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Th e non lin ear di˜ u sion equation is deri ved by ta kin g into account the

local variations in the solvent density , within a mechanism of di˜usi on driven
by random particle collisi ons. A nalytical solution s for the case of spherical -
-symmetric nonlinea r di˜usi on equation for spread of impuriti es in gas and

solids are obtained and discussed. In this case, the solution s of the nonlin ear
di˜usi on equation are similar to solutions of Bernoulli equation. We note
that the obtained solutions can be used to describ e the shap es of impurity

gas of high concentration or smoke clouds.

PAC S numb ers: 66.30.{h

1. I n t rod uct io n

W e assume tha t the process of spreadi ng of impuri ti es is sim ilar to other
di ˜usi on pro cessesand, in the nonl inear case, can be described by the nonl inear
di ˜usi on equati on [1{ 3]. In the case of three dim ensions, we pro pose tha t the fre-
quency of the jum ps depends upon the parti cle coordi nates, and the ti me vari ati on
of the impuri ti es concentra ti on n ( x ; y ; z ; t ) i s given by [1{ 3]

@n

@t
= I x + I y + I z ;

I x = ¡ ( x + L; y ; z ) n ( x + L; y ; z ) + ¡ (x À L; y ; z ) n ( x À L; y ; z ) À 2 ¡ Â n;

I y = ¡ (x ; y + L; z ) n ( x ; y + L; z ) + ¡ ( x ; y À L; z ) n ( x ; y À L; z ) À 2 ¡ Â n;

I z = ¡ ( x ; y ; z + L )n ( x ; y ; z + L ) + ¡ ( x ; y ; z À L )n ( x ; y ; z À L ) À 2 ¡ Â n : (1)

(475)
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Here, L i s the average free path of the parti cles of smoke or m olecul esof impuri ti es
in gases, or the length of the jum p of m olecules or ato ms from one equi l ibri um
positi on to another in Ûuids and sol ids; ¡ are the frequenci es of these j um ps or
col lisions. Expa ndi ng the f uncti ons n and ¡ in the power series and incl udi ng two
m ain term s in the ¡ expansion and three m ain term s in the n expansion, we obta in
the fol lowing nonl inear equati on:

@n

@t
= L 2 ¡ Â n + 2 L 2 ( grad ¡ )( grad n ) : (2)

The average frequency ¡ (x ; y ; z ; t ) of col l isions in gas is expressed as [3]

¡ ( x ; y ; z ; t ) = ¥ Â N ( x ; y ; z ; t ) Â u Â

p

2 : (3)

Here ¥ i s the col l ision cross-secti on of the di ˜usi ng parti cle, N i s the density of the
solvent parti cles, u Â

p

2 i s the relati ve velocit y of impuri t y or the di ˜usi ng ato ms
and solvent parti cles. N in Eq. (3) for di ˜usi on of impuri ti es in the crysta ls by
vacancies is equal to the density of the vacanci es.

Assum ing tha t the coordi nate z i s Ùxed, we can use the last f orm ula in the
two -dim ensional case. For di ˜erent pro cesses the N in Eq. (3) obta in di ˜erent
m eani ngs. Usual ly for the di ˜usi on pro cesseswe have ( n =N ) § 1 , but we m ust
ta ke into account the f act tha t the concentra ti on of solvent and im puri ti esato m s or
m oleculesduri ng the di ˜usi on pro cessbecom es N + n for a non-equi l ibri um pro cess
for di ˜usi on in the dense gases or N À n f or a di ˜usi on pro cess at equi l ibri um
condi ti ons for di ˜usi on in the di luted solvents or in the gases of smal l density .
For di ˜usi on in the sol ids thro ugh vacanci es the sum of im puri ti es density n and
density of free vacanci es N m ust be equal the m axi mum density of vacanci es N ¡ .
For di ˜usi on pro cess in a gas i t m eans tha t pressure in the solvent gas N k T and
the avera ge pressure in the di ˜usi on region (N À n )k T + nk T m ust be equal . For
thi s case in the region of high intensi ty source we can change N in Eq. (3) by n .

Let us evaluate the second term on the ri ght hand side of Eq. (2). In our
case, only the col l isions between the im puri t y ato m s or m olecules and m olecules
of solvent gas or vacanci es in sol id state m ateri als or Ûuids are importa nt. Then
m odel l ing di ˜usi on from the source of the high intensi ty , we can use the appro x-
im ati on tha t for the region of di ˜usi on front the num ber of a solvent parti cles
N f ¤ n= 2 ¤ N =2 . In thi s case we obta in

¡ f ( x ; y ; z ; t ) =
1

2
¥ Â n ( x ; y ; z ; t ) Â u Â

p

2 : (4)

Here we assume tha t a thi n region adjacent to the di ˜usi on front wi th a
qui ckly decreasing impuri t y concentra ti on has a hal f of the vacanci es Ùlled (in a
Ûuid or sol id state m ateri al ), or a hal f of m olecules replaced by impuri ti esm olecules
(i n a gas). Near the source al l molecules of the solvent gas are replaced by m olecules
of im puri ti es or al l vacancies of sol id state are Ùlled wi th the di ˜usi ng atom s, and



T he N onl inear Di ˜usi on Equation Descr ibing Spread . . . 477

then in thi s region we have self-di ˜usi on of im puri ties. Then we have

¡ ( x ; y ; z ; t ) = ¥ Â n ( x ; y ; z ; t ) Â u Â

p

2 : (5)

Af ter inserti ng (5) into the Ùrst term of the ri ght hand side of Eq. (2) and
changing grad¡ by grad¡ f in the second term on the ri ght hand side of Eq. (2) we
obta in

@n

@t
= L 2

Â ¥ Â u Â

p

2
È

n Â n + ( grad Â n ) 2
Ê

: (6)

If we deÙne the di ˜usi on coe£ ci ent D by the f ollowing equati on:

D =
p

2L 2 ¥ u n; (7)

the nonl inear di ˜usi on equati on (6) becom es sim ilar to the nonl inear equati on
in [2]. In both cases, the di ˜usi on coe£ ci ent is proporti onal to the im puri ty con-
centra ti on [2].

In the region of di ˜usi on where the pressure of the im puri ties and of the gas
is appro xi matel y the same n f actor in the Ùrst term of ri ght hand side of Eq. (3)
can be changed by N . For di ˜usi on in sol ids by vacanci es N m eans the maxi mum
density of vacanci es or impuri ti es. Af ter inserti ng the obta ined expression into
Eq. (2), we have

@n

@t
=

p

2 Â L 2 ¥ N u Â n +
p

2 L 2 ¥ u ( grad Â n )2 : (8)

Earl ier we pro posed tha t on the di ˜usi on front hal f of solvent parti cles of
gas are replaced by impuri ties N f ¤ n= 2 ¤ N =2 but in the case of pure solvent or
at the region of source N i s consta nt. In thi s case the di ˜usi on coe£ cient can be
expressed as

D S =
p

2 Â L 2 ¥ N u ; D S = 2 D : (9)

The coe£ cient D S can be com pared wi th the di ˜usi on coe£ cient D for the region
of the di ˜usi on front.

No w from (8) and (9) we can obta in the f ol lowi ng nonl inear di ˜usi on equati on
for di ˜usi on of im puri ties of high density:

@n

@t
= D S Â n +

D S

N
( grad Â n ) 2 : (10)

W i tho ut any doubt, thi s equati on is also val id in one- and two- dimensional cases.
In the three- di mensional spheri cal case the latter equati on wi l l be

@n

@t
= D S

˚
d2 n

dr 2
+

2

r
Â

dn

dr

Ç

+
D S

N

˚
dn

dr

Ç2

: (11)
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2. T h e an alyt ical so lu t io n of t he non l in ear d i ˜ u sio n equ at i on

Using the sim i larit y vari able

¿ =
r

p

D S t
; (12)

we tra nsform Eq. (11) into the fol lowing form :

d 2 n

d¿2
+

˚
1

2
¿ +

2

¿

Ç

Â

dn

d¿
+

1

N

˚
dn

d¿

Ç2

= 0 : (13)

Cha nging,

f =
1

dn= d¿
; (14)

we obta in an equati on tha t is sim i lar to the Bernoul li equati on [4]

d f

d¿
À

˚
1

2
¿ +

2

¿

Ç

Â f À

1

N
= 0 : (15)

Below, we propose a conveni ent m etho d for solvi ng the obta ined equati on.
Fi rst, we obta in the asym pto ti c soluti on f 0 of Eq. (15) when ¿ ! 0

f 0 = C 1 ¿2 : (16)

Then we attem pt to Ùnd the general soluti on in the fol lowing form :

f = C ( ¿) 1 ¿2 : (17)

Substi tuti ng the latter expression into (15), we obta in the equati on

¿2
dC ( ¿) 1

d¿
À

1

2
¿3 C ( ¿) 1 À

1

N
= 0 ; (18)

whi ch can be solved l ike the Bernoul l i equati on [4]. Then using (14) we obta in the
fol lowi ng expression:

[ C ( ¿) 1 ] À 1 = ¿2
dn

d¿
= N

exp( À ¿4 =8 )
R¿

1
exp (À ¿4

1
=8 )d¿1 + C N

: (19)

Here, we have appl ied the rel ati on [5]
Z

exp( À ¿4 =8 ) d¿ =

Z
¿

1

exp( À ¿4
1

=8 )d¿1 : (20)

The integrati on constant C can be deÙned accordi ng to the Ùrst Fi ck' s law.
The amount of im puri ti es tha t was intro duced at the ini ti al point by the ti me t 0 i s

Â M (0 ; t ) = À D S t 0 4 ¤ Â lim
r ! 0

r 2
dn ( r ; t )

dr
; 0 ç t 0 ç t: (21)

The am ount of im puri ties tha t has passedthro ugh the surface of a spheri cal source
wi th radius R by the sam e ti me can be expressed as
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Â M ( R ; t ) = À D S t 0 4 ¤ Â R 2
dn ( r ; t )

d r

Ù
Ù
Ù
Ù

r = R

; 0 ç t 0 ç t: (22)

T aking into account the equal i ty

Z
0

1

exp ( À ¿4 =8 ) d¿ = À 1:524; (23)

as well as (12) and (19), we obta in

r 2
dn

dr
=

p
D S t¿ 2

dn

d¿
; l im

¿ ! 0
¿2

dn

d¿
=

N

À 1 :5 2 4 + C N
: (24)

Using (19), (21), (23), and (24), we obta in the integrati on constant C , whi ch in
thi s case can be expressed in the fol lowing form :

C 0 = À

4 ¤ D S t 0

p

D S t

Â M 0

+
1 : 5 2 4

N
; Â M 0 = Â M (0 ; t ) = t 0 ; (25)

where Â M 0 i s constant.
Using the Ùrst Fi ck' s law and (19), from (25) we can obta in the quanti ty

of m olecules or parti cles of im puri ti es Â M r = Â M ( r ; t ) = t 0 , whi ch spread by the
ti m e t 0 thro ugh the spheri cal surface 4 ¤ Â r 2 when the di ˜usi on pro cess occurs

Â M r = À C D N
exp( À ¿4 =8 )

R
¿

1
exp( À ¿4

1
=8 ) d¿1 + 1 : 5 2 4 À C D N =Â M 0

;

C D = 4 ¤ D S

p
D S t: (26)

In order to have positi ve Ûux thro ugh al l spheri cal surfaces, the fol lowi ng condi ti on
m ust be sati sÙed in the latter form ul a:

Z ¿

1

exp( À ¿4
1

=8 ) d¿1 + 1 : 5 2 4 À C D

N

Â M 0

< 0 : (27)

For al l Ùnite values of ¿, the integ ra l in the latter expression is negati ve, and when
¿ ! 1 i t equals zero. Then thi s inequal i t y wi l l be sati sÙedf or al l values of ¿ and
r when

C D

N

Â M 0

> 1 : 5 2 4 : (28)

Onl y by intro duci ng the fol lowing l im i ted quanti t y of im puri ty parti cl es or
m olecules

Â M 0 < C D

N

1 : 5 2 4
; (29)

we obta in the pro pagati on of im puri ti es solely by di ˜usi on.
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Af ter integ rati ng (19), we obta in the distri buti on of the radia l density n (r ; t )

of parti cles intro duced by di ˜usi on from the point source

n ( r ; t ) = N

Z
¿

1

¿À 2
1

exp
À

À ¿4
1

=8
Â

R¿ 1

1
( À ¿4

2
=8 ) d¿2 + 1 : 5 2 4 À 4 ¤ ( D S t ) 3 = 2 N =Â M (0 ; t; t )

d¿1 : (30)

The above f orm ula shows tha t the concentra ti on of smoke in the medium
decreases as exp( À r 4 =8 D 2

S
t 2 ) and depends on the di ˜usi on coe£ cient D S and on

the am ount of im puri ti es Â M (0 ; t ) tha t was intro duced duri ng the ti m e t from the
pol luti on source.

No w, using (19), (22), (23), (24), and (25), and ta ki ng into account tha t
the amount of im puri ti es Â M ( R ; t 0 ; t ) tha t has passed thro ugh the surface 4 ¤ R 2

of source by the ti m e t 0 i s kno wn (see (22)), we obta in the integrati on constant
in (19)

C R = À 4 ¤ D S t 0

p
D S t

1

Â M ( R ; t )
exp

À
À ¿4

R =8
Â

À

1

N

Z
¿ R

1

exp
À

À ¿4
1 =8

Â
d¿1 ;

¿R =
R

p

D S t
: (31)

Here, we assumed tha t the am ount of impuri ti es intro duced per uni t ti m e
Â M (R ; t ) = t 0 i s constant.

No w, from (22) and (19) we obta in

Â M ( r ; t ) = À 4 ¤ D S t 0

p
D S tN

exp
À

À ¿4 =8
Â

R
¿

1
exp ( À ¿4

1
=8 ) d¿1 + C R N

; r Ñ R : (32)

By integ rati ng (19), we can now determ ine the distri buti on of the radial density
n ( r ; t ) R of im puri ti es intro duced by di ˜usi on thro ugh the spheri cal surface 4 ¤ R 2

of source

n ( r ; t ) R = N

Z ¿

1

ê
¿ À 2

1 exp
À

À ¿4
1 =8

Â

R¿1

1
( À ¿4

2 =8 ) d¿2 + C R N

!

d¿1 ; ¿ ç ¿R : (33)

The Ûux of im puri ti es (32) is positi ve onl y when

Â M (0 ; t )

Z
exp

À
À ¿4 =8

Â
d¿ À 4 ¤ (D S t ) 3 = 2 N < 0 : (34)

Hence, after repl acement in (32) ¿ ! 0 , the fol lowi ng condi ti ons for physi cal
spreading of impuri ties by the di ˜usi on pro cess are obta ined

Â M (0 ; t ) < 2 : 6 2 5 ¤ ( D S t ) 3 = 2 N : (35)
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Using form ulae for di ˜erenti ati ng of integ ra ls [5] and substi tuti ng (34) into
(30), we obta in a useful expression for radial density of di ˜usi ng im puri ties

n ( r ; t ) = N

Z ¿

1

¿ À 2
2 exp

À
À ¿4

2 =8
Â

d¿2
R

¿ 2

1

À
À ¿ À 4

1 =8
Â

d¿1 À 4 ¤ ( D S t ) 3 = 2 N =M (0 ; t )
: (36)

The concentra ti on Ùeld surro undi ng the spheri cal source of radius R can also
be determ ined by spheri cal di ˜usi on soluti on of linear di ˜usi on equati on [6]

C ˜ ( r ; t ) = C ˜ = Ù

R

r
erfc

˚
r À R

2
p

D S t

Ç
; r Ñ R (37)

wi th the bounda ry condi ti on l im r ! R C ˜ ( r ; t ) = C ˜ =Ù .

3. R esul t s an d co n cl usion s

The obta ined soluti ons (31), (35) can be appro pri ate for describing the cl ouds
of smoke in the ai r or density of impuri ties in gases and sol ids. The obta ined
soluti ons of the nonl inear di ˜usi on equati on (13) deÙne the im puri t y Ûux and
thei r radial density in the spheri cal case. By substi tuti ng (31) into (32), we can
express the am ount Â M ( r ; t ) of m olecules or parti cles intro duced by the di ˜usi on
pro cess thro ugh the surface 4 ¤ r 2 by the ti m e t 0 in the fol lowing way:

Â M ( r ; t ) =
À 4 ¤ D S t 0

p

D S t N Â exp
À

À ¿4 =8
Â

R
¿

¿R
exp ( À ¿4

1 =8 ) d¿1 À 4 ¤ D S t 0

p

D S t N

Â M ( R ; t )
exp ( À ¿4

R
=8 )

;

r Ñ R : (38)

The presented soluti on sati sÙes the bounda ry condi ti on for the amount of
im puri ti es at the spheri cal source of radi us R when r ! R or ¿ ! ¿R

l im
r ! R

Â M ( r ; t ) = Â M ( R ; t ) : (39)

Using (21) and (37), we can also deÙne the am ount of m olecules or parti cles
Â M L ( r ; t ) intro duced by the di ˜usi on pro cess thro ugh the surf ace 4 ¤ r 2 by the
ti m e t 0 f or the soluti on (37) of the l inear di ˜usi on equati on

Â M L ( r ; t ) = 4 ¤ r 2 t 0 Â D Â C ˜ =Ù

ç
R

r
p

¤ D t
+

R

r 2
erfc

˚
r À R
p

4 D t

Ç Ñ

: (40)

By requi ri ng tha t Ûuxes at the source of impuri ti es for the cases (38) and (40) are
the sam e

l im
r ! R

Â M L ( r ; t ) = Â M ( R ; t ) ; (41)

we obta in

C ˜ =Ù =
Â M ( R ; t )

4 ¤ R 2 t 0 D

±
1

p

¤ D t
+ 1

R

² : (42)
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Fig. 1. Dep endence of nonlinear Â M R ( r ; t ) and linear Â M LR ( r; t ) relative di˜usio n

Ûows by time t 0 s on the distance cm when di˜usi on time is 3600 s. The radius

of the source is cm. T he amount of impurity particles intro duced per unit time

/s and the density of the air molecules cm

are constant. T he di˜usi on coe£cient for linear di˜usion of C O in the air [8] is

cm /s and for nonli near di˜usi on it is cm /s.

Fig. 2. Dep endence of nonlinear and linear relative di˜usio n

Ûows by the time s on the distance cm w hen di˜usi on time is 3600 s. T he

radius of the source is cm. T he amount of impurity particles intro duced per unit

time /s and density of the air molecules cm

are constant. T he di˜usi on coe£cients for linear di˜usi on of C O in the air [8] is

cm /s and for nonli near di˜usi on it is cm /s.

The nonl inear and l inear
rel ati ve Ûows, whi ch give the relati ve am ounts of CO in

the ai r, calculated usi ng (38), (40), and (42), are presented in Fi g. 1.
The results presented in Fi g. 1 show tha t nonl inear and l inear

Ûows signi Ùcantl y di ˜er only at long distances. In the nonl inear di ˜u-
sion model (6) obta ined using metho d proposed in [3] where the average length



T he N onl inear Di ˜usi on Equat ion Descr ibing Spread . . . 483

of jum p of molecules or ato m s from one equi l ibri um positi on to another was intro -
duced. The sim ilar nonl inear di ˜usi on equati on was obta ined in [2] requi ri ng tha t
the di ˜usi on pro cesses can occur only wi th a Ùnite velocit y, whi ch is essential ly
the sam e assumpti on.

W e m ust rem ark tha t we solved Eq. (10) tha t is of som e appro ach to (6).
Equa ti on (6) wa s successf ul ly used in paper [7] for deÙniti on of pro Ùles of high
concentra ti on di ˜usi on proÙles of boron and phosphorus in the crysta l sil icon.

Interesti ng results, whi ch were obta ined in the case of a large am ount of CO
m oleculesintro duced per uni t ti me (Â M ( R ; t ) = t 0 = 2 :6 8 È 1 0 2 1 =s), are presented in
Fi g. 2. In the nonl inear case at 50 cm we obta ined Â M R ( r ; t ) = Â M ( r ; t ) =Â M (R ; t )

wi th a local maxi mum, i .e., a ri ng of im puri ti es.
It is interesti ng to note tha t the above-m enti oned ri ngs of im puri ti es cannot

be obta ined in the l inear case (40). These ri ngs of increa sed density of impuri ti es
can be obta ined when source can intro duce a large am ount of impuri ties by short
ti m e.
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