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Exact per iodi c w ave sol utio ns to t he N i zhni k {N ovi ko v{ V eselov equa-
tion are obtained by means of the modi Ùed mappin g metho d. Limit cases

are studied and new solitary w ave solutions and trigonometric perio dic wave
solution s are found.
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1. I n t rod uct io n

There are m any m etho ds for Ùnding special soluti ons to a nonl inear parti al
di ˜erenti al equati on (PD E). Som e of the m ost im porta nt m etho ds are the inverse
scatteri ng tra nsform ati on ( IST), bi linear metho d, sym metry reducti ons, B�ackl und
and Darb oux tra nsform ati ons, and so on. R ecently, the exact periodic wa ve solu-
ti ons in term s of the Jacobi ell ipti c functi ons for nonl inear PD Es attra ct consid-
erable interest [1{ 9]. The Jacobi ell ipti c functi ons sn¿ = sn( ¿ j m ) ; cn¿ = cn( ¿ j m ) ,
and dn¿= dn ( ¿ j m ), where m ( 0 < m < 1 ) is the m odul us of the ell ipti c functi on,
are doubl e periodi c and possessproperti es of tri gonom etri c functi ons, namely,

sn2¿ + cn2 ¿ = 1; dn
2

¿ + m 2 sn2 ¿ = 1; ( sn¿) 0 = cn¿dn¿;

( cn¿) 0 = À sn¿dn¿; ( dn¿) 0 = À m 2 sn¿cn¿: (1)
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W hen m ! 0 , the Jacobi ell ipti c f uncti ons degenerate to the tri gonometri c func-
ti ons, i .e.,

sn¿ ! sin¿; cn¿ ! cos¿; dn¿ ! 1: (2)

W hen m ! 1 , the Jacobi ell ipti c functi ons degenerate to the hyp erbolic func-
ti ons, i .e.

sn¿ ! ta nh¿; cn¿ ! sech¿; dn¿ ! sech¿: (3)

D etai led expl anati ons about Ja cobi ell ipti c functi ons can be found in R efs. [10{ 12].
In an earl ier paper [6 ], we proposed a uni Ùed algebra ic m etho d, cal led later on the
m appi ng m etho d [ 7 À 9], to obta in the exact periodic wave soluti ons in term s of
the Jacobi ell ipti c functi ons f or a large variety of nonl inear PD Es. Under l im it
condi ti ons, m ore sol i ta ry wa ve, ki nk wa ve (or shock wave), and tri gonometri c pe-
ri odi c wa ve soluti ons m ay be obta ined. In thi s paper, we wi l l use a new algebra ic
m etho d, the m odi Ùed m appi ng metho d, to obta in m ore exact periodi c wa ve solu-
ti ons for som e nonl inear PD Es. The basic idea of the m etho d is as fol lows. For a
given nonl inear evoluti on equati on, say, in three vari ables

N ( u ; u t ; u x ; u y ; u x x ; Â Â Â) = 0 ; (4)

we seek for i ts tra vel ling wave soluti on of the form

u ( x ; t ) ² u (¿) ; ¿ = k x + l y À ! t: (5)

The substi tuti on of Eq. (5) into Eq. (4) yi elds an ordi nary di ˜erenti al equati on of
u ( ¿) . Then u ( ¿) i s expa nded into a polyno m ial in f ( ¿)

u ( ¿) =

nX

i = 0

A i f i +

n

= 1

B f ; (6)

where A and B are constants to be determ ined, n i s Ùxed by balancing the l inear
term of the highest order wi th a nonl inear term in Eq. (4), and f sati sÙes the
fol lowi ng equati on (the Ùrst ki nd of el l ipti c equati on) :

f = pf + q f 3 ; f 2 = pf 2 +
1

2
q f 4 + r ; (7)

where p; q , and r are constants to be determ ined. Af ter Eq. (6) wi th Eq. (7) is sub-
sti tuted into the ordi nary di ˜erenti al equati on, the coe£ cients A ; B ; k ; l ; ! ; p; q,
and r may be determ ined. If any of the parameters is left unsp eciÙed, i t is re-
garded as being arbi tra ry for the soluti on to Eq. (4). Thus Eq. (6) establ ishes
a new algebraic m appi ng rela ti on between the soluti on to Eq. (7) and tha t of
Eq. (4). D ue to the entra nce of three parameters p; q, and r , Eq. (7) has a ri ch
structure of soluti ons, whi ch wi l l be seen in the study of the system in Sec. 2.
W hen B = 0 , thi s metho d is nam ed the m appi ng m etho d [6{ 9]. In thi s paper, we
ta ke the Ni zhni k{ No vi kov{ Veselov (NNV) equati on as an exampl e to i l lustra te
our appro ach and abunda nt periodic wave soluti ons are obta ined. Li m i t casesare
studi ed and some new sol i ta ry wa ve soluti ons and tri gonometri c periodic wa ve
soluti ons are also found.
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2. E x act p er iod ic wa v e solut ion s t o t he NN V equ at i on

The (2+1 )-di m ensional Ni zhni k{ No vi ko v{ Veselov equati on [13, 14]

u t = au x x x + bu y y y À 3 a ( u v )x À 3 b( u w ) y ; u x = v y ; u y = w x ; (8)

is the only kno wn isotro pi c Lax integrabl eextensi on of the wel l -known (1+1 )-dim en-
sional KdV equati on. Boi ti et al . [15] solved the NNV equati on vi a IST. T agam i [16]
obta ined the soli to n- l ike soluti ons of the NNV equati on by m eans of the B�acklund
tra nsform ati on. The physi cal im porta nce of Eq. (8) can be easily found in
R efs. [13, 14]. Ho wever, the NNV equati on may possess many interesti ng solu-
ti on structures tha t have not yet been found. In wha t fol lows, we wi l l obta in the
exact periodic wa ve soluti ons to the NNV equati on by usi ng the m odiÙed m appi ng
m etho d. Substi tuti ng Eq. (5) into Eq. (8) and integ rati ng once, we obta in

( ak 3 + b l 3 ) u + ! u À 3 ak u v À 3 bl u w = C 1 ;

k u = l v + C 2 ; l u = k w + C 3 ; (9)

where C are integrati on constants, and from whi ch we get

Au À B u 2 + C u = D (10)

wi th

A = k l ( ak 3 + bl 3 ) ; B = 3 (ak 3 + bl 3 ) ;

C = k l ! + 3 ak 2 C 2 + 3 bl 2 C 3 ; D = k l C 1 : (11)

Accordi ng to the metho d described above, we assumetha t Eq. (10) has the soluti on
of the form

u = A 0 + A 1 f + A 2 f 2 + B 1 f 1 + B 2 f 2 ; (12)

where A and B are consta nts to be determ ined and f sati sÙes Eq. (7). The
substi tuti on of Eq. (12) into Eq. (10) and the use of Eq. (7) yi eld (equati ng the
coe£ cients of the sam e powers of f )

3 q AA 2 À B A 2
2

= 0 ; q AA 1 À 2 B A 1 A 2 = 0 ;

4 pAA 2 À B ( A 2
1

+ 2 A 0 A 2 ) + C A 2 = 0 ;

pAA 1 À B (2 A 0 A 1 + 2 A 2 B 1 ) + C A 1 = 0 ;

A ( qB 2 + 2 r A 2 ) À B ( A 2
0 + 2 A 1 B 1 + 2 A 2 B 2 ) + C A 0 = D ;

pAB 1 À B (2 A 0 B 1 + 2 A 1 B 2 ) + C B 1 = 0 ;

4 pAB 2 À B ( B 2
1

+ 2 A 0 B 2 ) + C B 2 = 0 ;

2 r AB 1 À 2 B B 1 B 2 = 0 ; 6 r AB 2 À B B 2
2

= 0 ; (13)

f rom whi ch we obta in three sets of the soluti ons
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A 0 =
4 pA + C

2 B
; A 2 =

3 q A

B
; A 1 = B 1 = B 2 = 0 ; (14)

and A 0 ; A 1 ; A 2 ; B 1 are the sam e as Eq. (14), but

B 2 =
6 r A

B
; (15)

and

A 0 =
4 pA + C

2 B
; B 2 =

6 r A

B
; A 1 = A 2 = B 1 = 0 : (16)

Because of the pro perti es of the Jacobi ell ipti c functi ons, Eqs. (14) and (16) resul t
in the same soluti on and we om i t Eq. (16). Hence we get the tw o sets of the exact
soluti ons to Eq. (8) as fol lows

u 1 =
2

3
pk l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )
+ q k l f 2 ( ¿) (17)

and

u 2 =
2

3
pk l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )
+ q k l f 2 ( ¿) + 2 r k l f À 2 ( ¿) ; (18)

where we have used Eq. (11), ¿ = k x + l y À ! t and f sati sÙesEq. (7). From the
last one of Eq. (9) one can easily obta in the expressions of v and w and they are
om i tted thro ughout thi s paper. In wha t fol lows, we discuss the speciÙc form s of
the soluti ons Eqs. (17) and (18) accordi ng to the di ˜erent values of the param eters
p; q , and r .

Cas e 1. p = À (1 + m 2 ) ; q = 2 m 2 ; r = 1 :

Equa ti on (7) has the soluti ons f (¿) = sn¿ or f ( ¿) = cd¿ ² cn¿=dn¿. Thus, f rom
Eqs. (17) and (18) we get the periodi c wa ve soluti ons

u 1 = À

2

3
(1 + m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )
+ 2 m 2 k l sn2 ( k x + l y À ! t ) (19)

or

u 1 = À

2

3
(1 + m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )
+ 2 m 2 k l cd2

(k x + l y À ! t ) (20)

and

u 2 = À

2

3
(1 + m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 b l 2 C 3

6 ( ak 3 + bl 3 )
+ 2 m 2 k l sn2 ( k x + l y À ! t )

+2 k l ns2 ( k x + l y À ! t ) (21)

or

u 2 = À

2

3
(1 + m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 b l 2 C 3

6 ( ak 3 + bl 3 )
+ 2 m 2 k l cd2 ( k x + l y À ! t )

+2 k l dc2
( k x + l y À ! t ) ; (22)
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where ns¿ ² 1=sn¿ and dc¿ ² 1=cd¿. As m ! 0 , from Eqs. (21) and (22) one has
the tri gonometri c periodic wa ve soluti ons

u 2 = À

2

3
k l +

k l ! + 3 ak 2 C 2 + 3 b l 2 C 3

6 ( ak 3 + bl 3 )
+ 2 k l csc2 ( k x + l y À ! t ) (23)

or

u 2 = À

2

3
k l +

k l ! + 3 ak 2 C 2 + 3 b l 2 C 3

6 ( ak 3 + bl 3 )
+ 2 k l sec2 ( k x + l y À ! t ) : (24)

As m ! 1 , the corresp ondi ng sol i tary wave soluti ons read

u 1 = À

4

3
k l +

k l ! + 3 ak 2 C 2 + 3 b l 2 C 3

6 ( ak 3 + bl 3 )
+ 2 k l ta nh 2 ( k x + l y À ! t ) (25)

or

u 2 = À

4

3
k l +

k l ! + 3 ak 2 C 2 + 3 b l 2 C 3

6 ( ak 3 + bl 3 )
+ 2 k l ta nh 2 ( k x + l y À ! t )

+2 k l coth 2 (k x + l y À ! t ) : (26)

Cas e 2. p = 2 m 2
À 1 ; q = À 2 m 2 ; r = m 02

² 1 À m 2 :

From Eq. (7) we have f ( ¿) = cn¿, and Eq. (8) has the periodi c wa ve soluti ons

u 1 =
2

3
(2 m 2

À 1 ) k l +
k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )
À 2 m 2 k l cn2 ( k x + l y À ! t ) (27)

and

u 2 =
2

3
(2 m 2

À 1 ) k l +
k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + bl 3 )
À 2 m 2 k l cn2 ( k x + l y À ! t )

+2 (1 À m 2 ) k l nc2 ( k x + l y À ! t ) ; (28)

where nc¿ ² 1=cn¿. As m ! 0 , Eq. (28) degenerates to Eq. (24), and as m ! 1 ,
Eqs. (27) and (28) degenerate to Eq. (25).

Cas e 3. p = 2 À m 2 ; q = À 2 ; r = À (1 À m 2 ) :

The soluti on of Eq. (7) reads f ( ¿) = dn¿. So we get the periodi c wave soluti ons
of Eq. (8)

u 1 =
2

3
(2 À m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )
À 2 k l dn 2 ( k x + l y À ! t ) (29)

and

u 2 =
2

3
(2 À m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )
À 2 k l dn 2 ( k x + l y À ! t )

À 2 (1 À m 2 ) k l nd 2 ( k x + l y À ! t ) ; (30)

where nd¿ ² 1=dn¿. As m ! 1 , Eqs. (29) and (30) degenerate to Eq. (25).
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Cas e 4. p = À (1 + m 2 ) ; q = 2 ; r = m 2 .
W e have f ( ¿) = ns¿ or f ( ¿) = dc¿. From Eq. (17) one gets

u 1 = À

2

3
(1 + m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 b l 2 C 3

6 ( ak 3 + bl 3 )
+ 2 k l ns2 ( k x + l y À ! t ) (31)

or

u 1 = À

2

3
(1 + m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 b l 2 C 3

6 ( ak 3 + bl 3 )
+ 2 k l dc2 ( k x + l y À ! t ) ; (32)

and from Eq. (18) one obta ins Eqs. (21) and (22) again. As m ! 0 , Eqs. (31)
and (32) degenerate to Eqs. (23) and (24), respecti vely. As m ! 1 , Eq. (31)
degenerates to

u 1 = À

4

3
k l +

k l ! + 3 ak 2 C 2 + 3 b l 2 C 3

6 ( ak 3 + bl 3 )
+ 2 k l coth 2

( k x + l y À ! t ) (33)

Cas e 5. p = 2 À m 2 ; q = 2 ; r = 1 À m 2 .
Equa ti on (7) has the soluti on f ( ¿) = cs¿ ² cn¿=sn¿. And the periodi c wa ve
soluti ons of Eq. (8) are

u 1 =
2

3
(2 À m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )
+ 2 k l cs2 ( k x + l y À ! t ) (34)

and

u 2 =
2

3
(2 À m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )
+ 2 k l cs2 ( k x + l y À ! t )

+2 (1 À m 2 ) k l sc2 ( k x + l y À ! t ) ; (35)

where sc¿ ² 1=cs¿. As m ! 0 , Eqs. (34) and (35) degenerate to Eq. (23) and

u 2 =
4

3
k l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )
+ 2 k l cot 2 ( k x + l y À ! t )

+2 k l ta n 2 ( k x + l y À ! t ) ; (36)

respectively. As m ! 1 , Eqs. (34) and (35) degenerate to Eq. (33).

Cas e 6. p = 2 m 2
À 1 ; q = 2 ; r = À m 2 (1 À m 2 ) .

W e have f ( ¿) = ds¿ ² dn¿=sn¿. Thus we get the periodi c wave soluti ons to Eq. (8)

u 1 =
2

3
(2 m 2

À 1 ) k l +
k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + bl 3 )
+ 2 k l ds2

( k x + l y À ! t ) (37)

and

u 2 =
2

3
(2 m 2

À 1 ) k l +
k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + bl 3 )
+ 2 k l ds2 ( k x + l y À ! t )

À 2 m 2 (1 À m 2 ) k l sd2
( k x + l y À ! t ) ; (38)
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where sd¿ ² 1=ds¿. As m ! 0 , Eqs. (37) and (38) degenerate to Eq. (23), and as
m ! 1 , Eqs. (37) and (38) degenerate to Eq. (33).

Cas e 7. p = 2 m 2
À 1 ; q = 2 (1 À m 2 ) ; r = À m 2 :

Equa ti on (7) has the soluti on f ( ¿) = nc¿ ² 1=cn¿. So the periodi c wa ve soluti ons
of Eq. (8) read

u 1 =
2

3
(2 m 2

À 1 ) k l +
k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + bl 3 )

+2 (1 À m 2 ) k l nc2 ( k x + l y À ! t ) (39)

and Eq. (28). As m ! 0 , Eq. (39) degenerates to Eq. (24).

Cas e 8. p = 2 À m 2 ; q = 2 (1 À m 2 ) ; r = 1 :

The soluti on of Eq. (7) reads f ( ¿) = sc¿ ² sn¿=cn¿. The periodic wa ve soluti ons
of Eq. (8) are

u 1 =
2

3
(2 À m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )

+2 (1 À m 2 ) k l sc2 ( k x + l y À ! t ) (40)

and Eq. (35). As m ! 0 , Eq. (40) degenerates to Eq. (24).

Cas e 9. p = 2 m 2
À 1 ; q = À 2 m 2 (1 À m 2 ) ; r = 1 :

W e get f ( ¿) = sd¿ ² sn¿=dn¿. So we have

u 1 =
2

3
(2 m 2

À 1 ) k l +
k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + bl 3 )

À 2 m 2 (1 À m 2 ) k l sd2
( k x + l y À ! t ) (41)

and Eq. (38).

Cas e 10. p = 2 À m 2 ; q = À 2 (1 À m 2 ) ; r = À 1 :

From Eq. (7) one obta ins f ( ¿) = nd¿. Thus the periodic wa ve soluti ons to Eq. (8)
read

u 1 =
2

3
(2 À m 2 ) k l +

k l ! + 3 ak 2 C 2 + 3 bl 2 C 3

6 ( ak 3 + b l 3 )

À 2 (1 À m 2 ) k l nd 2 ( k x + l y À ! t ) (42)

and Eq. (30).
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3. Co ncl u si on an d d iscu ssi on

New exact soluti ons to the NNV equati on are studi ed by m eans of the modi -
Ùed mappi ng m etho d. Exa ct periodic wa ve soluti ons in term s of the Jacobi ell ipti c
functi ons are obta ined. Li m it cases are studi ed and new sol i ta ry wa ve soluti ons
and tri gonom etri c peri odic wa ve soluti ons are f ound. It can be easily seen tha t the
m odi Ùed mappi ng m etho d is appl icable to a large v ariety of nonl inear PD Es, as
long as even- and odd-order deri vati ve term s do not coexist in the equati on under
considerati on. By usi ng the m appi ng m etho d [6{ 9], we can onl y obta in the solu-
ti on (17) to the NNV equati on (8). However, by m eans of the m odiÙed m appi ng
m etho d, we can obta in not only the soluti on (17), but also the soluti on (18). The
addi ti onal set of parti cul ar soluti on (18) develops singul ari ty , general ly speaki ng,
at a Ùnite point, i.e. for any Ùxed t = t 0 , there exi sts x 0 at whi ch the soluti on
bl ows up. There is m uch current interest in the f orm ati on of so-cal led hot spots or
bl ow up of soluti ons [17{ 20]. It app ears tha t these singul ar soluti ons obta ined in
thi s paper wi l l model these physi cal phenomena.
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