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Electron transport through a system of two quantum dots connected in

series is studied theoretically with the use of non-equilibrium Green function

formalism based on the equation of motion method. Each dot is described

by the one-level Anderson Hamiltonian and interdot Coulomb interactions

in the form of the Hubbard-like term are taken into account. The electric

current and occupation numbers are calculated with the use of two different

approaches. The results of the methods are compared and discussed in de-

tail. Strong asymmetry of I−V characteristics with respect to bias voltage

reversal are obtained when energy levels of the dots are not aligned.
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1. Introduction

Electron transport through double quantum dots (DQDs) attached to ex-
ternal electrodes is of current interest due to a possibility of using the structures
in quantum computer hardware. Dots connected in series as well as in parallel
configuration were investigated theoretically and experimentally [1–7]. I−V char-
acteristics obtained for such systems show a pronounced asymmetry with respect
to a bias reversal [3, 6, 7]. Negative differential conductance was also observed.
Recently the problem has been studied theoretically for a molecule attached to
external leads. A diagrammatic technique for Hubbard operator Green functions
(GFs) has been used [8, 9].

In this work we present a theoretical study of electronic transport through
a DQD system based on a non-equilibrium GF formalism and use the equation
of motion (EOM) method. The dots are treated as one-level Anderson impuri-
ties with interdot hopping processes described by the parameter tC and interdot
Coulomb repulsion. In dependence on the hopping strength the system can be
treated as a two-dot system connected in series (a weak coupling regime) or as a
molecule attached to external electrodes (a strong coupling regime). Two different
mathematical approaches can be used to investigate the transport in these two

(389)



390 D. Sztenkiel, R. Świrkowicz

regimes. When the hopping is very small in comparison to the coupling with the
leads, tC ¿ Γ , it is quite natural to treat DQD and external electrodes as a one
system and to use an appropriate method to solve the problem. For example a
procedure derived by Sun and Guo [10] can be used. On the other hand, in the
regime of a strong interdot coupling tC À Γ from physical point of view it is more
justified to treat the system as a molecule effectively coupled to reservoirs and to
diagonalize the DQD Hamiltonian [8, 9, 11–13].

In the present paper we consider the intermediate regime with tC being of
the same order as Γ . The current flowing through the system and the occupation
numbers on the dots are calculated with the use of the two approaches mentioned
above. First, we follow the procedure derived in Ref. [10] and then diagonalize
the DQD Hamiltonian by means of a unitary transformation [13]. Results of both
methods are compared and discussed for different values of hopping parameter
from the intermediate regime. The calculated I−V characteristics are very similar
in both cases. Strong asymmetry with respect to bias reversal is obtained when
energy levels in the dots are not aligned.

2. Model

We consider electron tunnelling through DQD attached to external leads.
The system can be described by the following Hamiltonian: H = Hel+HDQD+HT.
Here, Hel =

∑
k,β=L,R εkβa+

kβakβ represents the Hamiltonian of the left and right
electrodes, where a+

kβ and akβ are creation and annihilation operators of an electron
in the electrode β with the wave vector k and energy εkβ . When a bias voltage
is applied the electrodes have different electrochemical potentials µL = eV and
µR = 0. The term describing DQD region is taken in the following form:

HDQD = ELd+
L dL + ERd+

RdR + tC(d+
L dR + h.c.) + Ud+

L dLd+
RdR. (1)

A single dot in the system is described by a one-level Anderson Hamiltonian with
an infinite intradot Coulomb repulsion. Accordingly, only a single state on each
dot is important and the double occupancy of the dot can be ignored. In the
expression (1) EL (ER) corresponds to the energy level of the left (right) dot and
dL (dR) is the appropriate annihilation operator. The hopping processes between
the dots are described by the parameter tC. The interdot Coulomb repulsion
between electrons is taken into account in the Hubbard form with the correlation
parameter U .

The term HT =
∑

k,β=L,R(tkβa+
kβdβ + h.c.) describes tunneling processes

between the dots and the reservoirs. tkβ represent here elements of the tunnel
matrix. In the following we assume constant (independent of energy) coupling
parameters Γβ(ω) = 2π

∑
k |tkβ |2 δ (ω − εkβ) = Γβ .

The current flowing through the system under the applied voltage is calcu-
lated according to formula derived by Jauho et al. [14]:

Iβ = i
2e

h̄

∫
dω

2π
Γβ

[
G<

ββ + fβ

(
Gr

ββ −Ga
ββ

)]
, (2)
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where Gi
αβ(ω) = 〈〈dα, d+

β 〉〉iω are the Fourier transforms of the lesser, retarded and
advanced GF for i =<, r, a, respectively. Term fβ corresponds to the Fermi–Dirac
distribution function of the lead β. For a steady-state transport with constant cou-
pling parameters Γβ the procedure derived by Sun and Guo [10] can be used. It al-
lows to express the current in terms of average values nαβ = 〈d+

α dβ〉 = −i
∫

ω
2π G<

βα

which can be calculated by solving a system of linear equations. It is important
that in the steady state only retarded and advanced GFs appear in these equa-
tions. The procedure allows to omit any additional approximations involved in
calculation of G< (for details see [10]). The retarded and advanced GFs are cal-
culated within the framework of the Hartree–Fock approximation with the use of
EOM method. For DQD system GFs are represented by 2 × 2 matrices. In the
present approach diagonal and non-diagonal terms are taken into account. The
system of EOMs can be written in the matrix form which corresponds to the Dyson
equation (Î− ĝ0Σ̂ )Ĝ = ĝ0. The term Σ̂ represents a self-energy of interacting sys-
tem and ĝ0 with elements g0αβ = δαβ(ω − Eβ)−1 is the GF of the uncoupled dot
without Coulomb interactions. The calculated system of equations is solved in a
self-consistent way and average values as well as the current are determined.

The second approach assumes that DQD system can be treated as a molecule
and HDQD can be diagonalized. The bonding and antibonding molecular states

are given by the standard expressions [13] εi = 1
2

[
ER + EL + (−1)i

√
∆2 + 4t2C

]

with ∆ = ER − EL. In a presence of the bias voltage energy levels EL and ER

are shifted in the following way: EL = EL0 + 2
3eV, ER = ER0 + 1

3eV , where EL0

and ER0 correspond to dot levels in the unbiased system. Then, the Hamiltonian
describing the molecule connected to reservoirs can be written in the form [15]:

H = Hel +
∑

i=1,2

εic
+
i ci + Uc+

1 c1c
+
2 c2 +

∑

kβ=L,R, i=1,2

(T i
kβa+

kβci + h.c.), (3)

where c+
i (ci) creates (annihilates) an electron in the molecular state εi. Matrix

elements T i
kβ describe tunneling processes between the molecule and the leads.

They depend on hopping parameter tC as well as on the applied voltage through
the level positions EL and ER. Hamiltonian (3) has the form identical to the
one describing a magnetic dot attached to ferromagnetic leads when the molecular
states i = 1, 2 with energies εi are formally treated as corresponding to two
different spin states [16]. Then, the current can be calculated in the Hartree–
Fock approximation with the use of the procedure derived in [16]. When the
DQD region is symmetrically coupled to the reservoirs with ΓL = ΓR = Γ the
system fully corresponds to the one consisting of magnetic quantum dot attached
to ferromagnetic electrodes with antiparallel alignment of magnetic moments.

3. Numerical results

Electric current and occupation numbers are calculated numerically using
both methods presented above. Parameters used in numerical calculations are
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measured in relative units with the coupling Γ between DQD and one of the
electrodes taken as the energy unit. We consider symmetrical case with ΓL =
ΓR = Γ . Calculations were performed for the following values of parameters:
kBT = Γ , U = 20Γ . The hopping rate tC was treated as a tunable parameter.

Let us consider first the case when energy levels of the two dots are aligned in
the unbiased system (EL0 = ER0 = 4Γ ). The current and occupation numbers as
functions of the bias voltage calculated with the use of both approaches described
above are presented in Fig. 1. One can see that the results of both methods are well
consistent. In the low voltage regime the current increases and it takes a maximal
value at a certain voltage (Fig. 1a). Then it starts to decrease as energy levels
EL, ER are shifted by the bias voltage and they do not align. The current is fully
symmetric with respect to the bias reversal. The occupation numbers of the left nL

and right nR dots are very close to each other in the low voltage region where the
current increases and displaces a peak (Fig. 1b). For higher values of |eV | energy
levels of the dots are strongly shifted and electrons start to accumulate on the dot
close to the source. Mean number of electrons on this dot increases approaching
unity. The other dot is almost empty. It strongly blocks the transport. According
to the figure these processes are also fully symmetric.

Fig. 1. (a) Electronic current and (b) occupation numbers in dependence on bias

voltage calculated with the use of both approaches: first method (1m) and second

method (2m). The relevant parameters are as follows: EL0 = ER0 = 4Γ , U = 20Γ ,

kBT = Γ , tC = Γ .

Next, we discuss the case when energy levels EL0, ER0 are strongly shifted.
Electric current, differential conductance and occupation numbers of the left and
right dots in dependence on the applied voltage are presented in Fig. 2 for vari-
ous values of hopping rate tC. The left and right parts present results obtained
with the use of the first and the second methods, respectively. The comparison
shows that both approaches give very similar results, though some quantitative
differences appear for a weak interdot coupling tC = 0.5Γ . When the diagonal-
ization procedure is used in this case the current transmitted through molecular
levels increases more rapidly and the differential conductance is somewhat higher
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Fig. 2. Electronic current, differential conductance and occupation numbers as func-

tions of bias voltage for different values of hopping rate. The parameters used in cal-

culation are chosen as follows: EL0 = 4Γ , ER0 = 7Γ , U = 20Γ , kBT = Γ . The left

and right parts present results obtained with the use of the first and second methods,

respectively.

than the one calculated with the use of the first method (Fig. 2b and e). It also
leads to some minor differences in occupation numbers. However, the results are
qualitatively consistent and the most important features of I−V characteristics
can be well seen in both cases. The calculated I−V characteristics and differen-
tial conductance are strongly asymmetric with respect to the bias reversal. The
asymmetry is much more pronounced for the weak interdot coupling tC = 0.5Γ .
In this case the current shows a very well defined resonant peak for positive values
of eV , whereas it is very small for all negative values of eV (Fig. 2a and d). No
peak can be seen in this range of voltages. The differential conductance is also
very small and flat for eV < 0 (Fig. 2b and e). For higher values of tC the resonant
peak present in the current for positive values of eV becomes much higher and
wider showing that transmission through the system strongly increases. More-
over, a small peak corresponding to energy level shifted by U can be noticed in
the current and Gdiff . It is important that for negative values of eV a resonant
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peak starts to emerge and its intensity strongly increases with tC. The peak can
be well seen in I−V characteristics (Fig. 2a and d) as well as in differential con-
ductance depicted in Fig. 2b and e. The results presented here are well consistent
with the ones obtained by Fransson and Eriksson for DQD system with the use of
diagrammatic technique [8].

Changes of occupation numbers of the left and right dots under the applied
bias voltage are presented in Fig. 2c and f for two values of the hopping rate
tC = 0.5Γ and tC = 2Γ . Though for tC = 2Γ some delocalization of electrons
between the dots takes place, it is not very strong and we can still consider a mean
number of electrons on each dot. Calculations show that delocalization takes place
mainly in the region of low voltages where the strong transmission occurs and the
current displays a well pronounced peak. For higher values of |eV | electrons are
strongly localized on the dot close to the source, whereas the other one is almost
empty.
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[15] D. Sztenkiel, R. Świrkowicz, Acta Phys. Pol. A 105, 523 (2004).
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