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This paper presents a review of mathematical properties of effective resonator model of 1D dielectric multilayer
structure. It constitutes a mathematical supplement to the previous papers, in which the model has been described.
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1. Introduction

The aim of this paper is to fill in the gaps left in the
construction of the effective resonator model of 1D mul-
tilayer dielectric structure. In the previous papers [1-4]
the model has been proposed and its physical background
and interpretation [1, 2, 5], as well as orthonormalization
of modes [3, 4] have been described. However, there re-
main a few aspects of the model, which require a rigorous
treatment or explanation. They are discussed in this pa-
per, which is a mathematical supplement to the previous
ones. Because of its purpose, general assumptions, no-
tation and definitions of quantities (not recalled in this
paper, except of a few cases) are the same as in [2—4].

Discussion of general properties of the model is the
topic of Sect. 2. In the next three sections, conclusions
are drawn for radiation (Sect. 3), substrate and guided
modes (Sect. 4). The last section, Sect. 5, contains a
summary of the paper.

2. General properties of the model

Property 1. Continuity conditions matrix m;4q ; in
function of wave vector k obeys the relation m;1 ;(k.) =
My, (K)-

Proof. The explicit form of matrix m;4q ; is [2, 6]:

Mjt1,5 =
1 K;‘ exp(ik;,(zj)L,(zj)) K exp(—ikgj)ng)) 1)
Ky exp(ikY' LYY KFexp(-ikLY)) )’

2
with KJi dependent on polarization
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(9) n?. (7)
L e X C RS TS

TE+
K; —1ikgj+1)’ j n2, pOT0

The behavior of matrix elements under the transforma-
tion k — k, is to be examined. First, let kgj) € R.
The exponential terms in the matrix become their com-
plex conjugates, because kgj ) simply changes its sign. If

kgjﬂ) € IR, it changes its sign as well and the coefficients

K;[ € R remain unchanged. If kYY) ¢ R then it is
imaginary and does not change its sign, thus KJjE — Kji*.
The second possibility is kij) ¢ IR. In this case, the expo-
nential terms are real and do not change. If kgj +1) eR
then again KJi — Kji*, while if £V ¢ R then Kji eR
and these coefficients do not change. In all these cases
mj41,5 — m;+1}j. O

Property 2. An immediate conclusion from property
1 is that under the transformation k — k.: m;; — mj,,
wj; — wj,;, r, — rf, and rg — rg. From this property
of the reflection coefficients it also follows that p.(k.) =
pe(k) and &c(k.) = &2 (k).

Property 3. Amplitudes of waves in two consecutive
layers are bound by the matrix m;41 ; [2, 6]. Let m;#l,j
be the matrix relating these amplitudes after a third layer
with refractive index n’ and width L’ has been put be-
tween the j-th and (5 + 1)-th layer. In the limit L' — 0:

Hmomly = my (3)
for any value of n’. Thus, a placement of a layer with
zero width is in fact a (useful) mathematical trick.

Property 4.

D* B

B* D
usual matrix multiplication, a group Z2x2. In particular,
if n¢jy = n(iy2) = n(o), then matrix mj o ; € Toxa.

Complex matrices 2 x 2 of form

and determinant equal to 1, form, with the

Property 5. From properties 3 and 4 it follows that
if ngy = n() = ney and j > 4, then matrix m;; € Taxa.

(660)
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Property 6. Coefficients u;;c and vjx. are defined by
the expression [2, 3]:

( Uike ) = (5ETE + TL(O)CSETM)
Uikue ()
mj.0 1
X ’ N , 4
{ww}(g@ﬂ @

where o } denotes my; if j > i, and w;; if j < <.
Wy,i
From this relation, one easily finds that w;ke, vir, . and

Ujke, Ujk,e for j > i are bound by the relation

Ujke \ _ (& +M5 o wike | 5
(”jk’*e> <6TE ngy M) vk (5)

Property 7. Properties 2 and 6 lead to ujx,. = u}

jke
. %
and v, = Ve

Property 8. Electric field polarization versors [2] are
defined as (in expressions (6)—(10) components k, and k,
of vector k are real, but the component k, may be either
real or imaginary):

kxn erTE X k 6
ekTE—‘an|a €LTM — ‘k| 5 ()
where n is a versor parallel to the rotational symmetry
axis of the structure, in the adopted coordinate system
n = e, (although the choice of —e, is equally good). It
is easy to check that

€ kre = Ve (7)
where
1, fore=TE
. — ) b 8
b {—1, for e = TM. )

For k || m, any versors perpendicular to k can be cho-
sen for eyTg and e_prg, with the additional demand
of satisfying (7), for consistence. Polarization versors of
magnetic field are defined as:

H_kxeke

= . 9

€Le |k§| ( )
For these versors

eI—{k*e = pyéekHe . (10)

Property 9. Electric field distributions 1, [3] obey
Y_1. = =Y. Magnetic field distributions 1/),516 can be
found with the help of the formula

V x

H ke

_ 7 11
’Q/}ke i,u()u)k ( )
and satisfy the relation 't/)ljke = Ye kH:

Property 10. Electric and magnetic field in the struc-
ture can be written as

EMUZZ/f%dmm (12)

Hir =Y / kB 1 (r), (13)

where fi. are the orthonormal modes, for which the or-
thonormality condition has the form [7]:

t/ﬁmﬂﬂﬁﬂﬂhAﬂ=&w%—ql (14)

The integrations in (12) and (13) are to be conducted
over wave vectors k for which f, . form a linearly inde-
pendent set.

The inner product of field distributions ), is given by

/&wﬂm¢@ww%vw:£wwd

x [Ficd(l — ) + Fred(k — q,)] (15)

vyhere Zi’ke € Ry and Fy,. = Fge, er € C and
Fy..c = F}.. Therefore, the relation between modes 1,
and orthonormal modes f;,. has to be of the form [3]:

1/’]@6(7‘) = Tke [fke(r) + Skﬁfk*e(r)} . (16)
It can be additionally demanded that r;. € R and
Tk.e = Tke- 1t is easy to find, putting ;. defined this
way into (15), that

Fre—/F2.—|Frc]?2 F
Flié ) Fké # Oa

ke B
0, Fk,e = Oa

and si.. = sp.. If |sge| # 1, then (16) can be simply
inverted, giving

1 ¢ke(r) - 5k€¢k*e(r)

Ske = (17)

= 1
Fre(r) ke 1— [skel? ’ (18)
with
er
The = pe(k) m7 for [sge| # 1. (19)

Property 11. It is obvious that if Fy, = \l*:’k€| then
|ske] = 1. In this case, from (16),

|Sk€| =1=

Sked"k*e = Tke (Skefk;*e + fk;e) = 'lpkea (20)
meaning that v, and 1, . describe the same mode. Be-
cause, in general, f;, can be related only to v, or ¥, .,
which for |sge| = 1 represent the same mode, then, in
this case, f;. has to be proportional to v,,. This im-
plies that

|Sk€| =1= Skefk*e = fke (21)
and (16) becomes simply ¥, = 27 f1.. However, be-
cause of (21), the set of wave vectors, over which the
integrations in (12) and (13) are performed, must not
contain both k and k, if |sg] = 1. It can be chosen
that wave vectors k, for which |s.| = 1 and k, < 0, are
discarded. With this choice, the second delta function in
(15) is always O (except for k, = 0, when it duplicates
the first one, but a delta function on the edge of the in-
tegration interval introduces a % factor) and 7. and the
relation between f,. and 1, become

Tke = pe(k)%7
[Skel =1 = Fo(r) = —ulD) (22)
ke pe(k)VFi

Property 12. It is easy to check that f_,. = —vefre-
Magnetic field distributions fi., related to electric field
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distributions f,., are given by

H V x fke
fk:e ilffowk (23)
and satisfy the relation fI_{ke = Ve ka:. Therefore, if
electric and magnetic field given by (12) and (13) are
real, then &, = —v.€_kc and B, = v B_pe.
Property 13. The relation (20) leads to the conclu-
sion that

|Sk€| =1=
. , e 1.0)
e = ujke/vjkg, if k’z E ]Rn (24)
ujké/u;fke = v;’-‘ke/vjké, otherwise.
In particular, for the layer j = 0, one obtains
|8k-€| =1= S = f:(k) (25)
From (20), (11), (21) and (23) one also finds that
H H
SkeWh,e = Vhes
|Sk€| =1= 7 (26)
Skéka*e = fge

Property 14. If |s| = 1 then f;  and f, . describe
the same mode, which implies that Excfr. = Er e i, c-
Obviously, the same condition holds for magnetic field:
Bifit = By fi .. With (21) and (26), these conditions
constitute the following constraints for the amplitudes of
modes:

i =1 { e T @
Property 15. s, is a solution of the equation
2F sk = Fie (14 |skel®) (28)
which, for Fy. # 0, has two solutions

Fre £/ F2 — |Fi|?
: - (29)

Ske = T ’

accompanied by r,je or r,_, respectively. It is very easy
to check that sf_ = 1/s.* and 7} = |s,_|r,.. Therefore,
if |si | # 1, using 57, and s, in (18) one obtains f;, and
fx.c» which are related by

S —
f/-:e(r) = S]i |fk:*e(r)' (30)
ke
If |ski€| = 1, then s = s,.. Thus, one obtains all the

modes of the structure using only s, (as it has been
chosen in (17)) or only s;..

3. Properties of radiation modes

Property 16. For any radiation mode [£.(k)| < 1.
Proof. For a radiation mode || < 1 and |rg| < 1.
Therefore, using the triangle inequality

(k)| < rr) (1= [rof?) + [rol (1= [rg[?)

1-— |7"L7'R|2
_ e+l (31)
1+ |7’L7"R‘
O

Property 17. For any radiation mode Fj > |er|

Proof. For a radiation mode

Fre = 4nn) [ IV (lurnel* + [orne?)

‘Hk;(zL)‘ (|'U/Lke|2 + |'ULkre|2):|/|kz|7 (32)

R L
i )‘uRkevﬁke + [KS )‘ ULkeVT ke

Fy. = 87‘(‘3’[7,%0) ] (33)
Using the triangle inequality, one finds that
’er < 87r3n%0)
O oo [ sl
|k | 7
thus
er - ’er > 477377/?0)
B Cluanel = foree)” + B8] (el = foue))?
X
|Fz|
> 0. (35)

However, if Fj. = ’er), then |ske| = 1 and s = &} (k)

(property 13), but for a radiation mode it stands in con-
tradiction to property (16). Hence, for radiation modes

Fie # ‘Fk‘ and finally Fi. > ‘er : O

Property 18. Property 17 leads to the conclusion
that for radiation modes |sg| < 1, thus, radiation modes
f1e form an orthonormal set. From (16) it follows that
field distributions 1, of radiation modes form a linearly
independent set.

4. Properties of substrate and guided modes

Property 19. Let nmw) < n and let the angle
of incidence ¥ be greater than the total reflection an-
gle 97 = arcsin(n)/n@)). Under these conditions
& (k) = rrexp(2ik, L) and relation (4) with j = Ny
describes reflection and transmission of a plane wave
through a stack of dielectric layers [4]. For this reason,
URke = 0.

If ngy < ngy and ¥ > I = arcsin(n)/n()) then
vLge = 0 for the same reason.

Property 20. If vpze = 0 or vrge = 0, then V; kgj) S
R = [vjke| = [wjkel-

Proof. If vk = 0, Eq. (5) and property 7 give

. n
(ui]“) = (65TE + (L)(XTM)
Uike n(j)

y ((mj,L)n) _— (36)

(my,1)21
This means that
v¥ .
Jke _ (m],L>21 (37)

Ujke (mj,L)ll .
Let j > 2 — Ny, and widths LU~1 = LO=N) = (. Prop-
erty 3 states that in this case (1 — Np,)-th and (j — 1)-th
layer have no physical meaning, therefore their refractive
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indices can be chosen arbitrarily without any impact on
generality. Let n 1) = ng_1) = n). In this situation,
mj_1,0+1 € Taxa (property 5). Therefore

ML = My j—1Mj—1 L+1ML+1,L

D* B
=Mmyj—1 <B* D> ML41,L

:1<Kf-1 K;-1>(D* B)
4\K;_, Kf, B* D

Kf Ky
(k% (3)
and

(mjL)n = BK; | Ky + B*K; | K"
+DK;_ Ky + D*Kj" | K{, (39)

(mj7L)21 = BK]_—lKIT + B*K_]—i_—lKﬂ_
+DK K[ + D*K; K. (40)
Under established assumptions K™ = (K )*. If Y eRr
then both Kf_l € R and (mj1)11 = (mj )3, hence
|Vjke| = |ujke|. The situation in which vgge = 0 can
be obtained from the previous one with transformation
k — k., which, with property 7, leads immediately to
the same conclusion. (]
It can be assumed without loss of generality that

nwy < n) (the case with the opposite relation is
equivalent to the assumed one after the transformation

k — k.). With this assumption, Y e R
Property 21. For a substrate mode [4]:

(L)
Fre = 4n®n?)) k— (lurkel® + |vikel?) (41)
= 3, 2 k)
. =87 n{0) . ULkeVT ke (42)

Because of property 20, for substrate modes ’er‘ = Fle.

Thus, substrate modes are subject to properties and con-
straints of modes with |sge| = 1.
Property 22. For guided modes

Fre =
dn? [ A2y ()P, B k) £0,
0, if p.(k) =0,

er =
72 7%, den g, ()2, I pu(k) £0,
0, if p.(k) =0,

where
© n? s [urie|? an [uRke|?

dzn22¢ez2: (L) ()

/_oo U 2|k M| 2|k

Ly

—NL<j<Ngr

ni LY ){ (e exp (~1m (k7) 29)

sinh (Im (k;gj)) ng)>
m (k9 £
+2Re (ujkevjkeezu)eek(j)é exp (i Re (kgj)) ng)»

sin (Re (kgj)) ng)> } (45)

Re (kgj)) LY

+|vjke|* exp (Im (k:gj)) ng))}

X

o) n2 u%k n2 u%{k
dzn2(2)¢z*e(2)¢ke(2) _ (L) € 4 (R) e
/_OO kM| kM)

+ Z n%j)ng){ [u?ke exp (ikgj)ng))
—NL<j<Nr

. (4) (j))

sin (k3" Ly

+0*2 exp (qk(J)L(J’))} € e enii (7
Jhe VS R GO

+2U’jk€v;kee;(j)*eek(1)e}' (46)
Applying the properties inherent to modes, for which

|ske| = 1, one arrives consistently at Fye = |Fj|, thus,
both of these equalities indeed occur for guided modes.

5. Summary

In this paper, various mathematical properties of the
effective resonator model of 1D dielectric multilayer
structure have been discussed. In particular, effects of
transformation k& — k, have been described. It has
been pointed out that usage of a “virtual” layer with
zero width can be a convenient mathematical trick. A
few important relations between modes of the structure
have been presented. Special attention has been paid to
properties of modes for which |sk.| = 1 and it has been
shown that they apply to substrate and guided modes.
The conclusions from the discussion in this paper are es-
sential for a correct usage of the effective resonator model
in calculations.
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