (bl +bichel, ), ()
i,4,0 i,

where 7 and j denote lattice sites of the two-dimensional
system, ¢, and éza (b; and Z;I) are fermionic (bosonic)
annihilation and creation operators. p stands for chem-
ical potential of the whole system (to ensure the charge
conservation), EZ measures the positions of boson energy
level and ¢;; denotes hopping integral. The interaction
between fermions and charged bosons is provided by the
coupling g;;. Its spatial structure defines the symmetry
of order parameter. We assume that the potential scat-
tering described by V;™P is the only source of disorder.
The boson energies EP are taken to be independent of
the site index 4 and the other parameters in (11) to be
periodic functions. The disorder in the two-component
model was previously studied for s-wave [35] and d-wave
symmetry order parameter [19, 36].

The size of the system is 17 x 31 and the other pa-
rameters are t; = 1.0t, EZB = 2u + 0.25¢, Uy = 0.75¢t
and go = 0.75¢ in units of t. The total carrier concentra-
tion n't = nf + 2n> = 1.3. The results shown in Fig. 3
indicate that the initial decrease of the superconducting
order parameter is nearly the same for both symmetries.
Our understanding of this behaviour, which seems to be
at odds with standard approach [30], is the following. In
the Bogolubov—de Gennes method the d-symmetry wave
function is defined in real space and is able to distort
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Fig. 3. The effect of the short range potential impuri-

ties V;™P on the averaged value of the superconducting
gap A in s-wave and d-wave symmetry superconductors.
Three parts correspond (from the top panel) to Gaus-
sian, bimodal (two-delta distribution), and rectangular
disorder distributions, respectively.

around impurities. This means that moderate fluctua-
tions of parameters do not strongly destroy superconduc-
tivity globally. In contrast, the conventional approaches
average over configurations and assume a uniform order
parameter, which is suppressed globally to zero in the
critical disorder limit. However, for large disorder the
d-wave superconducting order vanishes much faster than
the s-wave one. This interpretation differs from the one
presented recently [37].

The dependences shown in Fig. 3 are in agreement with
experimental data for some HTS materials [38]. With
growing disorder, the distribution of the local order pa-
rameters in the system becomes very broad and the av-
erage value decreases. At the same time we observe rel-
atively small changes in the total carrier concentration,
mostly due to changes in the boson number. The fermion
concentration is almost constant in all cases studied.
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5. Summary and conclusions

We have studied superconductors with short coherence
length described by the two-component or two-orbital
models. The fluctuations of the order parameter pre-
dicted to exist in such systems [4] are visible in the scan-
ning tunnelling spectroscopy data on both superconduct-
ing cuprates and pnictides.

Our main findings can be summarised as follows:

(i) the existence of the Van Hove singularities in the
two-band model with inter-band only pairing interaction
strongly enhances the superconducting transition tem-
perature,

(ii) the effect of impurities on superconductivity in
models with intra-orbital pairing interaction U'? depends
on its sign. For repulsive U'? impurities more strongly
degrade T, than for attractive ones. Similar result has
also been obtained [39] within the quasi-classical Eilen-
berger weak-coupling formalism,

(iii) in the weak disorder limit the changes in the su-
perconducting transition temperature or the supercon-
ducting gap (cf. Fig. 3) of s-wave and d-wave symmetry
superconductors are very similar. This is at odds with
standard approach based on the perturbative calculations
in k-space, which predict fast decrease of T, with disor-
der for d-wave symmetry of the order parameter, but
apparently in agreement with some experiments.
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