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W e consider equations governing propagation of a mono chromatic laser
b eam coupled to its third harmonic in a nonlinea r medium . T he system
pro ves to be non-integrable in the sense of Painlev Çe. H ow ever it is partiall y

integrable for all values of its parameters. W e further check the possibil i ty of
solving the equations by the H irota bili near metho d. T he system is found to
b e solvable this w ay pro vided that the comple x phase of the third harmonics
is equal to tripled phase of the fundamental mo de (mo dulo ¤ ) and also the

amplitud es of these mo des are in special prop ortion. T his result corresp onds
to the previousl y know n condition of existence of the sech soliton solutions.
Furthermore , the H irota scheme is found to w ork only for exact resonance,
i.e. for the ratio of the disp ersi on coe£cients equal to the ratio of frequencies.

Finall y , all these conditi ons may only b e satisÙed for single envelop e solitons
of the cubic Schr�odinger typ e.

PACS numb ers: 42.81.Dp

1. I n t rod uct io n

Generati on of harm onics is an inevi ta ble companion to laser beam pro paga-
ti on thro ugh nonl inear media. Someti m esadv antag eous, i t m ay also cause tro ubl e,
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by disturbi ng the f undam enta l m ode. It is of cruci al im porta nce whether sol i to n
pul ses may persist in the condi ti ons when the funda menta l m ode coexists wi th
i ts higher harm oni cs. The present paper deals wi th such condi ti ons f or a m odel
describing pro pagati on of the thi rd harm oni c [1, 2] (som e results on the second
harm oni c were presented in [3], a more comprehensi ve paper is in preparati on).
Our model wi l l be a nonl inear opti cal medium wi th a cubi c response. W e start
wi th the wa ve equati on for the propagati ng electri c Ùeld:
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where and are l inear and nonl inear polari zati on vecto rs, respecti vely. W e
are interested in the resonant intera cti on between a l inearl y polari zed beam of
frequency and i ts thi rd harm onic, whi ch is assumed to be identi cal ly polari zed.
W e also assume tha t the beam s propagate in a slab waveguide, then they have
onl y one tra nsverse dim ension wi th the tra nsverse laplacian r
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resul t we obta in the scalar wa ve equati on
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where is the l inear refracti ve index, and is the (thi rd- order) nonl inear
polari zati on. W e consider for the fundam enta l and thi rd harm onic

1 exp i 1 À 3 exp i 3 À c c (3)

where Substi tuti ng thi s electri c Ùeld to the
nonl inear polari zati on (3 ) 3 , where (3 ) i s a di agonal element of the
thi rd-order susceptibi l i ty , we obta in the fol lowi ng term s (ta ki ng the term s con-
ta ining exp i 1 À and exp i 3 À , correspondi ngly):
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where 1 À 3 . Substi tuti ng Eq. (4) into Eq. (1) and assuming tha t the
envel ope functi ons 1 and 3 are slowl y varyi ng, we Ùnd tha t al l the tempora l
deri vati ves can be om itted. Furtherm ore we also assume
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and a sim i lar condi ti on for 3 . Thi s leads us to a pai r of coupl ed nonl inear equa-
ti ons. Intro duci ng a beam wi dth and di ˜ra cti on length 1 and theref ore
deÙning the dim ensionlessvariabl es and we obta in the fol lowi ng
di mensionlessequati ons:
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3 1 , 1 . In these equati ons the absolute value of (3 ) has been in-
cl uded into the rescal ing whi le i ts sign rem ains as an expl icit Ï in front of the Kerr
nonl ineari ty term s. Thus Eqs. (6) wi th the plus sign corresp ond to self-f ocusing,
whi le the minus sign describes the self-defocusing case.

No w we m ake a further rescal ing and 1 2 (where is the
nonl ineari ty- induced pro pagati on consta nt shift) wi th a new variables , deÙned
as fol lows:

p

exp i
p

exp i3 Then we eventua l ly obta in
the fol lowing dim ensionl essequati ons [1]:
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where and are rescaled am pl itudes of electri c Ùelds (f undam enta l frequency
and its second harm oni c, respecti vely), is related to the m ismatch param eter
by , and the subscri pts and denote parti al deri vati ves wi th
respect to the appro pri ate variables.

W e analyze integ rabi l it y of thi s system by m eans of the PainlevÇe test [4],
then we look for condi ti ons of solvabil it y of the system by m eans of the Hi rota
bi l inear m etho d [5].

In Sec. 2 we show a bri ef outl ine of the PainlevÇe test for thi s case (a m ore
deta i led descripti on was given in the com muni cati on [3]). Section 3 conta ins basic
inf orm ati on on the Hi rota bi l inear metho d and the results of i ts appl icati on to our
system (7).

In a general izati on of both the pro perty and the test to parti al di ˜erenti al
equati ons in independent vari ables [6] the soluti on is sought in the form of a
La urent series in powers of som eexpansion vari abl e about an À -di mensional
singulari ty mani fold 1 2
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where separate expa nsions are assumed for the vari abl es , , and thei r com plex
conjugates, as the conjugati on relati ons do not hold any m ore when or

becom es com plex.
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The analysis is perform ed in the Krusk al gauge [7], i .e. the singulari ty m an-
i fold equati on F (x ; z ) = 0 i s assumed to have the form expl icitl y solved for x ,
nam ely x À ¿( z ) = 0 , whi le the coe£ cients of the Laurent series are assumed to
depend on z onl y.

The leadi ng order exponents of al l the unkno wns and thei r com plex conj u-
gates, in (8) are

p = À (9)

Some rather unexp ected com plexi ty of the test arisesfrom the f act tha t the leading
order coe£ cients m ay be expressed m erely in term s of soluti ons of a thi rd degree
equati on

À (10)

where .
Equa ti on (10) has one i rra ti onal real root and two compl ex ro ots (conj ugates

of each other). Quoti ng the Carda no form ula eseems to be of l ittl e use here. T aki ng
any soluti on of Eq. (10) we m ay express the rem aining leadi ng order coe£ cients

, and of and , respectively by the fol lowi ng equati ons:

À (11)

where m ay be chosen as an arbi tra ry f uncti on of .
A separate fam i ly of soluti ons to the di ˜erenti al equati on corresp onds to

each of the roots of (10).
The \ indi cia l equati on" whi ch yi elds the indi ces (resonances) is an algebra ic

equati on of the eighth degree in the index . Due to sym m etry of i ts soluti ons wi th
respect to thi s com pl icated equati on may be cast into a bi t sim pler f orm
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where À . Al tho ugh the integ er coe£ cients in (12) are very large, they
have no com mon divi sor except 1.

It fol lows from (12) tha t for any choice of the ini ti al coe£ ci ents there are
four integer resonances 2 f À g . The rem aining f our resonances are real
i rra ti onal for the real ini ti al whi le either choice of the com pl ex cor-
responds to four com plex resonances (wi th i rra ti onal real and im aginary parts).
Hence . On the other hand, the compati bi li t y
condi ti ons at al l the integ er resonances are sati sÙedwha tever be the choice of the
ini ti al coe£ cients. As a result the test pro vi des us wi th one arbi tra ry functi on
at each of these resonances (the resonance { 1 corresp onds to arbi tra ri ness of the
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expansi on vari able F ). Thus, not being Painl evÇe, the system (7) sti l l adm i ts a
four- parameter cl ass of special soluti ons whi ch are meromorphi c in a vi ci ni ty of
any movable singulari ty m ani fold. Thi s holds for any choice of the param eters ¥

and ˜ .

3 . T he Hi r ot a b i l in ear m et h od

In 1971 R. Hi rota proposed an e˜ecti ve metho d of constructi ng mul ti soli to n
soluti ons of vari ous nonl inear equati ons [5]. The metho d rel ies on a tra nsform ati on
of the ori ginal equati on, by an appro pri ate substi tuti on, to the form

P ( D x ; D z )F Â G (13)

where is a polynom ia l in the di ˜erenti al operato rs whi ch are deÙned by
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The tra nsform ati on leadi ng to (14) usually rel ies on expressing the unkno wn func-
ti on as the Ùrst or second logari thm ic derivati ve of the functi on inherent in (13) ;
then . In case of the nonl inear Schr �odinger-typ e equati ons the proper tra ns-
form ati on is

(15)

where and m ay be com plex whi le is assumed to be real .
Such a substi tuti on tra nsform s our equati ons into
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The Hi rota bi l inear structure of these equati ons m ay be preserved i f al l the four
expressions in the square bra ckets turn to zero. However thi s requi rem ent yi elds
an overdeterm ined system of f our equati ons for three unkno wns
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i z x
À Â (17)
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The compati bi li t y condi ti on for (18) is

(19)

as both hand sides of thi s equati on shoul d be equal À x Â .
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Af ter an obvi ous simpl iÙcati on, in the phase representati on

G = G 0 exp ( i ' ) ; H = H 0 exp( iê ) ; (20)

(19) turns into two equati ons

modul o (21)

and

0 0 i e (22)

where is the real soluti on of equati on

3 2 (23)

Equati on (23) has a uni que real soluti on

(24)

Thi s is the only proporti on between the ampl itudes of the f undam enta l m ode and
i ts thi rd harm onic for whi ch the usual Hi ro ta scheme yi elds sol i to n soluti ons. Thi s
resul t is in accordance wi th the condi ti on for existence of a tra vel l ing wa ve soluti on
obta ined in [1, 2].

W e should now check whether thi s soluti on is compati ble wi th (17). Each
of tho se equati ons has the typi cal Schr�odinger conservati on law for the photo n
num ber of the m odes and , respectivel y (obta ined from the im aginary
part of the equati on)

2 2

2 2
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W hen , and thei r com plex conjugates are proporti onal (22) whi le the pha ses
sati sfy (21) then the above equati ons are compati bl e i ˜

2
(26)

whi ch adm i ts nontri vi al soluti ons only i f

(27)

Exa m inati on of the real parts of (17) when al l these condi ti ons (21, 22, 27) are
sati sÙed yi elds an equati on for the phase

2 (28)

W i thi n i ts range of uni quenessthe ini ti al value probl em in for (28) may be readi ly
solved by the m etho d of characteri sti cs. Let

0 0
2 (29)
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where x 0 i s the soluti on of

x = x 0 À 4 ' x ( x 0 ; 0 ) (30)

Then, wi thi n such an interv al of , for whi ch the soluti on of (30) is uni que, Eq. (28)
is sati sÙed by

0 À À 0
2

À (31)

The apparent singulari ty of (31) at is rem ovable for ini ti al condi ti ons in C
2 ,

nam ely i t fol lows from (30) tha t À 0 ! when ! .
It fol lows from the equati on of characteri stics (30) tha t the characteri stics of

the phase equati on (28) are stra ight l ines; x i s consta nt along these characteri sti cs.
On the other hand x i s connected wi th squares of the am pl itudes 2 and

2 by Eq. (25). As a result the am pl i tudes also do not vary along the same
recti linear characteri sti cs. Thi s is the typi cal pro perty of sing le soli ta ry wa ves
rather tha n mul ti soli ton soluti ons.

W e have exam ined the thi rd harm onic equati ons using the PainlevÇe test and
got some prel im inary results from the Hi rota bi l inear form alism. The PainlevÇe
test has shown tha t in general the system does not have the Painl evÇe pro perty
(l ike the second harm onic equati on) but (unl ike the second harm onic equati on) i t
has a 4-parameter cl ass of m erom orphic soluti ons wi tho ut any extra constra ints
on i ts param eters. The Hi rota bi l inear form al ism yi elds two condi ti ons for the
funda m ental m ode and i ts thi rd harm oni c: one f or thei r phasesand another one for
thei r am pl i tudes. They al low for nontri vi al soluti ons i f . For thi s value of we
have obta ined the expl ici t soluti on f or the phase by the m etho d of characteri sti cs.
These characteri sti cs, whi ch also pro ve to be the l ines of consta nt am pl itude, are
stra ight l ines. As such evoluti on does not leave ro om for sol i ton intera cti on, we
conclude tha t the only possible sol i to n soluti ons are single envel ope sol i to ns of the
nonl inear Schr�odi nger typ e wi th the phase increasing l inearl y both in and .
Ho wever these soluti ons are very special . A tho rough analysis of the system by
m eans of general izati ons of the Hi rota m etho d [8] may help to go beyond these
l im ita ti ons.
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