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Th e invarian ts for the ti me-dep endent one-dimensi onal harmoni c oscil-

lator and the time- dep endent t wo-dimensional harmonic oscill ator in a static
ma gnetic Ùeld are derived from the real representation of the exact solution to
the equation of motion . Mathematical ly , the orthogonal functions inv ariant is
the angular momentum of an isotropic time- dependent two- dimensional har-

monic oscilla tor. Based on the inv ariants obtained here, the w ave function
for time- dependen t two- dimensional harmonic oscillato r in a static magnetic
Ùeld in cylind rica l coordinate is simply derived and the dynamical and geo-

metrical phases are easily got by expressing the w ave function as the super-
p osition s of the w ave functions of time- depende nt two- dimensional harmonic
oscilla tor in rectangular coordinate. For the driven system, the drivin g in-

duced dynamical phase and the geometrical phase are respectively associated
w ith the classical H amiltonia n and de Broglie w ave of the center motion of
the w ave function.

PAC S numb ers: 45.20.J j , 03.65. {w

1. I n t rod uct io n

The invari ant for the ti m e-dependent one-dim ensional harm onic osci llato r
(T OHO) has been obta ined by di ˜erent metho ds [1{ 3]. Recently, for the har-
m onic oscil lato r wi th a uni t m ass, the autho rs of Ref. [4] presented an elementa ry
deri vati on of the invariant using the compl ex representa ti on of the soluti on. It is
reasonable to expect tha t the m etho d in [4] m ay appl y to the physi cal harm oni c
oscil lato r wi th a real coordi nate, but it does not. For the general soluti on in [4]:
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q g = A + ei s + + ¥ A + eÀ i s+ (1)

there exi sts the invaria nt

Q = A 2
+ (1 À ¥ 2 )

ds+

d t
: (2)

T o have a real coordi nate, the parameter ¥ should be set to uni t. If doing so,
the invari ant Q wi l l vani sh and thus the deri vati on breaks up. Hence, for the
physi cal harm oni c oscil lator wi th a real coordi nate the m etho d in [4] is ine˜ecti ve.
In another wo rds, the autho rs actua l ly discussed a com plex oscil la tor.

Co nsidering tha t physi cally the coordi nate of the harm oni c oscil lato r is real ,
i t is necessary to give a re-deri vati on of the inv ariant from the real representati on
of the soluti on. In our trea tm ent, the m ass is not uni ty and al lowed to change
wi th ti me [5]. Besides TOHO, we also deal wi th ti m e-dependent tw o-dimensional
harm oni c osci llato r (TTHO) in a stati c magneti c Ùeld [6]. The dyna m ical and
geometri cal phases[7, 8], properti es of the dri ven systems are al l di scussed.

Thi s arti cl e is organized as fo llows. The next and thi rd sections deal wi th
TOHO and TTHO in a stati c m agneti c Ùeld, respectivel y. The fourth section is
a sim ple re-deri vati on of the wave functi on for TTHO in a stati c m agneti c Ùeld
based on the inv ariants found in Sec. 3. The dyna m ical and geom etri cal phasesare
also expl icitl y given. D iscussion of the dri ven system is in Sec. 5. The concl usion
is in Sec. 6.

2. T h e on e-d im ension al har m on ic osci l lat or

The TOHO wi th ti m e-dependent m ass and frequency is described by the
equati on of m oti on

d

dt
[M ( t ) _q ] + M ( t ) ! 2 ( t ) q = 0 ; (3)

where M ( t ) and ! ( t ) are the ti m e-dependent mass and frequency. The dot on the
physi cal quanti t y m eans ti me deri vati ve. In the ti m e-indep endent case, Eq. (3) has
the well -know n soluti on

q ( t ) = A 0 cos( ! t + ˚ 0 ) (4)

wi th A 0 and ˚ 0 being tw o constants. W hen the m ass and frequency are ti me-
-dependent, the soluti on may be considered as the general izati on of (4)

q ( t ) = A ( t ) cosf ( t ) ; (5)

where f ( t ) and A ( t ) are tw o functi ons of ti me to be found. Physi cal ly, f ( t ) i s the
cl assical to ta l phase. Substi tuti ng (5) into (3) and setti ng the coe£ ci ents before
cosf ( t ) and sin f ( t ) zero, the equati ons for the two unkno wn functi ons are got

M A �f + 2 M _A _f + _M A _f = 0 ; (6a)

M �A À M A _f 2 + _M _A + M ! 2 A = 0 : (6b)
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Equati on (6a) can be rewri tten as

d

dt

˚

M A 2
d f

dt

Ç

= 0 ; (7)

whi ch agrees wi th tha t in [4] when M = 1 . From (7), we kno w tha t there exi sts an
inv ariant

Q = M A 2
d f

dt
: (8)

If maki ng

A = £ ( t )
p

Q ; (9)

Eq. (8) wi l l adm i t the soluti on

f ( t ) =

Z t

0

d§

M ( § ) £ 2 ( § )
+ ˚ 0 : (10)

The classical to ta l phase f ( t ) i s deri ved from the exact soluti on to the classi-
cal equati on of m oti on auto m ati cal ly. Substi tuti ng (10) into (6b), the auxi l iary
equati on for £ ( t ) i s found

�£ +
_M _£

M
+ ! 2 £ =

1

M 2 £ 3
; (11)

whi ch is consistent wi th tha t in [5]. From (5) and (9), we have

cosf ( t ) = q ( t ) =A ( t ) = q ( t ) = (£
p

Q ) : (12)

D oing ti me derivati ve on the two sides, one obta ins

sin f ( t ) = ( M _q £ À M _£q ) =
p

Q : (13)

Replacing _q by the m omentum p = M _q , from the basic mathem ati cal equal i ty
cos2 f ( t ) + sin 2 f ( t ) = 1 , we get

Q =

˚
q

£

Ç
2

+ ( £p À M _£ q) 2 : (14)

Q =2 = I i s j ust the Lewi s{ R iesenfeld invari ant for TOHO [5]. The coordi nate
can be Ùnal ly wri tten as q ( t ) =

p

Q £ ( t ) cos f ( t ) . Cl earl y, the invaria nt a˜ects the
am pl i tude.

3. O n t h e or t hogonal f un ct i ons inv ar iant

Let us supp ose tha t q 1 and q 2 are two soluti ons to Eq. (1):

d

dt
[M ( t ) _q 1 ] + M ( t ) ! 2 ( t ) q1 = 0 ; (15a)

d

dt
[M ( t ) _q 2 ] + M ( t ) ! 2 ( t ) q2 = 0 : (15b)
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Mul ti plyi ng (15b) by q 1 minus (15a) m ul tipl ied by q 2 gives d ( q1 M _q 2 À

q 2 M _q 1 ) =dt = 0 , whi ch results in an invari ant

Q 1 2 = q1 p 2 À q2 p 1 (16)

wi th p 1 = M _q1 and p 2 = M _q 2 being the m omenta corresp onding to the soluti ons
q 1 and q 2 . Ma them ati cal ly, (15a,b) describes an isotro pic TTHO and Q 1 2 i s the
angular mom entum . From thi s point of vi ew, we m ay physi cally understa nd why
\ the onl y non-vani shing contri buti on to the invari ant Q 1 2 com es from functi ons
tha t are 9 0 £ out of phase" [4]. As is kno wn, the angul ar m omentum wi l l be zero
i f the two components x = q 1 and y = q2 of a two- dimensional oscil lator are in
phase.

Next we consider the TTHO in a stati c magneti c Ùeld [6]. The Ham i lto ni an
is [6]:

H =
p 2

x + p 2
y

2 M ( t )
+

1

2
$ c L z +

1

2
M ( t ) ¨ ( t ) 2 ( x 2 + y 2 ) ; (17)

where p x = M _x + eB 0 y =2 and p y = M _y À eB 0 y =2 are the canoni cal momenta,
L z = x p y À y p x i s the canoni cal angul ar mom entum in the axi al z di recti on, $ c =

eB 0 ( t )=M ( t ) i s the cycl otro nic frequency of oscil lati on. The general frequency ¨ ( t )

ta kes the form ¨ 2 ( t ) = $ 2
c ( t ) =4 + ! 2 ( t ) . The inv ariant in quantum m echanics is

deÙned by d I
d t

= @I
@t

+ 1
iñh [ I ; H ] = 0 . Using the fol lowing relati ons:

È
x 2 + y 2 ; L z

Ê
= 0 ;

È
p 2

x + p 2
y ; L z

Ê
= 0 ;

[ x p x + p x x + y p y + p y y ; L z ] = 0 ; (18)

we can pro ve tha t there exist two invari ants: one is the canoni cal angular mom en-
tum I 1 = L z and the other is

I 2 =
1

2

" ˚
x

g

Ç2

+ (g p x À M _g x ) 2

#

+
1

2

y

g

2

+ (g p y À M _g y ) 2

=
g 2

2
p 2

x
+ p 2

y
+

x 2 + y 2

2 g 2
À M g _g ( x p x + p x x + y p y + p y y ) ; (19)

where the functi on g ( t ) sati sÙesthe equati on

�g +
_M _g

M
+ ¨ 2 g =

1

M 2 g 3
: (20)

Next we deri ve the invaria nts f rom the exact soluti ons to the equati ons of m oti on.
The equati ons of moti on f or TTHO in a stati c magneti c Ùeld are [6]:

�x +
_M

M
_x + ! 2 x = À $ c _y ;

�y +
_M

M
_y + ! 2 y = $ c _x ; (21)
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whi ch can be rewri tten as
d

dt
(M _x ) + M ! 2 x = À eB 0 _y ;

d

dt
(M _y ) + M ! 2 y = À eB 0 _x : (22)

Substi tuti ng x = r ( t ) cos¢ ( t ) ; y = r ( t ) sin ¢ ( t ) into any of the equati ons in (22),
we have

�r À r _¢ 2 +
_M

M
_r + ! 2 r = À

eB 0

M
r _¢ ;

r �¢ + 2 _r _¢ +
_M

M
r _¢ =

eB 0

M
_r : (23)

By some inspecti on, we noti ce tha t the second equati on has the soluti on
_¢ = eB 0 =(2 M ) or

¢ ( t ) =

Z t

0

$ c (§ )

2
d § : (24)

Substi tuti ng (24) into the Ùrst equati on of (23), we obta in

d

dt
(M _r ) + M ¨ 2 r = 0 ; (25)

whi ch is a TOHO and has the soluti on

r =
p

Q g ( t ) cosG ( t ) ; G ( t ) =

Z
t

0

1

M ( § ) g 2 ( § )
d§ + ˚ 0 : (26)

The functi ons G ( t ) and ¢ ( t ) are the cl assical pha ses. From the quantum phase
˜ n ;m ( t ) in [6], one can get the quantum -classical relati on ˜ n ; m ( t ) = À (2 n +

j m j + 1 ) G ( t ) À m¢ ( t ) for ˚ 0 = 0 , wi th n and m being the radial and m agneti c
quantum numb ers, respect ivel y. Using (26), the coordi nates x and y now take the
form

x =
p

Qg ( t ) cos G ( t ) cos ¢ ( t ) ;

y =
p

Q g ( t ) cos G ( t ) sin ¢ ( t ) : (27)

Stra ightf orward calcul ati ons give

Q cos2 G ( t ) =
x 2 + y 2

g 2
: (28)

From (27), we can also get

Q sin2 G ( t ) = ( g p x À M _g x )2 + ( g p y À M _g y ) 2 : (29)

Combini ng (28) and (29) yi elds the invari ant I 2 = Q =2 .
The invari ant I 1 or the canonical m omentum can be achi eved f rom Eqs. (22)

di rectl y. Mul ti plyi ng the Ùrst equati on by y m inus the second equati on multi pl ied
by x resul ts in

d

dt

ç

y

˚

M _x +
eB 0

2
y

Ç

À x M _y À

eB 0

2
x = 0 ; (30)

whi ch pro duces an invari ant x p y À y p x = L z = I 1 .
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4. D yn am ical an d geom et r ical p has es of TT HO i n a m agnet ic Ùeld

From the inv ariants I 1 and I 2 , the wave functi on of TTHO in a stati c m ag-
neti c Ùeld can be obta ined by standard m etho d [1, 7, 8]. In cyl indri cal coordi nate,
the eigenfuncti on of I 1 i s

¢ m ( ' ) =
1

p

2¤
exp( im' ) ; m = 0 ; Ï 1 ; Ï 2 ; . . . (31)

The invaria nt I 2 in (19) m ay be rewri tten in the form

I 2 =
1

2

" ˚
r

g

Ç2

+ g 2

˚

p À M
_g

g
r

Ç2
#

(32)

whi ch agrees wi th the Ha mi l to nian of a two -dim ensional harm onic oscil lato r in a
m agneti c Ùeld wi th a vector potenti al a = m _g =g . By an uni ta ry tra nsform ati on

U = exp i
M _g

2 ñhg
r 2 ; (33)

the invari ant I 2 changes into

I
2

= U + I 2 U =
1

2

r

g

2

+ g 2 2 ; (34)

whi ch is a two -dim ensional harm onic oscil lator wi th m ass 1 =g 2 and a uni t fre-
quency. The eigenstates can be found in textb ooks on quantum m echanics. The
angular part of the eigenfuncti on of I

2
or I 2 i s also (31). Fol lowi ng the standard

pro cess [7, 8], stra ightf orward calcul ati ons can yi eld the wa ve functi on.
Instea d of using the inv ariant theory [1, 7, 8], we can also obta in the wa ve

functi on of TTHO in a stati c m agneti c Ùeld by the simpl e and elementa ry tri al
functi on m etho d [9, 10]. As ¢ m ( ' ) is the eigenfuncti on of I 1 or the angular part of
the eigenfuncti on of I 2 , from the invari ant theo ry [1, 7, 8] the wa ve functi on can
be wri tten as

ê ( ; t ) = ¢ ( r ; t )¢ m ( ' ) : (35)

Substi tuti ng (35) into the Schr�odinger equati on H ê ( ; t ) = iñh @ê ( ; t ) =@t and noti c-
ing tha t the Ham i lto ni an in cyl indri cal coordi nate is

H = À

ñh 2

2 M (t ) r

@

@r
r

@

@r
+

L 2
z

2 M ( t ) r 2
+

1

2
M ( t ) ¨ 2 ( t ) r 2 +

1

2
$ L z ; (36)

we ha ve

H ¢ ( r ; t ) = iñh
@¢ (r ; t )

@t
; (37)

where

H = À

ñh
2

2 M ( t ) r

@

@r
r

@

@r
+

m 2 ñh
2

2 M (t ) r
+

1

2
M ( t )¨ 2 ( t )r 2 +

1

2
$ m ñh: (38)
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T o solve Eq. (37), we assume

¢ ( r ; t ) = ei f ( r ; t )
¢ N m ( R )

g ( t )
p

ñh
; R =

r

g ( t )
p

ñh
; (39)

where g ( t ) and f ( r ; t ) are two functi ons to be found. (In fact, the functi on is tha t
in (20). ) The functi on ¢ N m ( R ) sati sÙesthe equati on

ç

À

1

2 R

@

@R

˚

R
@

@R

Ç

+
m 2

2 R 2
+

1

2
R 2

Ñ

¢ N m ( R ) = (N + 1 ) ¢ N m ( R ); (40)

whi ch is the radial equati on of a two -dim ensional harm oni c oscil lato r wi th uni t
m ass, frequency and Pl anck consta nt. The quantum numb er N = 2 n + j m j i s the
m ain numb er [11]. (Here, n i s the radial quantum numb er.) Substi tuti ng (39) into
(37), we deri ve the fol lowi ng equati ons:

ñh

M ( t )

@f ( r ; t )

@r
=

_g

g
r ;

À ñh
@f ( r ; t )

@t
= ( N + 1 )

ñh

M ( t ) g 2
+

ñh
2

2 M ( t )

˚
@f

@r

Ç2

À

1

2 M g 4
r 2

+
1

2
M ¨ 2 r 2 +

1

2
$ c m ñh: (41)

Co nsistency of the two equati ons dem ands @2 f =@r @t = @2 f =@t@r , whi ch resul ts in
the condi ti on (20). The Ùrst equati on of (41) adm its the soluti on

f ( r ; t ) =
M _g

2 ñhg
r 2 + Û( t ) : (42)

Inserti ng (42) into the second equati on of (41), the functi on Û(t ) i s found

Û( t ) = À ( N + 1 )

Z
t

0

d§

M ( § ) g 2 ( § )
À

m

2

t

0

$ c ( § ) d§; (43)

whi ch agrees wi th tha t in [6]. Up to now the wa ve functi on (35) is got

ê ( ; t ) = ¢ N m ( r ; '; t ) exp[ iÛN m ( t )] ;

¢ N m ( r ; '; t ) = ¢ N m ( R ) ¢ m ( ' ) exp
iM _g

2 ñhg
r 2 ; (44)

where the quantum phase is

ÛN m ( t ) = Û( t ) : (45)

The dyna mical and geometri cal phasesare deÙned as [7]:

Û
( d )

N m
= À

1

ñh

t

0

h ê ( ; § ) j H j ê ( ; § ) i d§ ;

Û
( g )

N m
( t ) =

t

0

h ¢ N m (§ ) j i
@

@§
j ¢ N m (§ ) i d§ ; (46)
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where j ¢ N m ( t ) i represents the functi on ¢ N m (r ; '; t ) by the form of the Dirac note.
The dyna mical phase and geom etri cal phase m ay be computed di rectl y from (46),
but the pro cess is a l i ttl e compl icated. Here we pro vi de a sim ple m etho d to get
them .

Fi rst, ¢ N m ( R ) ¢ m ( ' ) i s the eigenfuncti on of a two -dim ensional harm oni c
oscil lato r in cyl indri cal coordi nate wi th the Ha mi lto nian

H ¿ ² =
p 2

¿ + p 2
²

2
+

¿2 + ² 2

2
; (47)

where R 2 = ¿2 + ² 2 ; ¿ = x =(g
p

ñh ) ; ² = y = ( g
p

ñh ) ; and p ¿ = À iñh@=@¿;

p ² = À iñh @=@² . In rectangular coordi nate, the Ha mi l to nian is the sup erpositi on
of two one-dim ensional harm oni c oscil lato rs wi th the coordi nates ¿ and ² . Wri t-
ing the eigenstates of these two harm oni c oscil lato rs as ê n x

(¿) and ê n y
( ² ) wi th

n x = n y = 0 ; 1 ; 2 ; . . ., the functi ons ê n x
(¿) ê n y

( ² ) form a compl ete set. The func-
ti on ¢ N m ( R ) ¢ m ( ' ) can be expanded as

¢ N m ( R ) ¢ m ( ' ) =
X

n x n y

C n x n y
ê n ( ¿) ê n ( ² ) : (48)

The norm al izati on condi ti on is
n n

j C n n j
2 = 1 and the relati on of the quantum

num ber N wi th n x ; n y i s N = n x + n y . Substi tuti ng (48) into (44), we have

¢ N m ( r ; '; t ) =

n n

C n n ê n ( x ; t ) ê n (y ; t ) ; (49)

where

ê n (x ; t ) = ê n ( ¿) exp
iM _g

2 ñhg
x 2 ;

ê n (y ; t ) = ê n ( ² ) exp
iM _g

2 ñhg
y 2 ; (50)

each of whi ch is the eigenfuncti on of the inv ariant for TOHO [5]. The exp ectati on
value for the Ham i lto ni an of TOHO is a special case of tha t in [10]:

j +
1

2
ñh

1

2 M

1

g 2
+ ( M _g )2 +

1

2
M ¨ 2 g 2 ; j = n x ; n y : (51)

Now the dyna m ical pha se (46) can be calcul ated wi tho ut di£ cul ty

Û
( )
N m = À N +

1

2

1

2 M

1

g 2
+ ( M _g ) 2 +

1

2
M ¨ 2 g 2

À

m

2

t

0

$ ( § )d§ : (52)

The geometri cal phase of the wave functi on of TOHO can be obta ined from [10]:

Û
( )

j
( t ) = À j +

1

2

t

0

g 2 ( § )
d

d§

M ( § ) _g ( § )

2 g ( § )
d§; j = n x ; n y ; (53)
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the geom etri cal phase (46) can be calcul ated easily

Û
( g )

N m
( t ) = À ( N + 1 )

Z t

0

ç

g 2 ( § )
d
d§

˚
M (§ ) _g ( § )

2 g (§ )

ÇÑ

d§ : (54)

Using the auxi l iary condi ti on (20), it is not di£ cul t to pro ve Û
( d )
N m ( t ) +

Û
( g )

N m
( t ) = ÛN m ( t ) .

5. Th e dr iven syst em

For the dri ven system , for exampl e the ti me-dependent dri ven TOHO

d
dt

(M _q ) + M ! 2 q = F ( t ) ; (55)

the equati on of m oti on can be rewri tten as

d
dt

[M _q À g 0 ( t )] + M ! 2 [ q À f 0 ( t )] = 0 ; (56)

where g 0 ( t ) = M _f 0 ( t ) i s the m omentum corresp ondi ng to the displacement f 0 ( t ) ,
whi ch is a soluti on of the equati on

d
dt

[M _f 0 ( t )] + M ! 2 f 0 ( t ) = F ( t ) : (57)

If maki ng the tra nsform ati on

q ! q À f 0 ; p = M _q ! p À g 0 ; (58)

Eq. (3) wi l l becom e (56) and at the sam e ti m e the invari ant (14) changes into

Q =

˚
q À f 0

£

Ç 2

+ [ £ ( p À g 0 ) À M _£ ( q À f 0 )] 2 ; (59)

whi ch is the inv ariant of the dri ven system (55). Sim i lar resul ts can be f ound for
TTHO, or TTHO in a magneti c Ùeld, or even the ti m e-dependent dri ven general-
ized harm onic oscil lato r (TD GHO) [10]. (F or the sake of space, we do not give the
deta i ls here.)

The form (59) m ay be deri ved by simi lar calcul ati ons to tha t in Sec. 2. The
onl y di ˜erence is tha t now we shoul d set q ( t ) À f 0 ( t ) = A (t ) = cos f ( t ) .

It wa s kno wn tha t for a dri ven system , the wave functi on is a wa ve packet
wi th the center movi ng accordi ng to the classical equati on of m oti on [10]. The
center m oti on induces new term s in the dyna mical phase and geometri cal pha se.
T aki ng TD GHO as an exam ple, the dri vi ng induced dyna m ical phase and geom et-
ri cal phase can be cast into the form

Û ( d ) ( t ) = À

1

ñh

Z t

0

H cl ( § ) d§ ; Û ( g ) ( t ) = À

1

ñh

t

0

g 0 ( § ) d f 0 ( § ) + Â ( t ) À Â (0 );

Â ( t ) =
1

ñh
f 0 ( t ) g 0 ( t ) +

M _£

2 £
À ÑM f 2

0
( t ) ; (60)
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where H c l is the classical Ham i lto ni an of TD GHO. From the mom entum (11a)
in [10], one knows tha t the dri vi ng induced term in the quantum Ham i lto ni an
exp ectati on value (21) in [10] is j ust the cl assical Ham i l to nian of TD GHO, whi ch
yi elds the dyna mical phase in (60) here. The Ùrst term in the geom etri cal phase
in (60) is the phase of the de Bro gl ie wave of the center m oti on and the rest is an
elementa ry functi on. For a periodi c evoluti on, Â ( T ) À Â (0 ) = 0 , the geom etri cal
phase in (60) equals the phase of the m atter wa ve associated wi th the center
m oti on of the wave functi on.

6. Co n cl usion s

From the exact soluti ons to the equati ons of m oti on, the inv ariants f or TOHO
and TTHO in a stati c magneti c Ùeld are derived. Uti l izing the tri al functi on
m etho d, the wa ve functi on of TTHO in a stati c m agneti c Ùeld is easily achi eved
in cyl indri cal coordi nate and the dyna mical and geom etri cal phases are obta ined
by expressing the wa ve functi on as the superpositi ons of the wave functi ons of
TTHO in recta ngul ar coordi nate. For the dri ven system , the physi cal meaning of
the dri vi ng induced dyna m ical and geom etri cal phases is analyzed.
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