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Tr anspor t int egrals I n ( È D =T ) are revie wed w it h their appli cati ons in
solid -state ph ysics, molec ula r dynamics, and electron spin À latti ce rela xation .
A nalytical approximations of I n for n = 2À 8 are prop osed as appli cabl e for
computer Ùtting pro cedures in the range of the variable x = È D =T f rom 0.1

to 40. T he results are appli ed for description of the spin {l attice relaxatio n
data collected for C u2 + ions in triglycin e sulphate and are compared w ith
relaxation data for Cu 2+ and Mn 2+ in ( N H 4 ) 2 Mg ( SO 4 ) 2 Â 6H 2 O.

PACS numb ers: 63.90.+ t, 76.30. {v

1. I n t rod uct io n

Ma ny physi cal pro perti es of crysta l l ine and am orpho us sol ids are associated
wi th crysta l latti ce vi brati ons (pho nons). Phonons play a key ro le in bul k physi cal
pro perti es such as speciÙc heat, therm oelectri c phenom ena, electri cal and therm al
conducti vi ty and other tra nsport pro perti es of sol ids. Theo reti cal phonon spectra
in the Ùrst appro xi mati on are usual ly considered wi thi n the D ebye m odel whi ch
for acousti c phonons assumes the density of phonon states g ( ! ) / ! wi th the
cut- o˜ frequency ! = k È = ñh , where È i s the D ebye tem perature.

W hen the who le phonon spectrum is inv olved in a physi cal phenom enon,
then theo reti cal expressions conta in, as a rul e, a term

I ( È =T ) ²

x e
( e À 1 )

dx ; (1)

whi ch is cal led the tra nsport integ ra l of the n -th order. The values of the tra nsport
integ ra ls I ( x ) are not calculabl e analyti cal ly and thei r values are tabul ated in
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vari ous ranges of the vari able x [1{ 4] and/ or can be found using nowadays com -
puter algebra pro grams. However, analyti cal appro xi mati ons of I n ( x ) are needed
for usi ng in com puter routi nes for an e˜ecti ve Ùt or simul atio ns of tem perature
vari ati ons of vari ous physi cal parameters. W e have al ready publ ished such appro x-
im ati on for integ ra l I 8 , appl ied to an analysis of electro n spi n{ latti ce relaxa ti on
data of Cu 2 + ions [5, 6].

In thi s paper we describe situa ti ons where vari ous I n appear in sol id-sta te
physi cs, in m olecular dyna mics and in electron spin{ latti ce relaxa ti on. We present
analyti cal appro xi mati ons for I 2 À I 8 in the range of x -values from 0.1 to 40. An
appl icati on of the obta ined expressions is presented for spin{ latti ce relaxa ti on data
of Cu 2 + and Mn 2 + in a few single crysta ls.

2 . T r an sp or t i n t egra ls in so l id -st ate p hys ics

An ori gin of the tra nsport integra l can be well expl ained considering the heat
capacity of a sol id [7, 8]. The interna l energy U of a sol id resulti ng from therm al
latti ce vi brati ons can be calcula ted as

U =

Z
!

ñh!
g ( ! )

exp(ñh! =k T ) À 1
d! ; (2)

where al l phonon modes of energy ñh! are summari zed for a conti nuous phonon
spectrum wi th density of sta tes g ( ! ) assuming the Bose{ Einstei n stati sti cs for
phonons wi th phonon occupati on numb er [exp(ñh! =k T ) À 1 ] . For g ( ! ) / ! and
x = ñh! =k T one can wri te

U / T
x

e À 1
dx : (3)

SpeciÙc heat is then

C =
@U

@T
/ T

x e
( e À 1 )

dx = T I ( È =T ): (4)

T ransport integ ra l I appears also in theo ry of therm al conducti vi ty of sol ids
[8, 9]. Integ ra l I occurs in descripti on of electri cal conducti vi ty [8], and vari ous
order tra nsport integra ls were used in therm oelectri c force theo ry [10]. T ransport
integ ra l I i s used in calcul ati ons of the electronic contri buti on to the speciÙc heat
of metals, where integ rati on is perform ed not over the phonon spectrum but over
the electron states up to the Ferm i level E =k T [7].

3 . T r an sp or t in teg r als in m ol ecu lar d yn am ics

T ransport integ ra ls occur in m icroscopi c physi cs when one consi ders reori -
enta ti ons of m olecules or m olecular groups between potenti al m inima separated
by energy barri ers. The reori enta ti ons are induced by phonons and, besides the
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cl assical over-barri er jum ps, various m echanisms of barri er crossing have been con-
sidered [11{ 13]. The enti re phonon spectrum is inv olv ed when tw o-phonon Ram an
pro cesses induce reori enta ti ons. The expressions conta ini ng T n À 1 I n ( È D =T ) then
comm only app ear.

For a system wi th m olecules local ized in a few equivalent potenti al wells
at low tem peratures the quantum mechanical tunnel l ing m ixes the ground- state
wa ve functi ons. W hen tem perature increases, the phonons m odul ate potenti al sur-
face pro duci ng ti m e dependent changes in the local izati on energy, i .e. pro duci ng
dyna mical inequi valence between potenti al m ini ma. As a result the reori enta ti on
rate due to the two -phonon Ram an processesbecomes tem perature dependent and
pro porti onal to À 2 T 3 I 2 ( È D =T ) ; here À i s a tunnel l ing spli tti ng [11].

Ano ther tem perature dependence of the reori entati on rate occurs when the
phonon-assisted (pho non- induced) tunnel l ing m echanism operates, i .e. when a tun-
nel l ing vi a oscil lati ng potenti al barri er exi sts. Oscil lati ons of the barri er height or
di stance between potenti al m inim a (ba rri er wi dth) al low tem perature depending
tunnel l ing even between inequi valent potenti al wel ls. W hen the two -pho non R a-
m an pro cessespro duce these oscil lati ons, the reorienta ti on rate is proporti onal to
T 7 I 6 ( È D =T ) [12].

R eori enta ti ons can appear also between potenti al m inima produced by the
Jahn{ T eller e˜ect when wave functi ons of the vi broni c states in neighbouri ng wells
are m ixed. Pho non- induced mechanism vi a two- phonon R aman pro cesses leads in
such a case to temperature dependence of the reorienta ti on rate proporti onal to
T I ( È =T ) [13], when therm al energy is larger tha n the inequiv alence between
the Jahn{ Tel ler distorted conÙgura ti ons.

Two -phonon Ram an processes dom inate electron spin{ latti ce relaxati on, i .e.
a therm al izati on of a spin system in crysta l l ine sol ids, at interm ediate and high
tem peratures. The Ram an process is a scatteri ng of latti ce phonons on electron
spi ns wi th sim ul ta neous change of phonon energy and the spin Ûip between the
Zeeman levels.

Pro babi l i ty of the relaxati on tra nsiti on between spin states a and b can be cal-
cul ated in the Ùrst- order ti m e-dependent perturba ti on theo ry wi th a second- order
perturba ti on by the phonon- induced stra ins " , i .e. ta ki ng the thi rd term in the
crysta l l ine potenti al expansion: V = V + V " + V " " . . . [14, 15].
Thi s appro ach leads to the spi n{ latti ce relaxati on rate 1 =T in the form

1

T
= a V b

9

4 ¤ £ v

k T

ñh
I ( È =T ); (5)

where £ i s a crysta l density and v i s the sound velocity in the crysta l .
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W hen a hi gher sing let spin state c exists wi th energy Â larger tha n the
conti nuum phonon energies, whi ch is com mon for i ron-group tra nsiti on ions wi th
even numb er of unpai red electrons, the contri buti on to the relaxati on can appear
vi a the state c. Thi s state is al ready adm ixed to the ground state spin doubl et
thus the tra nsiti ons to the state are described as vi rtua l . The contri buti on can be
trea ted to the Ùrst order in the latti ce stra ins using the second- order perturba ti on
theo ry , and the resul ti ng relaxa ti on rate is [14, 15]:

1

T 1

=
h a j V 0

j c i
2

h c j V 0
j b i

2

Â 2

9

4 ¤ 3 £ 2 v 1 0

˚
k T

ñh

Ç

I (È =T ) : (6)

Equati ons (5) and (6) describe the relaxati on of the non-Kra m ers ions.
For the Kra m ers ions havi ng odd num ber of unpai red electrons there exists

at least a sing le-exci ted spin doubl et c and d wi th energy Â higher tha n the D ebye
energy k È . In such a case the e˜ecti ve relaxati on rate is

1

T
=

h a j V j c i h c j V j b i

Â

9

¤ £ v

k T

ñh
I (È =T ) : (7)

For high-spi n ions ( S > 1 =2 ) l i ke Mn , the relaxati on can ta ke place wi thi n the
spi n m ul tipl et m ani fold of the Ùne structure. In such a case the relaxati on rate
is [16]:

1

T
=

c ñh

£ Â v
(k T ) I ( È =T ) : (8)

R eori enta ti ons of a param agneti c centre can also pro duce electro n spi n re-
laxa ti on when they are accompanied by spin Ûips. In dyna m ic Jahn{ T eller e˜ect
the reorienta ti ons between di storted conÙgurati ons pro duce spin Ûips due to an
ani sotro py in EPR g -factor and hyp erÙne coupl ing, wi th the spi nÀ latti ce relax-
ati on ti m e T / § , where § i s a correl ati on ti m e of the reorienta ti on [13]. Thus,
one can expect 1 =T / T I ( È =T ) or 1 =T / T I (È =T ) depending on the
reorienta ti on m echanism as described in the previ ous subsection. Except for these
m echani sms a di rect coupl ing vi a phonons between the states of opp osite spins
in neighbouri ng potenti al wells can exist as a consequence of the spin{ orbi t cou-
pl ing to the exci ted states [17]. In such a phonon-assisted spin{ orbi t induced tun-
nel l ing the two -phonon Ram an pro cess pro duces relaxa ti on rate proporti onal to
T I ( È =T ) [18, 19].

T ransport integ ra ls of any order cannot be calcul ated analyti cally in the
who le range of x -parameter. However, at low tem peratures and also at tempera-
tures higher tha n the Debye tem perature È the I -va lues can be wel l evaluated
[1, 20]. For low tem peratures, where x ! 1 , i.e. when T § È :
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I n
¿= n ! ; (9)

whi ch for spin relaxati on measurements leads to the T n +1 tem perature dependence
of the relaxati on rate. At hi gh tem peratures T > È D :

I n =
x n À 1

n À 1
(10)

and the spin{ latti ce relaxati on rate displays quadrati c tem perature dependence
1 =T 1 / T 2 for al l n -index values.

In interm ediate tem perature range num erical calcul ati ons can be perform ed
expandi ng I n in a power or the Berno ul l i series [1, 20]. The most comprehensi ve
ta bl es for n = 2 À 17 and x = È =T up to 25 or 40 are publ ished in paper [1].

W e have found tha t I ( x ) can be well appro xi m ated analyti cal ly by a power
series or/ and exponenti al functi on I ( x ) = exp( s) where s = A ( ln x ) de-
pending on the range of x . The appro xi matio ns wi th param eters are l isted in
T able I for x = 0 : 1 À 40 and plots of I ( x ) and I (x ) are shown in Fi g. 1. The plots
show practi cal ly the tem perature behavi our of the tra nsport integ ra ls below the
D ebye tem perature, whi ch is quasi- linear for interm ediate x values and becomes
tem perature independent for high x values wi th I ( x ) = n ! The D ebye tempera-
ture of various sol ids vari es in the range È = 40À 1000 K, wherea s exp eriments
are usual ly perf orm ed in the tem perature range 4{ 400 K. Thus, the l im its of the
x -param eter are x = 0 : 0 0 4 and x = 1 0 . Value for x < 0 : 1 , whi ch are be-

È
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T AB LE I

Analytical approximations of the transp ort integrals I 2 À I 8 for x = È D =T in the range
0.1 to 40.

For n = 3À 8 : I n = exp [ A 0 + A 1 ln x + A 2 ( ln x ) 2 + . . . A k ( ln x ) k ];

for n = 2 : I 2 = A 0 + A 1 x + A 2 x 2

Integral I 2 I 3 I 4 I 5 I 6 I 7 I 8

Range 0: 1À 2: 1 0 :1 À 2 5 0 : 1À 11 0: 1 À 10 0: 1À 18 :6 0 : 1À 10 0 : 1À 16 : 6

A 0 À 0 : 02 491 À 0: 7376 À 1 :14891 À 1 : 44114 À 1 :66685 À 1: 85367 À 2: 00976

A 1 1.09979 1.91425 2.89792 3.89012 4. 86552 5.87686 6.87231

A 2 {0. 09483 {0. 05577 {0. 08817 {0. 10866 À 0 :12413 {0. 12136 {0. 12936

A 3 { {0. 03968 {0. 05101 {0. 0648 {0. 03392 À 0: 07655 {0. 0788

A 4 { 0.04893 {0. 03816 {0. 02906 {0. 02587 {0. 03519 {0. 03222

A 5 { {0. 01342 {0. 01573 {0. 01472 {0. 03595 {0. 01385 À 0: 01593

A 6 { {0. 00808 0.00198 {0. 00362 {0. 00527 {0. 00359 {0. 00549

A 7 È 10 4 { 16.9 17.2 15 53.9 3.7522 9.85532

A 8 È 10
4 { À 5: 80788 À 5.73554 6. 40378 4.57258 6.21152

A 9 È 10 5 { { { {2. 7857 {28. 518 6.47625 {1. 857

I n = y 0 + a 1 exp [À ( x À x 0 ) = t 1 ]

Integral I 2 I 3 I 4 I 5 I 6 I 7 I 8

Range 2.1À 25 { 11À 25 10À 25 18 : 6À 30 10À 30 16.6À 40

y 0 3.2899 { 25.97599 124. 45277 732.48735 5086.87142 40486.52036

a 1 {1. 54588 { {0. 18383 {8. 18877 {0. 18479 {1148. 10757 {1534. 32091

x 0 2 { 12 10 20 10 15

t 1 1.67862 { 1.38735 1.65099 1. 37037 2.10274 1.79496

yo nd the range of our analyti cal appro xi matio ns, can be calculated as for the low
tem perature l im it of I n ( x ) as I n ( x ) = x n À 1 =( n 1 ) .

W e have appl ied the analyti cal appro xi mati ons of the I ( x ) integ ra ls in a
computer Ùt functi ons describing electro n spin{ latti ce relaxati on data of i ron-group
tra nsiti on ions in sing le crysta ls. The tem perature dependence of the relaxa ti on
rate 1 =T wa s param eteri sed as

1

T
= aT + bT I (È =T ) ; (11)

where n = 8 for Cu ion and n = 6 for Mn ion accordi ng to Eqs. (6) and (7).
The Ùtti ng f uncti ons were wri tten in LabT alk (sim i lar to C) language of OR I GIN
softwa re. For the functi on wi th I the routi ne, wi th a di rect pro cess contri buti on
( a x ) and a; b, and d = È as parameters, has the f orm
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r=d/ x;
i f r< 16.6f

t=l n(d/ x);
c1={ 2.00976+6 .87231*t{ 0.12936*tb2{ 0.0788* tb3{ 0.03222* tb40.01593* tb5
{ 0.00549* tb6+(9 .85532e{4)* tb7+(6 .21152e{4)* tb8{ (1.857e{5)* tb9;
I8 =exp(c1 ); g

elsef

I8 =4 0486.52036{ 1534.32091* exp({ (r À 1 6 : 6 )) =1 : 7 9 49 6 ; g

y=a * x+b* I8* xb9
The Ùtti ng pro cedure was appl ied to experim ental data of Cu 2 + and Mn 2 + in
the T utto n sal t crysta ls (NH ) Mg ( SO ) Â 6H O whi ch we al ready have publ ished
[21, 22]. The Ùtti ng param eters a; b , and È are summ arised in Table I I. Mo reover,
we ha ve m ade electron spin{ latti ce relaxati on m easurements by electron spin echo
(ESE) techni que f or Cu ions in tri glycine sulphate (TG S) sing le crysta ls. The
m easurements were perf orm ed on a BR UKER ESP380E FT/ CW spectro meter in
tem perature range 4{ 120 K where ESE signal wa s detecta ble. The spin{ latti ce
relaxa ti on ti m e T was m easured by satura ti on recovery m etho d usi ng a 48 ns
satura ti ng pul se, whi ch excited single hyp erÙne line (m = À 1 =2 ) in para llel ori -
enta ti on of the Cu(g lyci ne) com plexes simi larl y to the tri glycine selenate (TG Se)
m easurements [5]. Two 48 ns pul ses wi th a 120 ns interpul se interv al induced the
ESE signal , and no e˜ects from spectra l and instanta neous di ˜usi on were observed.
The resul ts of measurements are shown as bl ack circl es in Fi g. 2, where they are
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T ABLE I I

Parameters of the relaxation equation 1 =T 1 = aT + bT
n +1

I n ( È D =T ) .

Comp ound n a b È D Ref. no.

[K À 1 sÀ 1 ] [K À ( n +1 ) sÀ 1 ] [K ]

triglycin e sulphate (T GS ): C u2+ 8 96 7 È 10
À 14 190 this pap er

(N H 4 ) 2 Mg ( SO4 ) 2 Â 6H 2 O: C u2+ 8 1700 8 È 10 À 13 238 [22]

(N H 4 ) 2 Mg ( SO4 ) 2 Â 6H2 O: Mn 2+ 6 140 4 È 10
14 241 [21, 22]

compared wi th the resul ts f or (NH Mg SO 6H O crysta l doped wi th Cu
and Mn ions. The sol id l ines in Fi g. 2 are the best Ùts wi th Eq. (11) wi th pa-
ram eters col lected in Tabl e I I. The D ebye temperature È values obta ined for
two di ˜erent ions in (NH Mg SO 6H O latti ce are pra cti cal ly the same wi th
È 240 5 K indi cati ng a correctness of the data analysis of the good accuracy
resul ts. In TG S crysta l the Raman two- phonon relaxati on processes dom inate up
to 75 K. For higher tem peratures an addi ti onal relaxa ti on m echanism becomes
dom inati ng whi ch can be related to the opti cal -phonon contri buti on.
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