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The invariants for the time-dependent one-dimensional harmonic oscil-
lator and the time-dependent two-dimensional harmonic oscillator in a static
magnetic field are derived from the real representation of the exact solution to
the equation of motion. Mathematically, the orthogonal functions invariant is
the angular momentum of an isotropic time-dependent two-dimensional har-
monic oscillator. Based on the invariants obtained here, the wave function
for time-dependent two-dimensional harmonic oscillator in a static magnetic
field in cylindrical coordinate is simply derived and the dynamical and geo-
metrical phases are easily got by expressing the wave function as the super-
positions of the wave functions of time-dependent two-dimensional harmonic
oscillator in rectangular coordinate. For the driven system, the driving in-
duced dynamical phase and the geometrical phase are respectively associated
with the classical Hamiltonian and de Broglie wave of the center motion of
the wave function.

PACS numbers: 45.20.Jj, 03.65.—w

1. Introduction

The invariant for the time-dependent one-dimensional harmonic oscillator
(TOHO) has been obtained by different methods [1-3]. Recently, for the har-
monic oscillator with a unit mass, the authors of Ref. [4] presented an elementary
derivation of the invariant using the complex representation of the solution. It is
reasonable to expect that the method in [4] may apply to the physical harmonic
oscillator with a real coordinate, but it does not. For the general solution in [4]:
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gy = Apel*t f oA et (1)
there exists the invariant

Q=430 -0t (2)
To have a real coordinate, the parameter ¢ should be set to unit. If doing so,
the invariant ¢ will vanish and thus the derivation breaks up. Hence, for the
physical harmonic oscillator with a real coordinate the method in [4] is ineffective.
In another words, the authors actually discussed a complex oscillator.

Considering that physically the coordinate of the harmonic oscillator is real,
1t 18 necessary to give a re-derivation of the invariant from the real representation
of the solution. In our treatment, the mass is not unity and allowed to change
with time [5]. Besides TOHO, we also deal with time-dependent two-dimensional
harmonic oscillator (TTHO) in a static magnetic field [6]. The dynamical and
geometrical phases [7, 8], properties of the driven systems are all discussed.

This article is organized as follows. The next and third sections deal with
TOHO and TTHO in a static magnetic field, respectively. The fourth section is
a simple re-derivation of the wave function for TTHO in a static magnetic field
based on the invariants found in Sec. 3. The dynamical and geometrical phases are
also explicitly given. Discussion of the driven system is in Sec. 5. The conclusion
is in Sec. 6.

2. The one-dimensional harmonic oscillator

The TOHO with time-dependent mass and frequency is described by the
equation of motion

d
dt
where M (¢) and w(t) are the time-dependent mass and frequency. The dot on the

[M(t)d] + M(t)w?(t)g =0, (3)

physical quantity means time derivative. In the time-independent case, Eq. (3) has
the well-known solution

q(t) = Ag cos(wt +0g) (4)
with Ay and 6y being two constants. When the mass and frequency are time-
-dependent, the solution may be considered as the generalization of (4)

q(t) = A(t) cos f(t), (5)
where f(t) and A(t) are two functions of time to be found. Physically, f(¢) is the
classical total phase. Substituting (5) into (3) and setting the coefficients before
cos f(t) and sin f(t) zero, the equations for the two unknown functions are got

MAf+2MAf+ MAf =0, (6a)
MA— MAf? 4+ MA+ Mw?4 = 0. (6b)
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Equation (6a) can be rewritten as
d df
— | MA2== ) =
dt ( dt) 0 (7)

which agrees with that in [4] when M = 1. From (7), we know that there exists an
invariant

— yards

Q= MA? R (8)
If making

A=pt)V/Q, (9)
Eq. (8) will admit the solution

¢ dr
= ——— + 0.
10 = | St 1o

The classical total phase f(t) is derived from the exact solution to the classi-
cal equation of motion automatically. Substituting (10) into (6b), the auxiliary
equation for p(t) is found

. Mj
p+—p+w2p:

— 11
M M2p3 ) ( )
which is consistent with that in [5]. From (5) and (9), we have
cos f(1) = q(1)/A(t) = 4(1)/(pV/Q)- (12)
Doing time derivative on the two sides, one obtains
sin f(t) = (Mdp — Mpq)/\/Q. (13)

Replacing ¢ by the momentum p = Mygq, from the basic mathematical equality
cos? f(t) +sin? f(t) = 1, we get

Q= (%)2+(PP—MPQ)2~ (14)

/2 = T is just the Lewis—Riesenfeld invariant for TOHO [5]. The coordinate
can be finally written as ¢(t) = /Qp(t) cos f(t). Clearly, the invariant affects the
amplitude.

3. On the orthogonal functions invariant

Let us suppose that ¢; and ¢2 are two solutions to Eq. (1):

S0+ M0 (1) =0, (153)
LI Ar(4)ge] + M (w2 ()2 = 0. (15b)

dt
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Multiplying (15b) by ¢1 minus (15a) multiplied by ¢ gives d(g1M¢a2 —
q2M¢1)/dt = 0, which results in an invariant

Q12 = (1p2 — ¢2p1 (16)
with p1 = M¢; and ps = M ¢ being the momenta corresponding to the solutions
q1 and ¢z. Mathematically, (15a,b) describes an isotropic TTHO and ()12 is the
angular momentum. From this point of view, we may physically understand why
“the only non-vanishing contribution to the invariant ()12 comes from functions
that are 90° out of phase” [4]. As is known, the angular momentum will be zero
if the two components © = ¢; and y = ¢2 of a two-dimensional oscillator are in
phase.

Next we consider the TTHO in a static magnetic field [6]. The Hamiltonian
is [6]:

Pt Py TR 1M(t).(2(t)2( 47 (17)
= 5 Weliy 5 L )
IM(1) 2 2 Y
where p, = M& + eByy/2 and p, = My — eBoy/2 are the canonical momenta,

L, = xpy — ypy 1s the canonical angular momentum in the axial z direction, @, =
eBy(t)/ M (1) is the cyclotronic frequency of oscillation. The general frequency £2(%)
takes the form £2%(¢) = w?(t)/4 + w?(¢). The invariant in quantum mechanics is
defined by 9 = 2L 4 L[] H] = 0. Using the following relations:

[#® + 4, L] =0, P2 +p}, L.] =0,
[2pe + po + ypy + pyy, L] =0, (18)

we can prove that there exist two invariants: one is the canonical angular momen-
tum I; = L, and the other is

2 2
1 x ) 1 Y .
L=~ e — Mgz |+ |2 — Mgy)?
2= 5 [(g) + (gp gx)7| + 5 (g) + (9py gy)]
2 2 2
g xr 4y .
=5 W +p))+ g7~ ~ Meileps +pov +upy + ), (19)

where the function ¢(¢) satisfies the equation

L Mg, 1
g+ —+ 9= ——.
M M2g3

Next we derive the invariants from the exact solutions to the equations of motion.

(20)
The equations of motion for TTHO in a static magnetic field are [6]:
i‘—i—%i‘—l—wzx— — .Y

M = cYs

.M. .
i+ v wly = w.z, (21)
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which can be rewritten as

c?t (Mz) + Mw?z = —eByy,
d
T —(My)+ Mw?y = —eBya. (22)

Substituting = r(t) cos ¢(1), y = r(t)sin ¢(¢) into any of the equations in (22),
we have

. 1. By
F—re? 4+ %r +wlir= —eﬁorqb,
M ; 6BQ

ré + 27¢ + A= (23)

By some inspection we notice that the second equation has the solution

¢ =eBy/(2M) o

/ Zelr) (24)

Substituting (24) into the first equation of (23), we obtain

%(M?*)—l—M.er: 0, (25)
which 1s a TOHO and has the solution

T_\/_g cosG /M dT—I—@o (26)

The functions G(t) and (b(t) are the classical phases. From the quantum phase
@ m(t) in [6], one can get the quantum-classical relation «, ,(t) = —(2n +
|m| + D)G(t) — me(t) for 6y = 0, with n and m being the radial and magnetic
quantum numbers, respectively. Using (26), the coordinates # and y now take the
form

J:_\/_g cos G(t cosq/)(t),

y= \/_g cos G(t)sin ¢(1). (27)
Straightforward calculatlons give
2,2
Qeos? G(t) = Z 2L (28)

From (27), we can also get

Qsin® G(1) = (gpe — Mgz)* + (9py — Mgy)*. (29)
Combining (28) and (29) yields the invariant I, = Q/2.

The invariant I; or the canonical momentum can be achieved from Eqs. (22)
directly. Multiplying the first equation by y minus the second equation multiplied
by @ results in

(e - )

which produces an invariant zp, — yp, = L. = I.
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4. Dynamical and geometrical phases of TTHO in a magnetic field

From the invariants I; and I, the wave function of TTHO in a static mag-
netic field can be obtained by standard method [1, 7, 8]. In cylindrical coordinate,
the eigenfunction of Iy is

Pm(p) =

1
exp(imy), m=0,=%1,£2,... 31
o p(ime) (31)
The invariant I3 in (19) may be rewritten in the form
L=1 (f)2+g2 <p—M3r)2 (32)
T2 \y g

which agrees with the Hamiltonian of a two-dimensional harmonic oscillator in a
magnetic field with a vector potential @ = mgr/g. By an unitary transformation

U = exp (i;\g—grz) , (33)

the invariant I changes into
/ + 1 )’ 2,2
L=UtLU=: (%) +¢%
2 \y

which is a two-dimensional harmonic oscillator with mass 1/¢% and a unit fre-

, (34)

quency. The eigenstates can be found in textbooks on quantum mechanics. The
angular part of the eigenfunction of I} or I5 is also (31). Following the standard
process [7, 8], straightforward calculations can yield the wave function.

Instead of using the invariant theory [1, 7, 8], we can also obtain the wave
function of TTHO in a static magnetic field by the simple and elementary trial
function method [9, 10]. As ¢ (¢) is the eigenfunction of I or the angular part of
the eigenfunction of I5, from the invariant theory [1, 7, 8] the wave function can
be written as

b, 1) = 9(r, )dm (). (35)
Substituting (35) into the Schrodinger equation Hy(r,t) = ihdy(r,t)/0t and notic-
ing that the Hamiltonian in cylindrical coordinate is

h* 0 0 L? 1 5 , 1
T2M()yr or (rﬁ) ot MO ()" + Sl (36)
we have
Heag(r, ) = ih %’ (37)
where
R 9 0 m2h? 1 NP |
et = 58w o <r5> oy T MW+ gmemh. - (38)
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To solve Eq. (37), we assume

; onm(R) r
¢)(7°, t) = elf(ryt)ia R = 3 (39)
O oNa
where g(t) and f(r,t) are two functions to be found. (In fact, the function is that
n (20).) The function ¢y, (R) satisfies the equation

[_5%(362% e RZ] Sxm(R) = (N + 1)oxm(R), (40)

which 1s the radial equation of a two-dimensional harmonic oscillator with unit
mass, frequency and Planck constant. The quantum number N = 2n + |m| is the
main number [11]. (Here, n is the radial quantum number.) Substituting (39) into
(37), we derive the following equations:

h 0f(rt) _ g

M) or gr’

af(r,t) _ h A 1
5 =+ Vs * i (5r) ~ aai

—|—%M.(22r2—|— %wcmh. (41)

Consistency of the two equations demands 92 f/9rdt = 02 f/9tOr, which results in
the condition (20). The first equation of (41) admits the solution

Fri1) = i (0 (42)

Inserting (42) into the second equation of (41), the function y(¢) is found

(1) N—I—l/M m/ (43)

which agrees with that in [6]. Up to now the wave function (35) is got
’l/}(’l‘, t) = ¢Nm(ra QD, t)exp[rme (t)]a

(1,10 = S (R () exp ) (44)

where the quantum phase 1s

ym (1) = 7(1). (45)

The dynamical and geometrical phases are defined as [7]:

3
W =3 [ Wi

100 = [ (gl (16)
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where |¢nm(t)) represents the function ¢nm(r, ¢,t) by the form of the Dirac note.
The dynamical phase and geometrical phase may be computed directly from (46),
but the process is a little complicated. Here we provide a simple method to get
them.

First, ¢nm(R)¢m () is the eigenfunction of a two-dimensional harmonic
oscillator in cylindrical coordinate with the Hamiltonian

pitr | &40

where R? = €2 4+ 9%, € = x/(g\/ﬁ), n = y/(g\/ﬁ), and ps = —1ihd/0¢,
pn = —1h0/d7. In rectangular coordinate, the Hamiltonian is the superposition

of two one-dimensional harmonic oscillators with the coordinates £ and 7. Writ-
ing the eigenstates of these two harmonic oscillators as ¢y, (£) and ¥, (1) with
ne =ny =0,1,2,.., the functions ¢y, (£)¥,,(n) form a complete set. The func-
tion ¢nm(R)dm(¢) can be expanded as

¢Nm(R)¢m(§0) = Z anny1/)nz(€)1/)ny(77)' (48)
The normalization conditionis 3, ., [Cp.n, | = 1 and the relation of the quantum

number N with ng,ny is N = ny + ny. Substituting (48) into (44), we have

SNm(r 0. t) = Y oy n, (2, 8)8n,, (y,1), (49)

NNy

where
nrlo,0) = O e (1012

U, (y,1) = ¥, (n) exp (%yz) , (50)

each of which is the eigenfunction of the invariant for TOHO [5]. The expectation
value for the Hamiltonian of TOHO is a special case of that in [10]:

1 1 1 1
. = h e M 2 _MQ2 2 - ¢ . 1
G g){ag [ ]+ quey =y oy
Now the dynamical phase (46) can be calculated without difficulty
@ _ L 2| 4 L2y
t
-z / we(r)dr. (52)
2 Jo

The geometrical phase of the wave function of TOHO can be obtained from [10]:

0 =-(i+3) [ [rors (MDD ar = nem, 69
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the geometrical phase (46) can be calculated easily

W0 =+ [ [ (A0 4 (54

Using the auxiliary condition (20), it is not difficult to prove 'yj(\cfir)n(t) +
W (1) = 73m (1).
5. The driven system

For the driven system, for example the time-dependent driven TOHO

d .

(M) + Mw?q = F(1), (55)
the equation of motion can be rewritten as

d .

SV go(0)] + Me?la — fo(0)] = 0, (56)

where go(t) = M f, (t) is the momentum corresponding to the displacement fy(t),
which is a solution of the equation

d
dt

If making the transformation

[M fo(t)] + Mw?fo(t) = F(1). (57)

¢—q—fo, p=Mi—p—go, (58)
Eq. (3) will become (56) and at the same time the invariant (14) changes into

Q= (=) o - 000 - Mt - fo (59)

which is the invariant of the driven system (55). Similar results can be found for
TTHO, or TTHO in a magnetic field, or even the time-dependent driven general-
ized harmonic oscillator (TDGHO) [10]. (For the sake of space, we do not give the
details here.)

The form (59) may be derived by similar calculations to that in Sec. 2. The
only difference is that now we should set ¢(t) — fo(t) = A(2)/ cos f(1).

It was known that for a driven system, the wave function is a wave packet
with the center moving according to the classical equation of motion [10]. The
center motion induces new terms in the dynamical phase and geometrical phase.
Taking TDGHO as an example, the driving induced dynamical phase and geomet-
rical phase can be cast into the form

10 =5 [ Hariar, 290 =4 [ s + a0 - A0)

a0 = ¢ [fmo + (52 - ) o) (60)
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where H is the classical Hamiltonian of TDGHO. From the momentum (11a)
in [10], one knows that the driving induced term in the quantum Hamiltonian
expectation value (21) in [10] is just the classical Hamiltonian of TDGHO, which
yields the dynamical phase in (60) here. The first term in the geometrical phase
in (60) is the phase of the de Broglie wave of the center motion and the rest is an
elementary function. For a periodic evolution, A(T) — A(0) = 0, the geometrical
phase in (60) equals the phase of the matter wave associated with the center
motion of the wave function.

6. Conclusions

From the exact solutions to the equations of motion, the invariants for TOHO
and TTHO in a static magnetic field are derived. Utilizing the trial function
method, the wave function of TTHO in a static magnetic field is easily achieved
in cylindrical coordinate and the dynamical and geometrical phases are obtained
by expressing the wave function as the superpositions of the wave functions of
TTHO in rectangular coordinate. For the driven system, the physical meaning of
the driving induced dynamical and geometrical phases is analyzed.
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