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Exact periodic wave solutions to the Nizhnik—Novikov—Veselov equa-
tion are obtained by means of the modified mapping method. Limit cases
are studied and new solitary wave solutions and trigonometric periodic wave
solutions are found.
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1. Introduction

There are many methods for finding special solutions to a nonlinear partial
differential equation (PDE). Some of the most important methods are the inverse
scattering transformation (IST), bilinear method, symmetry reductions, Backlund
and Darboux transformations, and so on. Recently, the exact periodic wave solu-
tions in terms of the Jacobi elliptic functions for nonlinear PDEs attract consid-
erable interest [1-9]. The Jacobi elliptic functions sn€ = sn(€|m), cné = cn(é|m),
and dné= dn(£|m), where m (0 < m < 1) is the modulus of the elliptic function,
are double periodic and possess properties of trigonometric functions, namely,

sn?é + cn?é =1, dnzf +mZsn?¢ =1, (sn€) = cnédné,
(cné)’ = —snédng,  (dn)’ = —m’snéené. (1)

*This work has been supported by the Postdoctoral Science Foundation of China.
te-mail: yanzepeng@163.com

(417)



418 Y.-Z. Peng

When m — 0, the Jacobi elliptic functions degenerate to the trigonometric func-

tions, i.e.,

sné — sin€, cné — cosé, dnfé — 1. (2)
When m — 1, the Jacobi elliptic functions degenerate to the hyperbolic func-
tions, i.e.

sng — tanhg, cn€ — sechf, dné — sechf. (3)

Detailed explanations about Jacobi elliptic functions can be found in Refs. [10-12].
In an earlier paper [6], we proposed a unified algebraic method, called later on the
mapping method [7—9], to obtain the exact periodic wave solutions in terms of
the Jacobi elliptic functions for a large variety of nonlinear PDEs. Under limit
conditions, more solitary wave, kink wave (or shock wave), and trigonometric pe-
riodic wave solutions may be obtained. In this paper, we will use a new algebraic
method, the modified mapping method, to obtain more exact periodic wave solu-
tions for some nonlinear PDEs. The basic idea of the method is as follows. For a
given nonlinear evolution equation, say, in three variables

N(uautauxauyauxxa"'):oa (4)
we seek for its travelling wave solution of the form
wz,t) = u(€), &=kr+ly—wt (5)

The substitution of Eq. (5) into Eq. (4) yields an ordinary differential equation of
u(€). Then u() is expanded into a polynomial in f(£)

w(@) = Aif + Y Bif ™ (6)
i=0 i=1

where A; and B; are constants to be determined, n is fixed by balancing the linear
term of the highest order with a nonlinear term in Eq. (4), and f satisfies the
following equation (the first kind of elliptic equation):

P =pf el [P =pf 4 a4 ™)
where p, ¢, and r are constants to be determined. After Eq. (6) with Eq. (7) is sub-
stituted into the ordinary differential equation, the coefficients A;, B;, k,{,w,p,q,
and r may be determined. If any of the parameters is left unspecified, it is re-
garded as being arbitrary for the solution to Eq. (4). Thus Eq. (6) establishes
a new algebraic mapping relation between the solution to Eq. (7) and that of
Eq. (4). Due to the entrance of three parameters p, ¢, and r, Eq. (7) has a rich
structure of solutions, which will be seen in the study of the system in Sec. 2.
When B; = 0, this method is named the mapping method [6-9]. In this paper, we
take the Nizhnik—Novikov—Veselov (NNV) equation as an example to illustrate
our approach and abundant periodic wave solutions are obtained. Limit cases are
studied and some new solitary wave solutions and trigonometric periodic wave
solutions are also found.
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2. Exact periodic wave solutions to the NNV equation

The (2+41)-dimensional Nizhnik—-Novikov—Veselov equation [13, 14]
Ut = AUgey + Dltyyy — 3a(uv)y — 3b(uw)y, e = vy, Uy = Wy, (8)

is the only known isotropic Lax integrable extension of the well-known (141)-dimen-
sional KdV equation. Boiti et al. [15] solved the NNV equation via IST. Tagami [16]
obtained the soliton-like solutions of the NNV equation by means of the Backlund
transformation. The physical importance of Eq. (8) can be easily found in
Refs. [13, 14]. However, the NNV equation may possess many interesting solu-
tion structures that have not yet been found. In what follows, we will obtain the
exact periodic wave solutions to the NNV equation by using the modified mapping
method. Substituting Eq. (5) into Eq. (8) and integrating once, we obtain

(ak® + b + wu — 3akuv — 3bluw = C},
ku=1lv+Cs, Ilu=kw+ Cs, (9)

where C; are integration constants, and from which we get

Au" — Bu* + Cu=D (10)
with

A= kl(ak® +b3), B =3(ak®+bl?),

C = klw + 3ak?Cy + 3b1°C3, D = kIC}. (11)

According to the method described above, we assume that Eq. (10) has the solution
of the form

u= Ao+ Af+ Asf?+ Bif Tt + Baf 2, (12)

where A; and B; are constants to be determined and f satisfies Eq. (7). The
substitution of Eq. (12) into Eq. (10) and the use of Eq. (7) yield (equating the
coefficients of the same powers of f)

3gAAy — BAZ =0, qAA; —2BA; Ay =0,

ApAAs — B(A? 4 2A045) + C Ay =0,

pAAL — B(2A0A1 +242B1)+ CA; =0,

A(gBs +2rAs) — B(A2 4+ 2A1 B +2A5By) + CAg = D,

pABy — B(2AoB1 4+ 2A1B2)+ CB, =0,

ApABy — B(B? 4+ 2A0Bs) + CBy = 0,

9rAB; —2BB1By =0, 6rAB, — BB} =0, (13)

from which we obtain three sets of the solutions
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_ApA+4C _ 3qA

A A — A1 =By =By= 14
0 55 2 5 1 1 2 =0, (14)
and Ag, Ay, A2, Bj are the same as Eq. (14), but
6rA
Bz == ?, (15)
and
4pA+ C 6rA
Ag = 2 — By = — A=A, =By =0. 1
0 55 2 TR 1 2 1=0 (16)

Because of the properties of the Jacobi elliptic functions, Eqgs. (14) and (16) result
in the same solution and we omit Eq. (16). Hence we get the two sets of the exact
solutions to Eq. (8) as follows

2 klw + 3ak2Cs + 3b12Cs 9
— 2okl kl 1
w = pkl+ 6(ak? + bi3) + qklf*(€) (17)
and
2 klw + 3ak2Cy + 3I2C,
Uy = Zphl 4 MW SakTCo + By gklf2(€) + 2rklf~2(€), (18)

3 6(ak3 + b13)
where we have used Eq. (11), £ = kx 4+ ly — wt and [ satisfies Eq. (7). From the
last one of Eq. (9) one can easily obtain the expressions of v and w and they are
omitted throughout this paper. In what follows, we discuss the specific forms of
the solutions Eqgs. (17) and (18) according to the different values of the parameters
p, ¢, and 7.

Case 1l.p=—(1+m?), ¢=2m? r=1.
Equation (7) has the solutions f(¢§) = snf or f(£) = cd¢ = cné/dné. Thus, from
FEqgs. (17) and (18) we get the periodic wave solutions

klw + 3ak2Cs + 3b12Cs
6(ak3 + b13)

w = _§(1+m2)k1+ + 2m?klsn? (kz + ly — wt)  (19)

or

klw + 3ak2Cs + 3b12Cs
6(ak3 + b13)

w = _§(1+m2)k1+ + 2m%kled?(ka + ly —wt)  (20)

and

klw + 3ak2Cs + 3b12Cs
6(ak3 + b13)

Uy = _§(1+m2)k1+ + 2m?klsn?(kz + ly — wt)

+2kins?(kx + ly — wt) (21)
or

klw + 3ak2Cs + 3b12Cs
6(ak3 + b13)

+2kldc? (kx + ly — wt), (22)

Uy = _§(1+m2)k1+ + 2m%kled?(ka + ly — wt)
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where nsé = 1/sné and dc€ = 1/cdé. As m — 0, from Eqgs. (21) and (22) one has

the trigonometric periodic wave solutions

2 klw + 3ak2Cy + 3b12CH

_ 2
Us = _gkl + 6(ak? + 0F) + 2klcsc? (ke + ly — wi) (23)
or
2 klw + 3ak?Cy + 3b{2C5 9
Uy = _§kl + 6(ak? 1 0E) + 2klsec?(kx + ly — wt). (24)

As m — 1, the corresponding solitary wave solutions read

— —ékl n klw + 3ak?Cy + 3b12C4
T3 6(ak? + bI3)

+ 2kl tanh?(kx 4 ly — wt) (25)
or

4 klw + 3ak2Cy + 3b12CH

= ——kl 2kltanh®(kz + ly — wt
vz =gt 6(ak® + b13) + 2kl tanh’ (ke + ly — wt)

+2kl coth? (kx + ly — wt). (26)
Case 2. p=2m’>—1, ¢==2m?, r=m?=1—-m?.

From Eq. (7) we have f(§) = cné, and Eq. (8) has the periodic wave solutions

klw + 3ak2Cy + 3b12Cs
6(ak3 + b13)

w = %(sz — )kl + —2m?klen?®(kz +ly —wt)  (27)

and
2 klw + 3ak2Cy + 3b12Cs
= —(2m? — )kl
ua = g (2m” = Lkl + 6(ak’ + b13)
+2(1 — m?)kinc?(kx + ly — wt), (28)

where nc€ = 1/cné. As m — 0, Eq. (28) degenerates to Eq. (24), and as m — 1,
Eqgs. (27) and (28) degenerate to Eq. (25).

—2m?klen®(kx + ly — wt)

Case 3.p=2-—m?, q¢=-2, r=—(1—m?).
The solution of Eq. (7) reads f(£) = dné. So we get the periodic wave solutions
of Eq. (8)

klw + 3ak2Cs + 3b12Cs
6(ak3 + b13)

w = %(2 Pkl + —okldn®(kz + Iy —wt)  (29)

and
klw + 3ak2Cs + 3b12Cs
6(ak3 + b13)
—2(1 — m?)kind? (ka + ly — wt), (30)
where nd¢ = 1/dné. As m — 1, Eqgs. (29) and (30) degenerate to Eq. (25).

— 2kldn® (kx + ly — wt)

Uy = %(2 —m?)kl +
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Case 4. p= —(1+m?), ¢ =2, r = m?.
We have f(£) = ns€ or f(&) = dcé&. From Eq. (17) one gets

klw + 3ak2Cs + 3b12Cs
6(ak3 + b13)

up = _§(1+m2)k1+ + 2kins?(kx + ly — wt)  (31)

or

klw + 3ak?Cy + 3b17Cs
6(ak3 + b13)

and from Eq. (18) one obtains Eqgs. (21) and (22) again. As m — 0, Eqgs. (31)

and (32) degenerate to Eqgs. (23) and (24), respectively. As m — 1, Eq. (31)
degenerates to

w = —§(1+m2)k1+ +2klde® (ke + Iy — wt), (32)

2 2
w = —ékl—l— klw + 3ak*Cy + 3bl°C'3

2kl coth®(kx + ly — wt
3 6(ak? + b13) + 2L coth(ke + by — 1) 33

Case 5. p=2—-m?, ¢=2, r=1-—m”
Equation (7) has the solution f(§) = csf = cné/sné. And the periodic wave
solutions of Eq. (8) are

klw + 3ak>Cy + 3b12C5
6(ak3 + b13)

w = %(2 —m?)kl + + 2kles® (kx + ly — wt) (34)

and

klw + 3ak>Cy + 3b12C5

2 p—
6(ak? 1 bP) + 2klcs®(ka + ly — wt)

Uy = %(2 —m?)kl +

+2(1 — m?)klsc?(kx + ly — wt), (35)
where sc€ = 1/cs€. As m — 0, Egs. (34) and (35) degenerate to Eq. (23) and

2 2
uz:ékl_i_klw—l—i%ak Cy + 3bl°C'3

2klcot?(kx + ly — wt
3 G(ak? 1 o) T 2kleotlka 4y —wil)

+2kl tan? (kz + ly — wt), (36)
respectively. As m — 1, Egs. (34) and (35) degenerate to Eq. (33).

Case 6. p=2m? —1, ¢ =2, r = —m?(1 — m?).
We have f(&) = ds€ = dné/sné. Thus we get the periodic wave solutions to Eq. (8)

2 2
w = %(sz ~ k4 klw + 3ak*Cy + 3bl°C5

5(ak 1 ) + 2klds® (ke + ly —wt)  (37)

and

klw + 3ak2Cy + 3b12Cs

5(ak 1 ) + 2klds? (ka + ly — wt)

Uy = %(sz — Dkl +

—2m?(1 — m?)klsd*(kx + ly — wt), (38)
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where sdé = 1/dsé. As m — 0, Eqgs. (37) and (38) degenerate to Eq. (23), and as

m — 1, Egs. (37) and (38) degenerate to Eq. (33).
Case 7.p=2m? —1, ¢ = 2(1 — m?), r = —m?.

Equation (7) has the solution f(£) = nc€ = 1/cné. So the periodic wave solutions

of Eq. (8) read

klw + 3ak2Cy + 3b12Cs
6(ak3 + b13)

Uy = %(sz — Dkl +

+2(1 — m?)kinc? (kx + ly — wt) (39)
and Eq. (28). As m — 0, Eq. (39) degenerates to Eq. (24).

Case 8.p=2-—m?, ¢=2(1-m?), r=1.
The solution of Eq. (7) reads f(&) = sc€ = sné/cné. The periodic wave solutions
of Eq. (8) are

klw + 3ak2Cs + 3b12Cs
6(ak3 + b13)

Uy = %(2 —m?)kl +

+2(1 — m?)klsc?(kx + ly — wt) (40)
and Eq. (35). As m — 0, Eq. (40) degenerates to Eq. (24).
Case 9. p=2m? — 1, ¢ = —2m?(1 —m?), r = 1.
We get f(£) = sd€ = sné/dné. So we have

klw + 3ak2Cy + 3b12Cs
6(ak3 + b13)

Uy = %(sz — Dkl +

—2m?(1 — m?)klsd?(kx + ly — wt) (41)
and Eq. (38).

Case 10. p=2—m?, ¢ =—-2(1 —m?), r=—1.
From Eq. (7) one obtains f(£) = nd¢. Thus the periodic wave solutions to Eq. (8)
read

klw + 3ak>Cy + 3b12C5
6(ak3 + b13)

Uy = %(2 —m?)kl +

—2(1 = m®)kind?(kx + ly — wt) (42)
and Eq. (30).
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3. Conclusion and discussion

New exact solutions to the NNV equation are studied by means of the modi-
fied mapping method. Exact periodic wave solutions in terms of the Jacobi elliptic
functions are obtained. Limit cases are studied and new solitary wave solutions
and trigonometric periodic wave solutions are found. It can be easily seen that the
modified mapping method is applicable to a large variety of nonlinear PDEs, as
long as even- and odd-order derivative terms do not coexist in the equation under
consideration. By using the mapping method [6-9], we can only obtain the solu-
tion (17) to the NNV equation (8). However, by means of the modified mapping
method, we can obtain not only the solution (17), but also the solution (18). The
additional set of particular solution (18) develops singularity, generally speaking,
at a finite point, i.e. for any fixed ¢ = ¢y, there exists xg at which the solution
blows up. There 1s much current interest in the formation of so-called hot spots or
blow up of solutions [17-20]. It appears that these singular solutions obtained in
this paper will model these physical phenomena.
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