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We look for conditions of existence of soliton solutions for equations

governing propagation of a monochromatic laser beam coupled to its second

harmonic in a nonlinear medium. The system proves to be non-integrable

in the sense of Painlevé. However it is partially integrable for some values

of its parameters. We further check the possibility of solving the equations

by the Hirota bilinear method. The system is found to be solvable this way

provided that amplitudes of both modes are equal while the complex phase

of the second harmonic is equal to the double phase of the fundamental

mode (modulo π). The Hirota scheme is found to work merely for exact

resonance, i.e. for the ratio of the dispersion coefficients equal to the ratio

of frequencies. Finally, all these conditions may only be satisfied by single

envelope travelling waves, in which the envelope has locally the shape of the

Weierstrass ℘ function.

PACS numbers: 42.81.Dp

1. Introduction

Since the pioneering paper [1] where the experimental observation of fre-
quency doubling, or otherwise second harmonic generation was presented, this
first phenomenon of nonlinear optics has steadily been a subject of active re-
search. It is well known that a great deal of the physical processes involved in a
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given nonlinear problem can be understood in terms of the formation of spatial,
temporal or spatio-temporal localized structures or solitons. The study of these
localized waves is strongly complicated by the fact that the nonlinear equations of
the given system are not integrable as in our case of second harmonic generation.
With the exception of one analytical solution [2] the solitary wave solutions have
to be determined numerically [3].

In a previous paper [4] we looked for conditions enabling the existence of
solitons when the fundamental mode of a laser beam interacted with its third
harmonic. We found that soliton solutions of the Hirota type existed if and only
if the complex phase of the third harmonic was equal to the tripled phase of
the fundamental mode (modulo π) while the amplitudes of these modes remained
in a special proportion. This was possible only for exact resonance, i.e. for the
ratio of the dispersion coefficients equal to the ratio of frequencies; moreover all
these conditions could only be satisfied for single envelope solitons of the cubic
Schrödinger type. Possibility of such solutions was foreseen in that paper [4] due
to the partial Painlevé property [5] of those equations, although the equations were
not Painlevé integrable [6].

In this paper we perform a similar calculation for the second harmonic equa-
tions. The equations ([7] without the mismatch and damping) are based on a
quadratically nonlinear interaction of the wave with a medium. This system de-
scribes simultaneously the case of self-guided beams in bulk materials and the case
of planar waveguides. The results resemble those for the third harmonic. Firstly,
the system is found to be non-integrable in the sense of Painlevé [6]. Secondly,
the Hirota bilinear method [8] yields a solvable system only if the resonance is
exact, i.e. the ratio of the dispersion coefficients for the fundamental mode and its
second harmonic is exactly 2. For such dispersion coefficients there exist solutions
in which amplitudes of both modes are equal to each other, while the phase of the
second harmonic is equal to the double phase of the fundamental mode. As in the
3rd harmonic case, this system admits only single travelling wave solutions. How-
ever the shape of those solutions is entirely different from the cubic Schrödinger
solitons: namely the wave envelope is proportional to the Weierstrass ℘ function of
a rescaled time and thus it is a wave train rather than a solitary wave. Also unlike
the third harmonic equations, which have the partial Painlevé property [4], these
equations are partially integrable in the sense of Painlevé merely for special ratios
of the dispersion coefficients (2 and −1; there are no travelling wave solutions in
the latter case).

The paper begins with derivation of the equations governing propagation of
our modes in Sec. 2; Sec. 3 is devoted to their Painlevé analysis while the Hirota
method is applied to these equations in Sec. 4. In Sec. 5 we find the travelling
wave solution explicitly and discuss its properties.
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2. The second harmonic equations

Starting from Maxwell’s equations we obtain the wave equation for propa-
gating electric field E(x, t)

(
∇2
⊥ +

∂2

∂z2
− 1

c2

∂2

∂t2

)
E(x, t) =

1
ε0c2

∂2

∂t2

(
P L(x, t) + P NL(x, t)

)
, (1)

where z is the direction of propagation, ∇2
⊥ is the transverse part of the Laplacian,

while P L and P NL are linear and nonlinear polarization vectors, respectively.
We are interested in the resonant interaction between a linearly polarized

beam of frequency ω0 and its second harmonic, which is assumed to be identically
polarized. For the case of a dielectric medium with nonlinear susceptibility χ(2)

we have in the frequency space

P̃NL
i (x, ω) =

ε0

2π

∫ ∫
dω1dω2χ

(2)
ijk(−(ω1 + ω2); ω1, ω2)Ẽj(x, ω1)

×Ẽk(x, ω2)δ(ω1 + ω2 − ω), (2)

where the tilde denotes quantities in the Fourier space.
Now we assume the electric field to have the form of a sum of two modes

whose frequencies are ω0 (the fundamental mode) and 2ω0 (the second harmonic).
If the amplitudes of these modes vary slowly in comparison with ω0, we can write
the evolution equations in a reference frame moving with the group velocity of the
fundamental beam [7] as

i
∂A1

∂z
+

D1

2
∂2A1

∂t2
+ χ1A

∗
1A2 = 0,

i
∂A2

∂z
+

D2

2
∂2A2

∂t2
+ χ2A

2
1 = 0. (3)

Here z denotes the position in the reference frame of the wave, the functions of
z and t denoted by A1 and A2 are slowly varying amplitudes of the fundamental
frequency and its second harmonic, respectively, the constants D1 and D2 char-
acterize their dispersion, while the other constant parameters χ1 and χ2 measure
the size of nonlinear coupling between them, χ1 ≡ (ω2

0/ε0k1c
2)χ(2)(−ω0; 2ω0,−ω0)

and χ2 ≡ (ω2
0/ε0k2c

2)χ(2)(−2ω0;ω0, ω0), where χ(2)(ω1 + ω2;−ω1,−ω2) is the co-
efficient of the appropriate nonlinear coupling, k1 and k2 are the wave vectors of
the harmonic. If we denote the dispersion relations of the fundamental and second
harmonics respectively by β1(ω) = 0 and β2(ω) = 0, then the dispersion coeffi-
cients Dn, n = 1, 2 are expressed by [7]

Dn = − ∂2βn

∂ω2

∣∣∣∣
ω=ω0

. (4)

In (3) we neglected the phase mismatch and we assumed that the group velocities
of the two pulses (fundamental and second harmonics) were equal, so the tem-
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poral walk-off term disappeared. The spatial walk-off can be avoided in a planar
waveguide. The stationary beam propagation in planar waveguides is considered
as the phenomenon similar to the pulse propagation in fibers. This is so-called
spatio-temporal analogy [9]. Thus our results will also be adequate to the case
of a planar waveguide. Positive and negative Dn correspond to anomalous and
normal dispersion, respectively. It is worthwhile to reduce the number of arbitrary
parameters by rescaling the time:

√
2/D1told = tnew and reverting z if necessary:

zold = sign(D1)znew. If we denote
√
|χ1χ2|A1 = U, sign(D1)χ1A2 = W, (5)

then the system (4) may be written in a simple form

iU,z + U,tt + U∗W = 0,

iW,z + PW,tt ± U2 = 0, (6)

where P = D2/D1 while the sign ± in front of U2 in the second equation is just
the sign (χ1χ2), which corresponds to positive and negative coupling between the
modes, respectively. Subscripts following a comma denote differentiation.

Note that we have admitted reversal of the sign of z when the fundamental
mode has negative dispersion. This transformation of the physical picture to its
mirror image does not influence integrability and existence of solitons.

3. The Painlevé test

We perform the Painlevé test (which should rather be named after Ko-
valevskaya [10]) in its version extended for partial differential equations [11, 5].
A comprehensive review of its interpretations, methods, and validity was given
in [6] for the ordinary differential equations and [12] for the partial differential
equations. A pedestrian’s approach may be found in [13].

The standard procedure begins with analytical extension of the examined
equations to the complex (z, t) biplane. Since the complex conjugates of U,W

have analytic extensions of their own, we treat them as extra unknowns, V = U∗

and Y = W ∗, respectively. This way our equations (6) become a 4× 4 system

iU,z +U,tt +V W = 0,

−iV,z +V,tt +UY = 0,

iW,z +PW,tt±U2 = 0,

−iY,z +PY,tt±V 2 = 0. (7)

For the purpose of the Painlevé test it is sufficient to consider the case with the
plus sign in front of U2 and V 2. The case with the minus sign may be obtained
by a change of dependent variables Unew = iUold, Vnew = iVold.
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In the method of [11] we assume the general solution of a system with n

independent variables in the form of a Laurent series in a neighborhood of an
n − 1 dimensional singular manifold (rather than a singular point), calculate the
initial terms and determine the subsequent terms from recurrence formulae. The
recurrence formulae are simplest when we choose the expansion variable F in the
Kruskal gauge [14], i.e. we assume that the equation of the manifold F (x, t) = 0
has the form already solved with respect to one of the variables, e.g. t. Thus for
the sake of simplicity we perform the Laurent expansion in

F (x, t) = t− ζ(z), (8)

where ζ is an arbitrary function of z, and assume that the expansion coefficients
depend on z only.

Let the four Laurent series be

U = F p
∞∑

n=0

UnFn, V = F q
∞∑

n=0

VnFn,

W = F r
∞∑

n=0

WnFn, Y = F s
∞∑

n=0

YnFn. (9)

We substitute them to (7) and look for solutions of the recurrence relations result-
ing from comparison of the coefficients at subsequent powers of F .

The leading order exponents are p = q = r = s = −2. Two non-Painlevé
families for which

p = −2±
√

3i, q = −2∓
√

3i, r = −2± 2
√

3i, s = −2∓ 2
√

3i (10)

also exist. We concentrate on the previous family as it is the only one promising
meromorphic soliton solutions. The coefficients at F−2 read respectively

U0 = ±6
√

P/Q0, V0 = ±6
√

PQ0, W0 = −6/Q2
0, Y0 = −6Q2

0, (11)

where Q0 is an arbitrary function of z. The indices n (“resonances”), at which
other arbitrary functions may be obtained, follow from the requirement that the
determinant of the linear system

(6− 5n + n2)Un + W0Vn + V0Wn = 0,

Y0Un + (6− 5n + n2)Vn + U0Yn = 0,

2U0Un + (6− 5n + n2)PWn = 0,

2V0Vn + (6− 5n + n2)PYn = 0 (12)

vanish. This condition yields the indicial equation, which proves to be an algebraic
equation of 8th degree for n. Its roots are

−1; 0; 5; 6; (5− i
√

23)/2; (5 + i
√

23)/2; (5− i
√

47)/2; (5 + i
√

47)/2. (13)
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Except for the root −1 which corresponds to the arbitrariness of F , all other roots
should be nonnegative integers, if the system is to be Painlevé integrable. Other-
wise the number of arbitrary coefficients (i.e. first integrals) is smaller than the
order of the equations, and the Laurent series cannot be the general solution (some
exceptions with negative indices are treated in [15], [16], and [6]). The occurrence
of four complex roots in (13), as well as the existence of a non-Painlevé family of
the leading order coefficients (10) mean that our system is non-Painlevé. Still
it may have a four-parameter class of meromorphic solutions, which could encom-
pass one- or even two-soliton solutions, provided that the compatibility conditions
at the indices n = 5 and n = 6 are satisfied. Such a situation is known as “partial
integrability” [5]. In order to check these compatibility conditions we first have
to calculate the coefficients at n = 1 to 4. We here skip those details of the cal-
culations. At n = 5 we get a system of equations which are linearly dependent
provided that

P = 1/2 or P = −1. (14)

If neither of the conditions (14) is satisfied the linear dependence affects the left
hand sides only and the system at n = 5 is contradictory. The compatibility con-
dition at n = 6 is satisfied for both above values of P , which means that we may
expect the existence of soliton solutions when

D1 = 2D2 or D1 = −D2. (15)

This is a constraint on the dispersion coefficients. Solitons are likely to occur when
the dispersion of the second harmonic is half of that of the fundamental mode or
if the dispersion is exactly opposite for these modes.

4. The Hirota bilinear method

The Hirota method [8] relies on a transformation of the original equation,
by an appropriate substitution, to a bilinear form

Q(Dz, Dt)F ·G = 0, (16)

where Q is a polynomial in the differential operators Dz, Dt, defined by

Dm
z Dn

t F ·G =
(

∂

∂z
− ∂

∂z′

)m (
∂

∂t
− ∂

∂t′

)n

F (z, t)G(z′, t′)|z′=z,t′=t. (17)

In our case the proper transformation of (6) is

U = G/F, W = H/F, (18)

where G and H may be complex while F is assumed to be real. The solution is
later sought in a perturbative scheme

F = 1 + ε2f (2) + . . . , G = εg(1) + ε3g(3) + . . . , H = εh(1) + ε3h(3) + . . . , (19)
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where f, g, h are assumed in the form of a sum of exponential or a polynomial
functions in both z and t. Substitution (18) transforms our equations into

F
(
iDz + Dt

2
)
G · F −G

(
Dt

2F · F − FG∗H/G
)

= 0,

F
(
iDz + PDt

2
)
H · F −H

(
PDt

2F · F ∓ FG2/H
)

= 0, (20)

where the minus sign in front of FG2/H corresponds to the plus sign in (6) and
vice versa.

To get the Hirota bilinear equations we have to assume that all the ex-
pressions in the parentheses are equal to zero. However, the system of equations
obtained this way is overdetermined. Among others, Dt

2F ·F should at the same
time be equal to FG∗H/G and FG2/(PH), whence

FG∗H/G = FG2/(PH) ∈ R (21)

(both hand sides of (21) should be real as Dt
2F ·F is real due to the reality of F ).

By writing this relation in the polar coordinates

G = |G| exp(iε), H = |H| exp(iψ), (22)

we arrive to the conclusion that

|G| = |H|
√
|P | (23)

and, depending on the sign in (20) and on the sign of P

ψ = 2ϕ + kπ or ψ = 2ϕ + (k + 1/2)π. (24)

Here k may be an arbitrary integer. The first choice corresponds to the upper sign
in (20) when P > 0 and the lower one when P < 0, i.e. to the case D1D2χ1χ2 > 0,
whereas the second choice to the opposite signs of either dispersion or nonlinear
coupling of the fundamental mode and its second harmonic. However, upon the
second choice the expressions in (21) are purely imaginary rather than the required
real quantities. Hence only the first option makes sense.

When the first parentheses in both equations of (20) are combined with their
respective complex conjugates, we obtain two conservation laws for the photon
number of the modes GG∗ and HH∗, respectively

∂

∂z

GG∗

F 2
+ 2

∂

∂t

(
GG∗

F 2

∂ϕ

∂t

)
= 0,

∂

∂z

HH∗

F 2
+ 2P

∂

∂t

(
HH∗

F 2

∂ψ

∂t

)
= 0. (25)

Substitution of the conditions (23) and (24) to (25) yields among others

(2P − 1)
∂

∂t

(
GG∗

F 2

∂ϕ

∂t

)
= 0, (26)

which has nontrivial solutions if and only if
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P = 1/2, (27)

whence only the upper sign in (20) and (6) is physically sensible.
The result (27) is in accordance with one of the conditions of partial Painlevé

integrability (14). On the other hand, an attempt to solve the real parts of the
equations (20) for the case when all these conditions (23, 27) are satisfied, yields
an equation for the phase ϕ

ϕ,z (z, t) + [ϕ,t (z, t)]2 = 0. (28)

Within its range of uniqueness the initial value problem in z for (28) may readily
be solved by the method of characteristics. Let t0 be a solution of

t = t0 + 2ϕ,t (0, t0)z. (29)

Then, as long as the solution of (29) is unique, (28) is satisfied by

ϕ(z, t) = ϕ(0, t0) + (t− t0)2/(4z). (30)

The apparent singularity of (30) at z = 0 is removable for initial conditions in C2,
namely it follows from (29) that t− t0 = O(z) when z → 0 along a characteristic.

In a similar way to the third harmonic case [4], not only characteristics
of the phase equation (28) are straight lines (29) and ϕ,t is constant along
these characteristics. Due to connection of ϕ,t with squares of the amplitudes
G×G∗/F 2 and HH∗/F 2 by Eqs. (25), also the amplitudes do not vary along the
same rectilinear characteristics. As a result the whole solution is constant along
some straight lines. This is the typical property of single solitary waves rather
than multisoliton solutions, in which interaction between solitons should result
in a distortion of their paths. Hence we conclude that the only possible soliton
solutions are single solitary waves.

When the conditions (23) and the first choice of (24) together with (18)
are substituted to the initial equations (6), if the phase ϕ satisfies (28), both
equations (6) yield identical equations for the modulus u = |U | and the phase ϕ

u,tt±
√

2u2 = 0, (31)

u,z +2u,t ϕ,t +uϕ,tt = 0, (32)

where the plus sign in front of
√

2 in (31) corresponds to ψ = 2ϕ + 2kπ in (23)
while the minus sign appears when we choose ψ = 2ϕ+(2k +1)π. Note that these
two variants of sign in (31) have nothing to do with the previous sign doubling in
(6) and (20). Both versions of (31) follow from one system of equations, namely
(6) with P = 1/2 and the plus sign in front of U2. A sum of (32) multiplied by i
with (31) cast these two real equations in the form of one complex equation, which
might be obtained directly from the first one of (6)

iU,z +U,tt±
√

2|U |U = 0. (33)

A similar equation for W which follows from the second of (6) is equivalent to a
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sum of (32) multiplied by i/2 and (31). This equation belongs to the nonlinear
Schrödinger (NLS) type. To our best knowledge it has not been described in the
literature so far (except for general works on the whole NLS family).

5. The travelling wave solution

The results of the previous section constitute a basis for a search for single
travelling wave solutions of (6). The travelling wave solution may be obtained
directly by assuming that u depends merely on a combined variable τ = t − z/v

(where v is interpreted as the velocity of the wave), while the phase ϕ may depend
on both z and τ independently, except for the constraint following from (28). At
all points where u 6= 0 the solution of (32) is

ϕ = τ/(2v) + z/(4v2) + ϕ0 = t/(2v)− z/(4v2) + ϕ0, (34)

where ϕ0 is a constant.
The amplitude u is a solution of

u,ττ ±
√

2u2 = 0. (35)

This system may readily be integrated once, yielding

u2
τ = ±(2

√
2/3)(u3

0 − u3), (36)

where u0 is a constant of integration.
One should bear in mind the meaning of u as a modulus of a complex func-

tion. Due to this interpretation only nonnegative values of u have a physical sense.
At the points where u = 0 the derivative uτ changes sign while the phase ϕ jumps
by π (note that the continuous solution (34) is limited to such values of τ for which
u 6= 0). Eventually the solution is proportional to the Weierstrass ℘ function

u(τ) = ∓3
√

2℘(τ − τ0; 0,∓
√

2u3
0/27), (37)

in the interval of positive u, within one real period of ℘; then it is periodically
repeated to other values of τ (τ0 is the second constant of integration).

These solutions to (36) are physically sensible, i.e. finite, only for the version
of (35–37) with the upper sign. Their period may increase indefinitely on increasing
of u0; it tends to 0 when u0 → 0. Thus the solution has the form of a periodic
wave train without a proper soliton limit.

6. Conclusion

We have examined the second harmonic equations using the Painlevé test
and the Hirota bilinear formalism. The Painlevé test has shown that in general
the system does not have the Painlevé property, furthermore it has pointed out
special values of the ratio of dispersion coefficients for which the system is partially
integrable in the sense of Painlevé. The Hirota bilinear formalism limits these
possibilities even further: the two conditions which it yields, one for the phases and
another one for the amplitudes of the fundamental mode and its second harmonic,
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allow for nontrivial solutions iff their ratio of dispersion coefficients P := D1/D2

= 2. For this value of P we have obtained the explicit solution for the phase by the
method of characteristics. These characteristics, which also prove to be the lines
of constant amplitude, are straight lines. As such evolutions do not leave room
for soliton interaction, we conclude that the only possible soliton solutions are
single envelope waves of the nonlinear Schrödinger type with the phase increasing
linearly both in z and t. We have found such solutions: they have the shape of a
train of envelope periodic travelling waves rather than solitons. Their amplitude
is proportional to the absolute value of the Weierstrass ℘ function in an interval
where this function is negative, their values are repeated periodically elsewhere.
They rather seem to be special solutions; more general soliton-like waves may exist
which exceed the scope of the Hirota bilinear formalism. A thorough analysis of
the system (3) by means of generalizations of the Hirota method [17] may help to
go beyond these limitations.
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