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Using the Green function method there has been presented the math-

ematical description of dilute two sub-lattice metamagnets with ferro- and

antiferromagnetic exchange interactions. The Green function averaging pro-

cedure is based on the Cumulant Expansion Technique and includes any

localized Green function irrespectively of the decoupling algorithm making

the chain system of equations self-consistent. The derived form of the aver-

aged Green function is the base for the analysis of magnetization processes

and phase transitions occurring in the system under the influence of external

magnetic field. It has been found in particular that the tricritical point and

the second-order phase transition vanish when concentrations of magnetic

atoms coupled with different sub-lattice points become different.

PACS numbers: 05.70.Jk, 64.60.Kw, 75.10.–b, 75.30.Kz

1. Introduction

Among the papers, which discuss properties of disordered magnets, the ones
describing dilute magnets with structural disorder are in the greatest number. The
papers give descriptions of the systems consisting of magnetic atoms (of one or
many types) and non-magnetic atoms or only magnetic atoms of different types
randomly coupled with the crystal lattice points. According to the electronic
structure of the components the magnets are divided into metallic alloys and di-
lute magnets with stable magnetic moments located at the lattice sites. The latter
group of magnets is mostly described in reference to binary systems including,
besides non-magnetic atoms, also magnetic atoms with one kind of exchange in-
teractions. Theoretical description of magnets of this type is usually made on the
basis of two models. One model takes into account only fluctuations in the num-
ber of magnetic atoms coupled with lattice points (site model) but in the other
the presence of non-magnetic atoms or vacancies is replaced with fluctuations of
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exchange interactions (bond model). In both the approaches the properties of di-
lute magnets with two types of magnetic components and two kinds of exchange
interactions are also analysed [1–8]. However, the disorder which is most often
discussed relates usually to simple systems containing non-interacting magnetic
atoms of different types randomly distributed over all lattice points in the whole
system. The structural disorder of this type is the only one possible in the case
when the system consists of magnetic atoms of the same type and non-magnetic
atoms that relates to the model of dilute ferro- or antiferromagnet. In dilute mag-
nets containing at least two types of magnetic components it is possible to realize a
substantial case of partial structural disorder which connects with the presence of
spatial anisotropy of exchange interactions and sub-lattice structure of a system.
In this case the magnetic components may be distributed in two possible ways
depending whether the lattice points on different sub-lattices are occupied with
the same or different probability. A wide class of ferrimagnetic materials of both
the types is available. A selective distribution of magnetic atoms occurs for some
dilute ferrimagnets with the perovskite structure and mixed ferromagnetic intra-
and antiferromagnetic inter-sub-lattice exchange interactions. Such magnetic com-
pounds as LaMn1−cGacO3, La1−cXcMnO3, with X = Ca, Ba, Sr or La1−cSrcCoO3

show an asymmetrical sub-lattice structure due to the non-magnetic atoms of a
concentration c randomly occupying, in a given range of c, the lattice points within
one of two sub-lattices only. Other impurity ions such as, for instance, Ni3+ and
Co3+ in ferrimagnets LaMn1−cNicO3 or LaMn1−cCocO3 do not have this property
and they are distributed over all lattice points in completely unordered fashion [9].
The experimental investigations usually show the effect of content of impurity ions
on magnetization and the critical temperature of the compounds in the case of zero
external magnetic field.

The aim of this paper is a presentation of the magnetization processes and
phase transitions occurring under the influence of the external magnetic field in
dilute magnets containing two kinds of magnetic atoms and non-magnetic com-
ponents. The mathematical description relates to the two-sub-lattice system of
the site type with ferromagnetic exchange interactions within each of the sub-
lattice and antiferromagnetic exchange interactions between magnetic atoms on
different sub-lattices. There has been presented the general computational model
using Green function and its averaging procedure over all possible distributions
of magnetic atoms in the system. The averaging procedure includes any localized
Green function whose analytical form depends on the method of decoupling of the
chain system of equations as well as on the equation’s order at which the decou-
pling is done. By the use of the Cumulant Expansion Technique it was possible
to present the averaged Green function in the infinite sequence of all correlations
of structural fluctuations resulting from a random distribution of magnetic atoms
in the system. This paper presents the simple model of summing of the elements
of the obtained expansion considering its most substantial contributions coming
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from the square correlations of structural fluctuations which act the predominant
role in the whole range of the concentrations of magnetic atoms. The derived
analytical form of the averaged Green function makes possible the analysis of the
magnetization processes and critical phenomena in the external magnetic field for
various temperatures and concentrations of magnetic components.

2. Hamiltonian

Here we consider a crystal lattice retaining translational symmetry and di-
vided into two geometrically equivalent sub-lattices α and β. Among all N lattice
points, m points are randomly coupled with magnetic atoms whereas N−m points
are coupled with non-magnetic atoms. It is assumed that there are ferro- and anti-
ferromagnetic exchange interactions between magnetic atoms occupying the same
and different sub-lattices, respectively. For a pair of atoms of which at least one
is non-magnetic we assume an integral of exchange equal zero. We allow a pos-
sibility of the non-symmetrical distribution of magnetic atoms in the system by
introducing two concentrations for both the sub-lattices α and β

cε =
2mε

N
, ε = α, β, (1)

where mε is a number of magnetic atoms randomly distributed within sub-lattice
ε(mα + mβ = m). For a given distribution R of magnetic atoms, Hamiltonian of
the discussed spin system is written in a following form:

H̃(R) = −1
2

∑

(r,s)

Iε(r, s)
[
Sz

r Sz
s + ηε

(
S+

r S−s + S−r S+
s

)]

+
∑

(r,t)

K(r, t)
[
Sz

r Sz
t + ηγ

(
S+

r S−t + S−r S+
t

)]−
∑

(r)

ωε
0S

z
r , (2)

where
∑

(..) is summing over all lattice points coupled with magnetic atoms assum-
ing the lattice points r and s belong to the same sub-lattice ε = α (for r, s ∈ α)
or ε = β (for r, s ∈ β), whereas the lattice points r and t belong to different sub-
-lattices. Independently of the distribution R, the constants Iε(r, s) and K(r, t)
denote positive integrals of exchange bonding ferromagnetically pairs of magnetic
atoms inside each sub-lattice ε and bonding antiferromagnetically pairs of atoms
coupled with different sub-lattices, respectively. Parameters ηε, ηγ ∈ 〈0, 1/2〉 de-
termine the exchange anisotropy of the relative couplings but the last term of
Hamiltonian (2) describes the energy of spin interactions with the external mag-
netic field H, at the same time ωε

0 = gεµBH, where gε is Landé factor which
may take different values for magnetic atoms on different sub-lattices, µB — Bohr
magneton.

For an arbitrary magnetic point r we introduce the two-time localized Green
function defined as [10, 11]

Gr(τ − τ ′) =
〈〈

S+
r (τ)|S−r (τ ′)

〉〉
= −iθ(τ − τ ′)

〈[
S+

r (τ), S−r (τ ′)
]
+

〉
, (3)
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where 〈. . .〉 is an average over the grand canonical Gibb ensemble and θ is an
ordinary unit step function. In order to find the Green function one should solve
the equation of motion, which in the spectral representation ω takes the following
form:

ωGr(ω) ≡ ω
〈〈

S+
r |S−r

〉〉
ω

=
〈[

S+
r , S−r

]
+

〉
+

〈〈[
S+

r , H̃
]
−
|S−r

〉〉

ω

, (4)

where

Gr(τ − τ ′) =
1
2π

∫ +∞

−∞
Gr(ω) exp (−iω(τ − τ ′)) dω, (5)

Gr(ω) =
∫ +∞

−∞
Gr(τ) exp(iωτ)dτ. (6)

Using the Tyablikov decoupling scheme [11] in Eq. (4) and neglecting correlations
of spin operators located at different lattice points we obtain a linear equation
for the Green function Gr(ω) which relates to the molecular field approximation.
This approximation neglecting fluctuations of averages of spin operators coupled
with different lattice points is the lowest one in the self-consisting procedure of
chain system of equations for the Green function. To obtain the next approxima-
tion, considering square fluctuations of temperature averages, for the second-order
Green function which is in a form of the second term in Eq. (4), the following
equation of motion should be written:

ω

〈〈[
S+

r , H̃
]
−

∣∣∣∣ S−r

〉〉

ω

=

〈[[
S+

r , H̃
]
−

, S−r

]

+

〉
+

〈〈[[
S+

r , H̃
]
−

, H̃

]

−

∣∣∣∣∣ S−r

〉〉

ω

. (7)

For the third-order Green function obtained on the right side of the above equation
the relevant fourth-order equation can be written and so on. The procedure leads
to an infinite chain system of equations that does not have an analytical solution.
To self-consist the system of equations, the Green function of the highest order
should be decoupled at the given stage of the chain and it should be expressed by
the Green functions of lower orders. Irrespectively of the method of decoupling the
obtained Green functions usually depend on the localized variables of the following
type:

Xεn(r) =
∑

(j 6=r)

Λεn(r, j)〈λεn(j)〉, n = 1, 2, . . . , w, (8)

where Λεn(r, j) are given functions of the exchange constants Iε(r, j) or K(r, j)
for pairs of magnetic atoms (r, j) coupled with the same or different sub-lattices
whereas 〈λεn(j)〉 are averages of functions of localized spin operators, usually terms
〈Sz

j 〉. The forms of functions Λ and λ and their number w depend on the method of
decoupling of the chain of equations for the Green function as well as on the order
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of equation at which the decoupling is realized. For the geometrically equivalent
sub-lattices the number w of functions Λ or λ is the same for each sub-lattice.

3. Green function averaging procedure

Fourier transform Λεn(k) in the vector space k is assigned to every function
Λεn(r, j) accordingly to the following relation:

Λεn(r, j) =
2
N

∑

k

Λεn(k) exp (−ik(Rr −Rj)) , (9)

where the summing extends over all N/2 reciprocal lattice vectors k within the
first Brillouin zone of a sub-lattice. In the site approach the assumption of strictly
reverse transformation to transformation (9) is logical [12]

Λεn(k) =
∑

r,j

Λεn(r, j) exp (ik(Rr −Rj)) , (10)

where Λεn(k) and Λεn(r, j) have an identical meaning as in Eq. (9).
For every average 〈λεn(j)〉 we introduce its distribution function in the vector

space k

σεn(k) =
∑

(j)

(ε)〈λεn(j)〉 exp (ikRj) (11)

and structural fluctuation relating to the quantity

σ̃εn(k) = σεn(k)− 〈〈σεn(k)〉〉. (12)
The index ε at the sum sign in Eq. (11) states for summing over the points of sub-
lattice ε and 〈〈. . .〉〉 is an average over all possible configurations R of magnetic
atoms in the system and it is defined as:

〈〈σεn(k)〉〉 = λεn〈〈ρε(k)〉〉, (13)

ρε(k) =
∑

(j)

(ε)
exp (ikRj). (14)

The parameters λεn do not depend on the lattice point j and they have a meaning
of the expectation values of the functions 〈λεn(j)〉 fluctuating from a lattice point
to point

λεn ≡ 〈〈λεn(j)〉〉, j ∈ ε. (15)
The structural average 〈〈ρε(k)〉〉 in Eq. (13) connects to none of the physical
parameters and depends only on crystallographic structure of the system as well
as on the concentration of magnetic atoms cε. The following quantity is a measure
of the fluctuation of the above parameter

ρ̃ε(k) = ρε(k)− 〈〈ρε(k)〉〉, (16)
where

〈〈ρε(k)〉〉 =
N

2
cδ(k), δ(k) =

∑

j

(ε)
exp (ikRj). (17)

The summing on the right side of the equation runs for all magnetic as well as
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non-magnetic points of sub-lattice ε. Using the relations of (9–17) and limiting
to exchange interactions between the nearest neighbouring atoms we may write
expression (8) in a following form:

Xεl(r) = λεlΛεlcεzl[1 + xεl(r)], (18)

xεl(r) =
2
N

∑

k

γl(k)
cε

exp(−ikRr)ρ̃ε(k), (19)

γl(k) =
1
zl

∑

δl

exp (ikδl), l = 1, 2, (20)

where for r ∈ α(β), ε = α(β) for l = 1 or ε = β(α), for l = 2, but δl is a vector
determining the locations of z1 intra-sub-lattice and z2 inter-sub-lattice nearest
neighbouring atoms. Parameters Λεl refer to the exchange constants Iε or K but
terms γl(k) define a spatial structure of the crystal lattice. With regard to the
nearest neighbouring atoms any of the Green functions Q then does not depend
on fluctuations of many parameters (8) but only on two fluctuating around zero
variables xεl connecting to the configuration of magnetic atoms on both the sub-
-lattices

Qr = Qr[ω, xε1(r), xε′2(r)], ε 6= ε′. (21)
To estimate the impact of structural fluctuation ρ̃ε(k) on the Green functions, it
is expanded into Taylor’s series in relation to variables xεl

Qr(ω) =
[
D(2)

r Qr

]
0

(
2
N

)ν ∑

{K}

∏

l,f

γl(klf )
cε

exp (−iklfRr) ρ̃ε(klf ), (22)

where
[
D(2)

r Qr

]
0

=
∞∑

ν=0

1
ν!

∑
ν1+ν2=ν

ν!
ν1!ν2!

[
∂νQr(ω, xε1, vε′2)

∂xν1
ε1∂xν2

ε′2

]

0

, (23)

{K} = {k11, k12, . . . , k1ν1 , k21, k22, . . . , k2ν2}, (24)

∏

l,f

(. . .) =
2∏

l=1

ν1∏

f=1

(. . .). (25)

The second sum in Eq. (23) denotes summing over all possible combinations ν1

and ν2 so that ν1 + ν2 = ν.
In the representation of vectors k the Green function Qr(ω) relates to the

transform

Qε(k, ω) =
∑

(r)

(ε)
Qr(ω) exp(ikRr) (26)

and its averaged over all distributions R value

〈〈Qε(k, ω)〉〉 =
N

2
cεQε(ω)δ(k). (27)

The function Qε(ω) does not depend on distribution of magnetic atoms and it may
be used to describe the statistical properties of the system. Plugging Eq. (22) into
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Eq. (26) and using the basic rules of the Cumulant Expansion Technique [13] we
find

Qε(ω)δ(k) =
[
D(2)

r Qr

]
0

(
2
N

)ν ∑

{K}
δ


k −

∑

l,f

klf




×
2∏

l=1

〈〈
νl∏

f=1

ρ̃ε(klf )

〉〉
νl∏

f=1

γl(klf )
cε

. (28)

4. The approximation of high and low structural fluctuations

The averaged Green function Qε(ω) was presented in a form which allows
one to calculate it by summing the terms of the series (28) from all correlations of
structural fluctuations connected with a random distribution of magnetic atoms in
the system. In the general case the analytical form of the averaged Green function
is impossible to calculate so summing the terms of the series (28) is usually realized
in approximation. The approximation depends on concentration cε of magnetic
atoms and is connected with the assessment of the structural fluctuations impact
on the Green function and as the consequence on physical properties of the system.
Due to its complexity, the problem will be analysed in a separate paper. In the
literature authors mostly use two approximations taking into account structural
fluctuations in coupling of the lattice points with magnetic atoms. One of them,
considered as reliable for high concentrations of magnetic atoms, takes the follow-
ing form [14, 15]:

〈〈
νl∏

f=1

ρ̃ε(klf )

〉〉
≈

{ ∏νl/2
f=1 〈〈ρ̃ε(kl,2f−1)〈ρ̃ε(kl,2f )〉〉 for even νl,

0 for uneven νl.
(29)

This approximation is strictly satisfied within the limits of high concentrations
of magnetic atoms for which structural fluctuations of the lowest orders are more
probable than it is for high structural fluctuations. Within the limits of low con-
centrations another approximation seems more logical [13, 16]〈〈

νl∏

f=1

ρ̃ε(klf )

〉〉
≈

〈〈
νl∏

f=1

ρε(klf )

〉〉

c

. (30)

This approximation when used in the Cumulant Expansion Technique gives good
results for the linear range of concentration cε. The results obtained in numerical
analysis for cubic models of Heisenberg ferro- and antiferromagnet in reference to
critical concentrations do not distinguish in both the approximations of more than
3% in their quantity. Such close results are explained by the fact that the greatest
contribution to the physical properties comes from the lowest square structural
fluctuations which are the same in both the approximations whereas considering
all contributions coming from all structural fluctuation of the higher orders leads
in both the approximations only to correction of one order lower quantity [17].
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Both of the approximations give then quite close results. Approximation (29) has
an important advantage - when considered in Eq. (28) allows for summing the
series and gives the averaged Green function in its analytical form

Qε(ω) =
{

D(2)
r Qr[ω, xε1(r), xε′2(r)]

}
0
δν1
ε1(cε)δν2

ε′2(cε′)

=
1
4

∑

i,j=±1

Qr[ω, iδε1(cε), jδε′2(cε′)], (31)

where

δεl(cε) =

[
cε − c2

ε

c2
ε

2
N

∑

k

γ2
l (k)

] 1
2

, l = 1, 2, ε = α, β. (32)

The analytical form of Green function allows one to calculate basic physical
parameters of a system such as magnetization and internal energy. Due to it the
full analysis of magnetic and heat processes occurring in a system under influence
of temperature changes and concentrations of the magnetic components as well as
external magnetic field for different crystallographic structures and for different
lattice and exchange anisotropy are possible.

5. Magnetization in the external magnetic field

To illustrate the magnetization processes occurring in a two-sub-lattice dilute
metamagnet the authors used the approximation of a given effective magnetic field
that neglects the correlations of the spin operators located at different lattice sites.
To go beyond the molecular field approximation, the self-consisting procedure of
the chain equations system for the Green function at its second stage is performed.
It is carried out by means of the modified Tyablikov decoupling scheme, introduced
by Riess and Movroyannis for pure magnetic systems [18, 19]

〈〈Sz
sSz

s′S
+
r |S−r 〉〉ω ≈ 〈Sz

sSz
s′〉Gr(ω), s, s′ 6= r. (33)

Using assumption (33) in Eqs. (4) and (7) and taking into account approximation
(29) allow one to determine the analytical form of the Green function averaged
over all possible configurations of magnetic atoms in the system.

Gε(ω) =
1
4

∑

i,j=±1

ω − ωε
0 + Γ ε

ij

(ω − ωε
0 + ∆ε

ij)(ω − ωε
0 −∆ε

ij)
, (34)

where

∆ε
ij =

[
(Γ ε

ij)
2 + (Ωε

ij)
2
]1/2

, (35)

Γ ε
ij = Iε〈Sz

ε 〉z1cε(1 + iδε1)−K〈Sz
ε′〉z2cε′(1 + jδε′2), ε = α, β, ε 6= ε′, (36)

Ωε
ij =

[
I2
ε

(
1
4

+ η2
ε − 〈Sz

ε 〉2
)

z1cε(1 + iδε1)

+K2

(
1
4

+ η2
γ − 〈Sz

ε′〉2
)

z2cε′(1 + jδε′2)
]1/2

. (37)
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The averaged Green function, with the known spectral relations, determines the
average moment 〈Sz

ε 〉 connected with any magnetic lattice site on each sub-lattice ε

〈Sz
ε 〉 =

i
4π

lim
o→0

∫ +∞

−∞
[Gε(ω + io)−Gε(ω − io)] tanh

(
1
2
βω

)
dω

=
1
16

∑

i,j=±1

{(
1− Γ ε

ij

∆ε
ij

)
tanh

[
1
2
β(ωε

0 −∆ε
ij)

]

+

(
1 +

Γ ε
ij

∆ε
ij

)
tanh

[
1
2
β(ωε

0 + ∆ε
ij)

]}
. (38)

The basic equations (38) fully determine magnetization M of a system and the
difference of sub-lattice magnetizations m as a function of temperature T , concen-
tration cε, and the external magnetic field H:

M =
1
2
NµB[gα(S + s) + gβ(S − s)], (39)

m =
1
2
NµB[gα(S + s)− gβ(S − s)], (40)

where S and s are the parameters of the long-range order

S =
1
2
(σα + σβ), (41)

s =
1
2
(σα − σβ) (42)

but

σε = cε〈Sz
ε 〉 (43)

is an average magnetic moment relating to every magnetic as well as non-magnetic
lattice point of the sub-lattice ε.

For cα = cβ and H 6= 0, within the whole range of temperatures, the pa-
rameter S and magnetization M are always different from zero. From the analysis
of Eqs. (38) it results that for the temperatures higher than Néel’s critical tem-
perature TN, i.e. for the temperatures at which the system for H → 0 was in a
paramagnetic state, every value of the field H corresponds with only one solution
〈Sz

ε 〉 = 〈Sz
ε′〉. It means that the parameter s and the difference of sub-lattice mag-

netizations m always equal zero and the system is in the paramagnetic state, due
to the ferromagnetic spin configuration sometimes called induced ferromagnetism.
For the temperatures T < TN, but higher than a given temperature Ttrc, every
value of the field H relates to the unique solution s 6= 0 or s = 0. Figure 1 shows,
for this case, the typical dependence of the long-range order parameters and the
relative magnetization of both the sub-lattices as a function of the external mag-
netic field. When there are unique solutions for S and s, the second derivative of
the free energy
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F (H) = F (H0)−
∫ H

H0

M(H ′)dH ′ (44)

in relation to the field at the point separating the states with the solutions s 6= 0
and s = 0 is discontinuous. The phase transition induced by the external mag-
netic field is then the second-order transition. From the basic equations analysis
it results that at a given concentration of magnetic atoms, the lower temperature
relates to the higher value of the critical field. In the limit of K → 0, i.e. for
the dilute ferromagnet the phase transition induced by the external magnetic field
vanishes. The critical concentration c0 is the low limit of the magnetic atoms
concentration at which any phase transitions in a system are possible.

Fig. 1. The long-range order parameters S and s and reduced sub-lattice magneti-

zations σε as a function of the external magnetic field H at the second-order phase

transition (z1 = z2 = 6, K = 0.1J, ηε = ηγ = 0.5, cα = cβ = 0.6, kTN/J = 0.794,

T = 0.95TN).

Fig. 2. The long-range order parameters S and s and reduced sub-lattice magnetiza-

tions σε as a function of the external magnetic field H at the first-order phase transition.

The bold solid lines determine the changes in the parameters S, s, σε corresponding

to the minimum free energy (z1 = z2 = 6, K = 0.1J, ηε = ηγ = 0.5, cα = cβ = 0.6,

kTN/J = 0.794, T = 0.5TN).

At the sufficiently low temperatures T < Ttrc, functions S(H) and s(H),
derived from the basic equations, are not always unique functions of the field H.
For the given range of values H, the system of Eqs. (38) has even three pairs of
solutions for S and s (Fig. 2). To choose the physically appropriate field depen-
dence of the parameters S and s, the solution, whose the minimum free energy
relates to, should be selected from all the solutions. The other solutions that re-
late to non-physical or metastable states are discarded. From Fig. 3 showing the
dependence of the free energy F on the field H we can see that the minimum free
energy corresponds to the solutions: s 6= 0 for H < Hcr (antiferromagnetic order)
and s = 0 for H > Hcr (phase of induced ferromagnetism). The derivative of the
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Fig. 3. The free energy change ∆F = F (H) − F (0) as a function of the external

magnetic field H at the first-order phase transition. Segments (a) and (b) of the

free energy relate to the paramagnetic and antiferromagnetic solutions, respectively;

(c) and (d) correspond to metastable states but (e) corresponds to the non-physical state

(z1 = z2 = 6, K = 0.1J, ηε = ηγ = 0.5, cα = cβ = 0.6, kTN/J = 0.794, T = 0.5TN).

Fig. 4. The long-range order parameter S as a function of the external magnetic field

H for various reduced values of temperature τ = T/TN (z1 = z2 = 6, K = 0.1J ,

ηε = ηγ = 0.5, cα = cβ = 0.6, kTN/J = 0.794).

free energy in relation to the field is discontinuous at the point Hcr dividing the
states of the system with the solutions s 6= 0 and s = 0. It means that the phase
transition induced by the external magnetic field is the first-order transition with
the abrupt change in magnetization. It is worth noticing that the critical field Hcr,
reached from the minimum free energy is identical to the critical field obtained by
means of the equal area method. The conclusions are presented in Fig. 4 that shows
the curves of magnetization of the system as a function of the external magnetic
field within the range of the discussed temperatures. The tricritical point (Htrc,
Ttrc) determining the change in the type of the phase transition occurs only in the
magnets with two kinds of exchange interaction and when the concentrations of
magnetic atoms on both the sub-lattices are equal. From the numerical analysis
it also results that the lower concentration corresponds with lower values of Htrc

and Ttrc. In the limit of the critical concentration any phase transitions in the
system vanish and Htrc, Ttrc → 0.

For cα 6= cβ , analogously as for the equal concentrations of magnetic atoms
on the sub-lattices, the parameter S is always the increasing function of the mag-
netic field H. For H →∞, 〈Sz〉 → 1/2 for every ε and accordingly to definitions
(41), (43) the maximum value of S

S∞ =
1
4
(cα + cβ) (45)

depends only on the sum of concentrations of magnetic atoms on both the sub-
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-lattices. It means that at the constant total concentration c = (cα + cβ)/2, the
saturation magnetization of the system does not depend on the ratio of concentra-
tions of magnetic atoms on the sub-lattices. The behaviour of the parameter s(H)
being a measure of the difference between magnetizations of the sub-lattices is a
significant component distinguishing the processes of magnetization in a case of
equal and different concentrations of magnetic atoms. For cα = cβ the parameter s

is always the decreasing function of H, it makes for zero continuously or stepwise
at the point of the phase transition and stays equal zero at the further increase
in the magnetic field. For cα 6= cβ and sufficiently high values of the field, the
parameter s goes asymptotically towards the constant value

s∞ =
1
4
(cα − cβ) (46)

that depends only on the difference between the concentrations of the magnetic
atoms on both the sub-lattices. In the state of induced ferrimagnetism both the
parameters S and s are for T ≥ TN always different from zero as distinguished
from the case of physically equivalent sub-lattices.

For T ≥ TN, at any ratio of the magnetic atoms concentrations on the sub-
-lattices there is only one solution S(H). In particular, when exchanging cα for cβ

and retaining the total concentration c = (cα + cβ)/2, the curve of magnetization
is described by the same function S(H). For T < TN and cα 6= cβ the basic
equations may have one or more solutions for S and s. Figure 5 illustrates the
dependence of the long-range order parameters on the magnetic field for cα > cβ

and for the temperature at which the system, under the influence of the magnetic
field, undergoes the first-order transition. This type of transitions proceeds only
within the sufficiently low range of temperatures. For the temperatures out of the

Fig. 5. Graphic presentation of the basic equations solution for cα > cβ at the first-order

phase transition (z1 = z2 = 6, K = 0.1J, ηε = ηγ = 0.5, kTN/J = 0.795, T = 0.849TN).

Fig. 6. Graphic presentation of the basic equations solution for cα < cβ at the first-order

phase transition (z1 = z2 = 6, K = 0.1J, ηε = ηγ = 0.5, kTN/J = 0.795, T = 0.849TN).
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range, even for T < TN, as distinguished from the case cα = cβ , the first and
the second derivatives of the free energy are continuous functions of the field H

and the system does not undergo any phase transition in the external magnetic
field. Hence, in the phase diagram showing the dependence of the critical field on
the temperature for cα 6= cβ , the curve of the phase transitions (the first-order
transitions) will end at the critical end-point.

For T < TN and cα < cβ the solution of the basic equations has a mathemat-
ically different form, comparing it with the case cα > cβ . Within the given range
of the field H two different solutions for S and s additionally appear. A formal
change in the solutions of the basic equations in particular undergoes while chang-
ing concentration cα for cβ . Comparing Figs. 5 and 6 it results that the picture of
the solutions significantly changes even at very close concentrations of magnetic
atoms on the sub-lattices. However, from Fig. 7 that shows the dependence of
the free energy on the magnetic field, it results that in both discussed cases the
common segment of the solution corresponds to the states of the system with the
same — the lowest values of the free energy. Apparently different solutions come
to one equivalent dependence S(H) presented for various temperatures in Fig. 8.
The foregoing result seems logic as the two systems in which the change in the
concentrations of the magnetic atoms on the geometrically equivalent sub-lattices
was performed, are physically undistinguished and formally different solutions are
the result of the asymmetry imposed by the field H.

Fig. 7. The free energy change ∆F = F (H) − F (0) as a function of the external

magnetic field H for cα < cβ at the first-order phase transition. The continuous segment

of the diagram corresponds to the lowest free energy states and is the same as for the

case cα = 0.61, cβ = 0.59 (z1 = z2 = 6, K = 0.1J, ηε = ηγ = 0.5, kTN/J = 0.795,

T = 0.849TN).

Fig. 8. The long-range order parameter S as a function of the external magnetic field

H for various temperatures T at the non-symmetrical distribution of magnetic atoms in

a system (z1 = z2 = 6, K = 0.1J, ηε = ηγ = 0.5, kTN/J = 1.017).
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6. Summary

There have been analyzed the magnetization processes and the field-induced
phase transitions in dilute two sub-lattice metamagnets with mixed ferro- and an-
tiferromagnetic exchange interactions. In a particular model with the symmetrical
distribution of magnetic atoms on the sub-lattices, two kinds of phase transitions
induced by the external magnetic field occur. The first-order phase transitions un-
dergo in the relatively low range of temperatures and they are separated from the
second-order phase transitions by the tricritical point. Both the types of transi-
tions take place below Néel’s point only and disappear at the critical concentration
as well as in the limit of a dilute magnet with one kind of exchange interactions.
For asymmetrical distribution of magnetic atoms within both the sub-lattices the
tricritical point vanishes and the only possible phase transitions induced by the
external magnetic field are the first-order transitions. These transitions proceed
only within the sufficiently low range of temperatures. For the temperatures out of
the range, the system does not undergo any phase transition even for temperatures
lower than the critical temperature.

It is worth noticing that the results presented for a two-sub-lattice model
can also be applied for a dilute system without sub-lattice structure where all the
lattice sites may be randomly occupied by magnetic atoms of different kinds and
non-magnetic impurities with the same probability. The results obtained for both
the models were found to be similar and in the particular case of z1 = z2 they are
even quantitatively very close. For example, the magnetization curves presented
for z1 = z2 = 6 in Figs. 4, 8 wholly reproduce, within the assumed accuracy, the
corresponding results obtained for a dilute system with the coordination number
z = 12 and the same global concentration c. For z1 6= z2, a transition from a two-
-sub-lattice model to a dilute system without sub-lattice structure influences much
more substantially the magnetization properties of the system. In particular, such
a transition decreases the critical temperature and the critical field and makes the
system less stable.
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