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Proofs are given that by resorting to the discretization of the superconducting phase variable leads to the
conversion of the eigenvalue equation of a mesoscopic Josephson junction under a dc voltage into a generalized

version of the Harper equation with anisotropy parameter.

A full conversion proceeds, however, in terms of

selected parameters. Classical limits and further generalizations are also shortly discussed.
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1. Introduction

The celebrated second-order discrete Harper equa-
tion [1, 2J:

Ony1 + Pn_1 + 241 cos(2mBon + 02)on = Euen, (1)
where n denotes an integer, serves to the description
of the Bloch electrons on a two-dimensional lattice
with nearest neighbor hoppings under the influence of
a transversal and homogeneous magnetic field B. The
number of magnetic flux quanta per unit cell is given
by By = Ba?e/hc, where a stands for the lattice spac-
ing. The anisotropy parameter Ay discriminates between
metallic (0 < Ay < 1) and insulator (Ay > 1) phases [3],
while ¥5 is a Brillouin phase. The energy Ey, which is a
periodic function of 3y with unit period, is characterized
by non-trivial butterfly-like nested band structures [2].
We have also to remark that the continuous limit of (1)
is given by the Mathieu equation.

Equation (1), which is far from being trivial, exhibits
rich structures and unexpected implementations in sev-
eral areas. In particular, (1) has been applied to the de-
scription of superconductivity originating from linearized
Ginzburg-Landau equations [4], of d-wave superconduc-
tivity with a magnetic field [5] and last but not at
least to the quantum Hall effect [6] and Aharonov-—Bohm
cages [7]. We then have to realize that a deeper under-
standing of (1) is still in order. This motivates us to look
in some more detail for interplays between mesoscopic
Josephson junctions (MJJ) [8] and the Harper equation
just mentioned above. For this purpose a generalized
realization of (1) will be established in terms of a dis-
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cretized version of the quantum-mechanical description
of an MJJ under a dc voltage [9, 10]. Our main idea is
that resorting to discretizations of variables provides a
deeper understanding of phenomena [11].

2. Josephson junctions under a dc voltage

Circular superconducting rings of inductance L with
an MJJ under the influence of a dc voltage have received
much interest [9, 10]. The junction being mesoscopic
means that the coherence length is larger than the di-
mension of the device, which opens the way to the on-
set of quantum interference phenomena. The influence of
classical [12, 13] and quantized [9, 14, 15] electromagnetic
fields has also been discussed.

The basic Hamiltonian describing the superconducting
ring with an MJJ reads

2

Hozf% (89+i;i> + Ej(1 — cos @), (2)
where 6 denotes the phase difference across the junction.
The Coulomb energy is Ec = (2¢)?/C, while the energy
Ej = hl./2e characterizes the MJJ. The charge of the
Cooper pair is gc = —2e < 0, as usual. Next, C' stands
for the small capacitance of the junction, while I.. de-
notes the critical superconducting current. Switching on
the dc voltage produces the dc charge Q = Qo = CV}.
Our next step is to resort effectively to a one-dimensional
ring description of radius Ry. We then have to account
for a vector potential for which the azimuthal component

reads
he @
= 3
@ Ro (26)27 ( )
which proceeds in cylindrical coordinates via ¢ = 6. This

(486)
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gives the magnetic flux & = § A, dy, where 0 < ¢ < 27,
as usual. The related number of flux quanta is then given
by 8 = &/®Py = Q/2e, where now the flux quantum is
Py = he/2e. Accordingly, the number of the Cooper pairs
exhibited by @ is the same as the number of flux quanta,
which reflects typical attributes of the superconducting
“cooperon” description. We have to remark that the time
independence of the above MJJ Hamiltonian complies
from the very beginning with the time-independence of
the Harper equation.

We would like to say that the charge induced under
the influence of an external periodic flux

Dext (t) = P cos(wot) (4)
is given by
Cd 0C .
Q= Qunlt) = = P (t) = “ = sin(wnt),  (5)

where wg stands for the driving frequency.
Next we have to realize that the term iQ/2e in (2) can
be ruled out in terms of the gauge transformation

w0 = plO)exp (~i20). ©
in which case

Hyy) = exp (—iQQJ Hoep, (7)
where

ﬁoz—%ag—kEJ(l—cos@) (8)

serves as a starting point for subsequent discretization.

3. Performing the phase discretization

Now we are in a position to perform the phase dis-
cretization 0 = nbfy—+e, where 6, plays the role of a 6-scale
which remains to be established later. The additional e-
term has been inserted for convenience. On the other
hand, one has the realization § = 2e®/hc [16], which
also means that the corresponding flux discretization pro-
ceeds as @ — @, = (nby + €)Py. Conversely, start-
ing from an integer flux discretization like ¢ = nhc/2e,
yields the particular realization § = n in accord with [16],
where now fy = 1 and € = 0. The next step is to replace
the second derivative 97 in (8) by a product of discrete
derivatives like [17]:

1
0 — H—gAV, (9)
which exhibits, of course, the continuous limit AV —
0307. One has Af(n) = f(n+1)— f(n), which stands for
the discrete right hand derivative. The left hand deriva-
tive reads

Vfin)=f(n)— fln—1)=Af(n—-1). (10)
It is clear that AT = —V and
AV =VA=A-V, (11)

which shows that AV is Hermitian. A deformed commu-
tation relation like

AD, — D, 1A =0, Py, (12)
should also be mentioned, which relies on quantum group

generalizations discussed in some detail within the last
three decades [18, 19]. In other words, we found that the
discretized counterpart of (8) is given by

E
Hyq = —ﬁAv + Ej[1 — cos(nfy + )], (13)
0
which provides the eigenvalue equation
Hapn = Eapn, (14)

where ¢, = p(nfy + €) and Eq = Eq(0y). Looking for
periodic solutions, say

V(0 +2m) = ¥(0), (15)
leads to
(0 +2m) = exp(1273)(0), (16)

where now 8 = @/2e, which reproduces the well known
Aharonov—Bohm twisted boundary condition.

4. The onset of the generalized Harper equation

Equation (14) can be rewritten equivalently as

Pni1 + Pn1 + 244, cos(nby + €)pn = Eapn,  (17)
where

~ 02
Eq=2|1+ 2 (E;— Eq) (18)
Ec
denotes the dimensionless rescaled energy, whereas
~ E]
Agn = 205 — 1
5 (19)

has the meaning of a pertinent anisotropy parameter.

After having been arrived at this stage, let us perform
a selection of the fp-parameter via A,, = Ay, which
means in turn that 6y gets established as

. [AuEc
e (20)

The point is that under (20), Eq. (17) reproduces the
Harper equation (1) when 63 = ¢, but now in terms of
the more general parameter 1 instead of 3. Accounting
for (20) and proceeding further one finds

- E; — Eq
Eqy=2(1+Ag——— 21
d ( + Au 2%, > ) (21)
where Eq = E4(4), which becomes
- Eq
Eq=3—-— 22
d EJ ; ( )

as soon as Ay = 1.
However, a parameter selection can be done such that

Y =20 = W%, (23)

where Q = C'Vj, which corresponds reasonably to 27 3y.
This amounts to perform a dc-voltage tuning until
~ 262 AH

Yo=V="¢ 2CEy’ (24)
when (17) becomes actually equivalent to (1), which re-
flects the parameter selection needed. We can then say
that tuning the dc voltage in accord with (24) brings
(17) into the Harper regime. Beyond (24), Eq. (17) is
still a Harper-like equation, but with a rather different
commensurability parameter such as done by (20).
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5. Classical limits

Choosing @@ = 0, one sees that (2) provides a pendu-
lum with the effective mass
h2
o QECJRg7
under the influence of the rescaled gravitational accelera-
tion g = Ej/moRo. The corresponding classical equation
of motion is given by

0+ Asinf =0, (26)
where A = g/Ry. Including damping effects and an rf
driving of frequency wy produces the modified equation

0 + af + Asinf = Bsin(wot), (27)
instead of (26), where o denotes the damping coeflicient
and where B stands for the strength of the driving force.
It is understood that this latter term complies with (5).
The interesting point is that (27) describes a driven MJJ
[20—-22], which opens the way to perform stability stud-
ies in terms of the asymptotic theory of nonlinear os-
cillations [23-25]. Discrete counterparts of the quantum-
-mechanical equations corresponding to (27) look promis-
ing for further studies.

mo (25)

6. Conclusions

In this paper proofs have been given that the quantum-
-mechanical eigenvalue equation characterizing an MJJ
under dc voltage can be converted into a Harper equa-
tion with anisotropy parameter. For this purpose one re-
sorts to the discretization of the phase difference across
the junction, which opens the way to the introduction
of right- and left-hand derivatives. Such conversions are
also of interest for optical lattices [26]. In order to achieve
a complete equivalence a suitable tuning of the dc volt-
age is in order, as indicated by (24). Besides a deeper
understanding, we are by now in a position to establish
useful relationships between MJJ’s and several applica-
tion areas of the Harper equation, like the quantum Hall
effect or localization problems.

It should be stressed, however, that pulsating time de-
pendent charges like (5) are able to be handled by re-
sorting to the Floquet quasi-energy description [27, 28].
This results, however, in tight binding descriptions going
beyond the capabilities of the Harper equation. Nev-
ertheless, we can look for further generalizations of the
Harper equation which should be able to account for (5)
in terms of suitable time discretization schemes [29]. The
incorporation of the spin—orbit coupling [30], of coherence
effects [12, 31], as well as of strong couplings to quantized
microwave fields [32], deserve further attention, too.
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