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The Nonlinear Diffusion Equation
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The nonlinear diffusion equation is derived by taking into account the
local variations in the solvent density, within a mechanism of diffusion driven
by random particle collisions. Analytical solutions for the case of spherical-
-symmetric nonlinear diffusion equation for spread of impurities in gas and
solids are obtained and discussed. In this case, the solutions of the nonlinear
diffusion equation are similar to solutions of Bernoulli equation. We note
that the obtained solutions can be used to describe the shapes of impurity
gas of high concentration or smoke clouds.

PACS numbers: 66.30.—h

1. Introduction

We assume that the process of spreading of impurities 1s similar to other
diffusion processes and, in the nonlinear case, can be described by the nonlinear
diffusion equation [1-3]. In the case of three dimensions, we propose that the fre-
quency of the jumps depends upon the particle coordinates, and the time variation
of the impurities concentration n(xz,y, z,t) is given by [1-3]

on
41, + L,
i + Iy +

Io=ve+ Ly, z)n(x + Ly, z)+v(e— Ly, z)n(x — Ly, z) — 2v - n,
L =v(z,y+ L, 2)n(e,y+ L,z) +v(z,y— L, z)n(x,y— L,z) — 2v - n,
L =vie,y,z+ Dn(z,y,z+ L)+ v(z,y, 2 — L)n(z,y,z — L) —2v-n. (1)

(475)
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Here, L is the average free path of the particles of smoke or molecules of impurities
in gases, or the length of the jump of molecules or atoms from one equilibrium
position to another in fluids and solids; v are the frequencies of these jumps or
collisions. Expanding the functions n and v in the power series and including two
main terms in the v expansion and three main terms in the n expansion, we obtain
the following nonlinear equation:

66_7; = L*vAn + 2L*(grad v)(grad n). (2)

The average frequency v(x,y, z,t) of collisions in gas is expressed as [3]

I/(x,y,z,t):U~N(x,y,z,t)~u~\/5. (3)

Here o is the collision cross-section of the diffusing particle, N is the density of the
solvent particles, u - /2 is the relative velocity of impurity or the diffusing atoms
and solvent particles. N in Eq. (3) for diffusion of impurities in the crystals by
vacancies 18 equal to the density of the vacancies.

Assuming that the coordinate z is fixed, we can use the last formula in the
two-dimensional case. For different processes the N in Eq. (3) obtain different
meanings. Usually for the diffusion processes we have (n/N) < 1, but we must
take into account the fact that the concentration of solvent and impurities atoms or
molecules during the diffusion process becomes N +n for a non-equilibrium process
for diffusion in the dense gases or N — n for a diffusion process at equilibrium
conditions for diffusion in the diluted solvents or in the gases of small density.
For diffusion in the solids through vacancies the sum of impurities density n and
density of free vacancies N must be equal the maximum density of vacancies IV, .
For diffusion process in a gas it means that pressure in the solvent gas NkT and
the average pressure in the diffusion region (N — n)kT + nkT must be equal. For
this case in the region of high intensity source we can change N in Eq. (3) by n.

Let us evaluate the second term on the right hand side of Eq. (2). In our
case, only the collisions between the impurity atoms or molecules and molecules
of solvent gas or vacancies in solid state materials or fluids are important. Then
modelling diffusion from the source of the high intensity, we can use the approx-
imation that for the region of diffusion front the number of a solvent particles
N; = n/2~ N/2. In this case we obtain

vi(z,y,z,t) = %U~n(x,y,z,t)~u~\/§. (4)

Here we assume that a thin region adjacent to the diffusion front with a
quickly decreasing impurity concentration has a half of the vacancies filled (in a
fluid or solid state material), or a half of molecules replaced by impurities molecules
(in a gas). Near the source all molecules of the solvent gas are replaced by molecules
of impurities or all vacancies of solid state are filled with the diffusing atoms, and
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then in this region we have self-diffusion of impurities. Then we have
V(x,y,z,t):U~n(x,y,z,t)~u~\/5. (5)

After inserting (5) into the first term of the right hand side of Eq. (2) and
changing grady by gradv; in the second term on the right hand side of Eq. (2) we
obtain

66—7;:L2~U~u~\/§[nAn—|—(grad~n)2]. (6)
If we define the diffusion coefficient D by the following equation:
D =+2L%cun, (7)

the nonlinear diffusion equation (6) becomes similar to the nonlinear equation
in [2]. In both cases, the diffusion coefficient is proportional to the impurity con-
centration [2].

In the region of diffusion where the pressure of the impurities and of the gas
is approximately the same n factor in the first term of right hand side of Eq. (3)
can be changed by N. For diffusion in solids by vacancies N means the maximum
density of vacancies or impurities. After inserting the obtained expression into
Eq. (2), we have
66—7; =2 L’6 NuAn + V2L cu(grad - n)>. (8)

Earlier we proposed that on the diffusion front half of solvent particles of
gas are replaced by impurities Ny & n/2 = N/2 but in the case of pure solvent or
at the region of source N is constant. In this case the diffusion coefficient can be
expressed as

Ds =+2-L?¢cNu,  Dg=2D. (9)

The coefficient Dg can be compared with the diffusion coefficient D for the region
of the diffusion front.

Now from (8) and (9) we can obtain the following nonlinear diffusion equation
for diffusion of impurities of high density:

on

i DgsAn + %(grad%l)z. (10)

Without any doubt, this equation is also valid in one- and two-dimensional cases.
In the three-dimensional spherical case the latter equation will be

on d?n 2 dn Dg (dn 2
%—D5<w+;'5)+w(5) | (1D
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2. The analytical solution of the nonlinear diffusion equation

Using the similarity variable

&=

,
Dst’

we transform Eq. (11) into the following form:

T

d?n 1 2\ dn 1 [dn\’

— “L+-)-—+—=1|-—] =0. 1

e+ (26 2) (%) =0 "
Changing,

1
= — 14

! dn/dée’ (14)
we obtain an equation that is similar to the Bernoulli equation [4]

df 1 2 1

——\|zf+=z)-f——==0. 1

U (je+2) r-x = (15)

Below, we propose a convenient method for solving the obtained equation.
First, we obtain the asymptotic solution fy of Eq. (15) when £ — 0

fo=C1€% (16)
Then we attempt to find the general solution in the following form:
f=CEne. (17)
Substituting the latter expression into (15), we obtain the equation
dc); 1 1
240 1.3 _
gt Lecen- 1 =0, (18)

which can be solved like the Bernoulli equation [4]. Then using (14) we obtain the
following expression:

dn _ N exp(—£1/8)
d€ 8 exp(—€4/8)de, + CN
Here, we have applied the relation [5]

[Ce)) " = ¢ (19)

13
/ exp(—£4/8)d¢ = / exp(—€21/8)dé1. (20)

The integration constant C' can be defined according to the first Fick’s law.
The amount of impurities that was introduced at the initial point by the time tg 1s

sdn(r,t)
dr
The amount of impurities that has passed through the surface of a spherical source

AM(0,) = —Dstodr - lim r 0<to <t (21)

with radius R by the same time can be expressed as
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d t
AM(R,t) = —Dstodn - pdm Ol (22)
r r=R
Taking into account the equality
0
/ exp(—£1/8)d¢ = —1.524, (23)

as well as (12) and (19), we obtain
dn dn dn N
2~ — \/Dgtt2— 5 L — 24
" sG MO T s on (24)

Using (19), (21), (23), and (24), we obtain the integration constant C', which in
this case can be expressed in the following form:

4nDsto/Dst  1.524
AM, N

Co = AMy = AM(0,1)/ty, (25)
where AMj 1s constant.

Using the first Fick’s law and (19), from (25) we can obtain the quantity
of molecules or particles of impurities AM, = AM(r,t)/ty, which spread by the
time o through the spherical surface 47 - r? when the diffusion process occurs

AM, = —CpN exp(=¢*/8)
12 exp(—€1/8)dé1 + 1524 — Cp NJAM

CD I47TDS\/DSt. (26)

In order to have positive flux through all spherical surfaces, the following condition
must be satisfied in the latter formula:

€
/ exp(—¢€1/8)dér +1.524 — Cp < 0. (27)

A M,

For all finite values of £, the integral in the latter expression is negative, and when
& — oo 1t equals zero. Then this inequality will be satisfied for all values of & and

r when
C 1.524. 28
N Mo > (28)
Only by introducing the following limited quantity of impurity particles or
molecules
N
AMy < Cp+— (29)

1.524°

we obtain the propagation of impurities solely by diffusion.
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After integrating (19), we obtain the distribution of the radial density n(r,?)
of particles introduced by diffusion from the point source

-2
(r,t):N/ - & exp (=€1/8)
co [01(—€3/8)d€s + 1.524 — Am(Dst)3/2N/AM(0,1,1)

dé1. (30)

The above formula shows that the concentration of smoke in the medium
decreases as exp(—r*/8D%t?) and depends on the diffusion coefficient Dg and on
the amount of impurities AM(0,?) that was introduced during the time ¢ from the
pollution source.

Now, using (19), (22), (23), (24), and (25), and taking into account that
the amount of impurities AM (R, to,t) that has passed through the surface 47 R?
of source by the time #y is known (see (22)), we obtain the integration constant

n (19)

€r

Cr= —4ﬁD5t0\/D5tm exp (—f%/S) — %/Oo exp (—5%/8) déq,

R
VDst
Here, we assumed that the amount of impurities introduced per unit time

AM(R,1)/ty is constant.
Now, from (22) and (19) we obtain

{r =

(31)

exp (—54/8)

AM(T,t) = —47TD5t0 DStN 3 4 s
foo exp (—€3/8)d& + CrN

r > R. (32)

By integrating (19), we can now determine the distribution of the radial density
n(r,t)g of impurities introduced by diffusion through the spherical surface 47 R?
of source

Zexp (—£1/8)
Hr=N déy, €< ¢, 33
(r,)r / (fgl /%) des 1 CRN) &1, £<¢&r (33)

The flux of impurities (32) is positive only when

AM(0,t) /exp (—€*/8) d¢ — 4m(Dst)/* N < 0. (34)

Hence, after replacement in (32) £ — 0, the following conditions for physical
spreading of impurities by the diffusion process are obtained

AM(0,t) < 2.625m(Dgt)3/2N. (35)
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Using formulae for differentiating of integrals [5] and substituting (34) into
(30), we obtain a useful expression for radial density of diffusing impurities

o ¢ &5 % exp (—£3/8) &y
no=n | J5 (“€7%/8) dés — An(Dst)N/M(0,1) v

The concentration field surrounding the spherical source of radius R can also
be determined by spherical diffusion solution of linear diffusion equation [6]

R r—R
Co(r,t) = Cyyp—erfe | —— ) , >R 37
()= Capp erte (L) v o7

with the boundary condition lim, g Co(r,1) = Cy/p.

3. Results and conclusions

The obtained solutions (31), (35) can be appropriate for describing the clouds
of smoke in the air or density of impurities in gases and solids. The obtained
solutions of the nonlinear diffusion equation (13) define the impurity flux and
their radial density in the spherical case. By substituting (31) into (32), we can
express the amount AM (r,¢) of molecules or particles introduced by the diffusion
process through the surface 47r? by the time ¢, in the following way:

i 4Dt/ DTN -exp (<€4/9)
[E exp (=€4/8)dés — 47 Dstoy/ Dl gyt exp (~€4/8)
r>R. (38)

AM(r,t)

The presented solution satisfies the boundary condition for the amount of
impurities at the spherical source of radius K when r — R or £ — &g
hH;z AM(r,t) = AM(R,1). (39)

Using (21) and (37), we can also define the amount of molecules or particles
AM L(r,t) introduced by the diffusion process through the surface 47r? by the
time g for the solution (37) of the linear diffusion equation

R R r—R

AML(r,t) = 4nr?ty - D - Cyyp | ——= + —erfe <—)] . 40

(r,0) 0 1P\ aDt ViDi (10)

By requiring that fluxes at the source of impurities for the cases (38) and (40) are
the same

hn}}z AML(r,t) = AM(R,1), (41)
we obtain

AM(R, 1
Cayp = (&) (42)

2 1 1\
1R D (i + &)
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Fig. 1. Dependence of nonlinear AM R(r,t) and linear AM LR(r,t) relative diffusion
flows by time to = 1 s on the distance r cm when diffusion time ¢ is 3600 s. The radius
of the source is R = 1 cm. The amount of impurity particles introduced per unit time
AM(R,t)/to = 2.68 x 10'? /s and the density of the air molecules N = 2.68 x 10*° ¢cm™?
are constant. The diffusion coefficient for linear diffusion of CO in the air [8] is D =

0.182 cm?/s and for nonlinear diffusion it is Ds = 0.364 cm?®/s.

AMR (1. t)

13
AMLR(1.t)

150 200
A, r 200,

Fig. 2. Dependence of nonlinear AM R(r,t) and linear AM LR(r,t) relative diffusion
flows by the time to0 = 1 s on the distance r cm when diffusion time ¢ is 3600 s. The
radius of the source is R = 1 cm. The amount of impurity particles introduced per unit
time AM (R, t)/to = 2.68 x10%! /s and density of the air molecules N = 2.68 x 10'° ¢cm™?
are constant. The diffusion coefficients for linear diffusion of CO in the air [8] is D =

0.182 cm?/s and for nonlinear diffusion it is Ds = 0.364 cm ?/s.

The nonlinear AMR(r,t) = AM(r,t)/AM(R,t) and linear AMLR(r,t) =
AML(r,t)/AM(R,1) relative flows, which give the relative amounts of CO in
the air, calculated using (38), (40), and (42), are presented in Fig. 1.

The results presented in Fig. 1 show that nonlinear AM R(r,¢) and linear
AMLR(r,t) flows significantly differ only at long distances. In the nonlinear diffu-
sion model (6) obtained using method proposed in [3] where the average length L
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of jump of molecules or atoms from one equilibrium position to another was intro-
duced. The similar nonlinear diffusion equation was obtained in [2] requiring that
the diffusion processes can occur only with a finite velocity, which is essentially
the same assumption.

We must remark that we solved Eq. (10) that is of some approach to (6).
Equation (6) was successfully used in paper [7] for definition of profiles of high
concentration diffusion profiles of boron and phosphorus in the crystal silicon.

Interesting results, which were obtained in the case of a large amount of CO
molecules introduced per unit time (AM (R, t)/to = 2.68 x 10%!/s), are presented in
Fig. 2. In the nonlinear case at 50 cm we obtained AM R(r,t) = AM (r,t)/AM(R,1)
with a local maximum, i.e., a ring of impurities.

It is interesting to note that the above-mentioned rings of impurities cannot
be obtained in the linear case (40). These rings of increased density of impurities
can be obtained when source can introduce a large amount of impurities by short
time.
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