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W e discuss t he pr operties of the nonlin ear di˜usio n equation for the case
of di˜usi on in excited syste ms . T he di˜usion coe£cient is directly prop or-

tional to the concentration of impurities and dep ends on time in a special
w ay. For the description of the excited systems , w e used a special temp er-
ature function, which deÙned the time dependent di˜usi on coe£cient and
the Bolt zmann distri buti on of the excited vacancies or impurity atoms in

solids. T his mo del w as used for the approximation of indium concentration
proÙles in HgC dT e of a rapid di˜usi on comp onent and very fast di˜usion of
metastable vacancies irradiated by soft X -rays in an excited Si crystal.

PACS numb ers: 66.30.{h, 66.30.H s, 78.70.Ck

1. I n t rod uct io n

W e di scuss the pro perti es of the nonl inear di ˜usi on equati on in the non- iso-
therm ical case. In our previ ous papers [1, 2] we used the di ˜usi on coe£ ci ent tha t
wa s di rectl y pro porti onal to the concentra ti on of the im puri ti es, whi ch depends
on ti m e in a special way. W i th thi s aim in m ind, we have chosen a tem perature
functi on, who se negati ve value reÛects ti m edependence of the di ˜usi on coe£ cients
in the exci ted systems. The obta ined uni que analyti cal soluti ons deÙne the rapid
therm al di ˜usi on pro Ùles of indi um in HgCdT e sampl e i rra diated by 4.14 eV pho-
to ns f rom the tung sten halogen lam ps and di ˜usi on of vacanci es i rradi ated in Si
crysta l by soft X- rays. The obta ined analyti cal soluti ons deÙne the rapid therm al
di ˜usi on proÙles in the case of the exci ted system s where vacanci es and im puri t y
ato m s are not in therm al equi l ibri um wi th the latti ce. In thi s situa ti on, the di ˜u-
sion coe£ cients for di ˜usi on of ato m s or vacancies are increased by tho usands of
ti m es.

(459)
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2. Sim i lar it y so lu t ion of t h e nonl inear d i ˜ usio n equ at i on
f or exci t ed sys t em s

W e consider the properti es of soluti ons of the nonl inear di ˜usi on equati on for
exci ted system s. The di ˜usi on coe£ cient in our case is equal to zero in the region
where im puri ti es are absent [1]. The nonl inear di ˜usi on equati on f or the exci ted
system s or for the non- isotherm al case can be wri tten in the fol lowi ng way [2]:
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eÀ E = k T ;
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1
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: (1)

Here, N ( x ; t ) and N s are the concentra ti ons of im puri ti es in the bul k of the crysta l
and in the surface layer, respecti vely. D 0 i s the pre-exponenti al factor and E i s the
acti vati on energy. The temperature functi on T ( t ) depends on param eters a; b ; c

and i t has a singulari ty at the ti me mom ent t 0 . Expressi ng the ti m e t in uni ts of
t 0 , we obta in

T ( t ) = À

1

b ln( z )
; t = z t 0 ; t 0 =

1

c
e

a=b

: (2)

It is very importa nt tha t the tem perature functi on T (t ) corresponds to the
Bol tzm ann stati sti cs for the descripti on of the popul ati on rati o P ( t ) of two quan-
tum levels E 2 > E 1 :

P ( t ) =
! ( E 2 )

! ( E 1 )
= exp [ À E 2 1 =k T ( t ) ] ;

P ( t ) = z E 2 1 b =k ; E 2 1 = E 2 À E 1 : (3)

If b < 0 , then al l exci ted vi brati on states E 2 of the ato m sta ki ng part in di ˜usi on are
popul ated at the ini ti al ti m e, when z ! 0 . By intro duci ng the sim i lari t y vari able

¿ =
x

p

D s t
; D s = D n N s ;

N s = const ; N (x ; t ) = N s f ( ¿) ; (4)

the nonl inear di ˜usi on Eq. (1) can be tra nsform ed into the fol lowing expression:
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The soluti on of the latter equati on was obta ined by expandi ng i t in the fol lowi ng
power series at the maxi mum penetra ti on point ¿0 of im puri ties [3]:

f ( ¿) =

1X

n =1

bn ( ¿ À ¿0 ) n ; 0 ç ¿ ç ¿0 : (6)
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The fol lowing bounda ry condi ti ons must be sati sÙed:

f (0 ) = 1 ; f ( ¿0 ) = 0 : (7)

Substi tuti ng the power series (6) in Eq. (5), we obta in the rela ti ons between coef-
Ùcients bn :

2 n

nX

m =1

( n + 1 À m ) bn +1 À m bm + ˜ ( n À 1 ) b n À 1 + n˜ ¿0 = 0 ;

n = 1 ; 2 ; 3 . . . (8)

Soluti on of the system of Eqs. (8) consisting of Ùveequati ons wi th the bound-
ary condi ti ons (7) yi elds the fol lowing exact results:

b 1 = À

˜

2
¿0 ; b 2 = À

˜

8
; b3 = À

˜

1 4 4 ¿0

; b 4 = À

˜

1 1 5 2 ¿2
0

; b5 = À

1 1 ˜

1 7 2 8 0 0 ¿3
0

; (9)

and the appro xi ma te values of m aximum penetra ti on points ¿0 ; n :
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dependi ng on the num ber n of included coe£ cients bn . W hen ˜ § 1 and b < 0 in
(5), we have very fast di ˜usi on of vacanci es or di ˜usi ng atom s, whi ch are exci ted
at the ini ti al moment of ti m e. The values of ¿0 converg e very rapidly, and f rom
(10) we obta in ¿0 ; 4 = 1 : 6 1 6 2 =

p

˜ ; ¿0 ;5 = 1 : 6 1 6 1 =
p

˜ . Then from (4) we obta in
the fol lowing expression of the coordi nate of the m aximum penetra ti on depth of
im puri ti es:

x 0 ; 5 = 1 : 6 1 6 1

r
D s t

˜
; (11)

whi ch depends on the excita ti on param eter ˜ . The converg ence and uni queness of
the soluti on of Eq. (5) and nonl inear di ˜usi on Eq. (1) wi th ˜ = 1 were pro ved
in [3]. For smal l ˜ and when ¿0 ƒ ¿, Eq. (6) yi elds

l im
x ! 0

f ( ¿) =

1X

n =1

bn (À ¿0 ) n ; f (¿) = 1 : (12)

T aki ng into account tha t ¿0 ; 2 = 1 : 6 3 =
p

˜ and ˜ § 1 , we can conclude tha t
in order to Ùt the experim ental impuri t y pro Ùles wi th the theoreti cal ones, i t is
su£ cient to incl ude onl y the Ùrst two term s in the series (6). Then from (4) , (9),
(10) we obta in the appro xi ma te expression

N ( x ; t ) ¤ N s ( 1 À 0:4075
p

˜ ¿ À 0:125˜ ¿2 ) ;

0 ç ¿ ç ¿0e ; ¿0e = 1 : 6 3 =
p

˜ (13)

for the theoreti cal proÙle of im puri ties or di ˜usi on of exci ted vacanci es. Intro duci ng
the di ˜usi on coe£ cient for the excited system D ex and a new sim i lari t y vari able
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D ex =
D s

˜
; ¿e =

x
p

D ex t
; (14)

we can obta in the soluti on sim i lar to the one given by (6), but wi th the new values
(14) of di ˜usi on coe£ cient D ex and sim i lari t y vari able ¿e. In thi s case, instead of
(13), we have the theoreti cal pro Ùle

N ( x ; t ) ¤ N s ( 1 À 0:4075¿e À 0:125¿2
e ) ; 0 ç ¿e ç ¿0 ; ¿0 = 1:63: (15)

By compari ng it wi th the experim ental proÙle, we can Ùnd D ex . W i th thi s
aim in mind, we use the deri vati ve of the im puri ty concentra ti on pro Ùle (15) at
the surface of the crysta l
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Ù
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: (16)

In the case of di ˜usi on in the exci ted systems, there is a wi de region ¿ < 1

or x <
p

D ex t , where the concentra ti on proÙles can be represented by stra ight
l ines. Such pro Ùles were obta ined for rapid therm al di ˜usi on of indi um [4] into a
Hg CdT e crysta l . The high-energy photo ns wi th energy E = 4 : 1 4 eV from tung sten
halogen lam ps reduced the acti vati on energies for 0.001 part of di ˜usi ng indi um
ato m s. If the exci ta ti on param eter ˜ i s very smal l , then the maxi mum penetra ti on
depths (11) of the impuri ti es are very large. The maxi mum penetra ti on depths in
thi s case can be used f or Ùnding the excita ti on param eters. The rapid di ˜usi on
can be obta ined after the i rra diati on of the di ˜usi on area wi th a smal l absorpti on
coe£ cient in the ground latti ce. Al so we m ust get the resonance absorpti on for
tra nsferring the im puri t y ato ms into the excited states and generati ng the exci ted
vacancies. W e intro duced the exci ted and very fast vacanci es in an Si crysta l [5] by
generati ng the vacanci esat the surface of the crysta l wi th soft X- rays. The exci ted
m etastable state of Si crysta l wi th a high concentra ti on of rapi d vacancies was
obta ined at room tem perature [5]. It is possible to achi eve rapi d vacancy- assisted
di ˜usi on of impuri ti es in the Si crysta l even at room temperature.

It is interesti ng tha t when ˜ vanishesto zero (5) we have superdi ˜usi vi ty [2]:

l im
˜ ! 0

b = b0 ; b0 = À

k

E
: (17)

W hen the maxi mum penetra ti on of im puri ti es (10) into the crysta l tends to inÙnity
(11), a m ore handy expression for the dependence of m aximum penetra ti on depth
on parameter ˜ can be obta ined by substi tuti ng (2) into (11):

x 0 5 ( t ) = 1 : 6 1 6 1
p

D 0 t 0 z ˜ =˜; t = z t 0 : (18)

W hen 0 < ˜ § 1 , then z ˜
¤ 1 . In thi s situa ti on, the superdi ˜usi on can be

achi eved for the ti m e period t 0 . In thi s case we have x 0 = 1 : 6 1 6 1
p

D 0 t 0 =˜ , and
the m axi mum depth of penetra ti on depends on the excita ti on param eter ˜ and
the system relaxa ti on ti m e t 0 . Exci ted ato m s of im puri ti es or excited v acanci es
inv olved in the fast di ˜usi on pro cess are not in therm al equi l ibri um (3) wi th the
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crysta l latti ce. The possibi l i ty to create singly charged vacanci es of hi gh mobi li t y
for a rather long ti me (about 200 m in) in Si crysta l (the size of the crysta l was
3 : 3 3 È 3 :0 6 È 3 :0 9 m m3) wa s demonstra ted experim enta l ly [5]. For smal l values
of the exci ta ti on param eters ˜ , the m axi mum penetra ti on of im puri ti es (18) is
pro porti onal to z ˜ = 2

¤ 1 and i t weakl y depends on di ˜usi on ti me. In thi s case we
have di ˜usi on wi th a speciÙc inerti a. The nonl inear heat tra nsport equati on can
be wri tten in the sam e way as the di ˜usi on Eq. (1).

The therm al inerti a of the response of m etals to ul tra short laser pul ses and
stro ng localizati on of hot electrons were obta ined duri ng the fast laser heati ng
of sol ids [6]. W hen the heat is tra nsported vi a the electro n gas, whi ch is out of
equi l ibri um wi th latti ce, the e˜ect of ul tra fast heat tra nsp ort can be achi eved.
It is possible to expl ain the ul tra fast di ˜usi on using the above-presented model.
Very fast di ˜usi on can be obta ined when the exci ted vacanci es or di ˜usi ng ato ms
of a system [4] are in m etastable states [7] out of equi l ibri um wi th the latti ce for
a su£ cientl y long ti me. We can understa nd rapid di ˜usi on better i f we ta ke into
account tha t the di ˜usi on coe£ cient is di rectl y proporti onal to the popul ati on [2]
of the exci ted states

D s = D 0 P ( t ) ; P ( t ) = z ˜ À 1 ; ˜ À 1 =
E b

k
; t = z t 0 : (19)

W hen ˜ < 1 , at the ini ti al m oment of ti m e al l ground states E 1 are empty and al l
exci ted states E 2 are popul ated. In thi s case, di ˜usi on rate depends on the system
relaxa ti on ti me, whi ch can be characteri zed by param eter t 0 when ˜ < 1 .

3. R esul t s an d co n cl usion s

In the rapid therm al di ˜usi on exp eriments [4] indi um concentra ti on proÙles
in the Hg CdT e sam ple were obta ined. Heati ng was pro vi ded by tung sten halogen
lam ps. Two essential ly di ˜erent ki nds of concentra ti on pro Ùles of di ˜usi ng indi um
were obta ined. Indi um concentra ti on proÙles of the Ùrst ki nd were successful ly
Ùtted wi th the com plementary error functi ons, wherea s the proÙles of the sec-
ond ki nd, whi ch represent the rapi d di ˜usi on, were not Ùtted wi th any real istic
m odel . Less tha n one percent of indi um ato ms were inv olv ed in thi s fast di ˜u-
sion. These experim ental ly detected fast components of di ˜usi ng indi um ato ms
in the Hg CdT e crysta l were acti vated by tung sten{ halogen ul tra vi olet radi ati on.
They can be represented [4] by stra ight l ines up to the depth of 12 ñ m. These
exp erimenta l proÙles of rapid di ˜usi on of indi um can be Ùtted wi th the presented
theo reti cal pro Ùles (15). Using the rapi d components of the di ˜usi on proÙles for
three di ˜erent tem peratures T 1 = 4 5 3 K, T2 = 4 2 3 K, T3 = 3 9 3 K presented [4]
in Fi g. 4 in conjuncti on wi th form ul a (16), the fol lowing di ˜usi on coe£ cients and
m axi mum penetra ti ons depths were obta ined: D ex ; 1 = 14 :4 È 10À 8 cm2 =s, D ex ; 2 =

9:8 È 10À 8 cm 2=s, D ex ;3 = 0:35 È 10À 8 cm 2 =s, x 0 5 ;1 = 3 9 ñ m, x 0 5 ; 2 = 2 7 ñ m,
x 0 5 ; 3 = 2 3 ñ m. The slow di ˜usi on components of indi um ato ms are signi Ùcantl y
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smal ler and are equal to 3 : 5 ñ m , 3 ñ m , 1 : 5 ñ m, respectively. Using param eters [4]
for slowl y di ˜usi ng indi um com ponents D 0 = 1 : 4 5 È 1 0 À 2 cm 2 =s, Â E = 0 :7 7 2 eV,
we calcul ated di ˜usi on coe£ ci ents (1), (4) D 1 = 3 : 8 3 È 1 0 À 1 1 cm 2 =s, D 2 =

9 : 4 4 È 1 0 À 1 2 cm 2 =s , D 3 = 1 : 8 8 È 1 0 À 1 2 cm 2 =s , Com pari ng the obta ined coe£ -
ci ents (14) for rapi d and slow com ponents, we obta ined the fol lowing exci ta ti on
parameters: ˜ 1 = 2 : 6 6 È 1 0 À 4 ; ˜ 2 = 1 : 6 È 1 0 À 4 ; ˜ 3 = 5 : 3 7 È 1 0 À 4 .

No w we can evaluate the last term in the theo reti cal proÙle (15):
0 : 1 2 5 ¿2

e = 0:031 f or the m axi mum experim ental depth x e = 12 ñ m and D ex ;1 .
W e see tha t thi s term is smal l . In thi s case the theo reti cal proÙles, as wel l as the
exp erimenta l proÙles for the three fast components for the di ˜erent di ˜usi on con-
di ti ons of indi um ato ms in the region 0 ç x ç x e, x e = 12 ñ m, can be represented
by stra ight l ines

N i (x ; t ) ¤ N si (1 À 0 : 4 0 7 5 ¿e i ) ; i = 1 ; 2 ; 3 ;

N s1 = 1017 cm
À 3

; ¿e i =
x

p
D ex ; i t i

; t 1 = 4 0 s;

N s2 = 0:9 È 1017 cm
À 3

; t 2 = 3 0 s; N s3 = 3 È 1016 cm
À 3

; t 3 = 6 0 0 s; (20)

whi ch are in good agreement wi th the experim ent [4]. The slow and rapid proÙles
are obta ined when photo ns exci te a part of di ˜usi ng indi um ato ms in HgCdT e
crysta l for a su£ cientl y long period of ti m e.

The rapid vacanci es in Si crysta l were obta ined by irra di ati on of the sampl e
wi th soft X- rays [5]. The dependence of the measured conducti vi ty for conti nuous
current of the Si sampl e on the square root of i rra diati on ti m e is presented in
Fi g. 1 and Fi g. 2 at 2 2 £ C and 1 3 £ C. Vol ta ge of the chro m ium anode was 9 kV and
current in the tub e was 23 m A in both cases.

Fig. 1. Dep endence of conductivity R
À 1

( ¨ cm on square ro ot of the irradiatio n

time when sample temp erature is C .
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Fig. 2. Dep endence of conductivity R
À 1

(¨ cm )À 1 on square ro ot of the irradiatio n

time t when sample temp erature is 1 3
£ C .

The numb er N v of intro duced negati vely charged v acanci es [8, 9] in the
vo lume V = 0 : 3 0 : 3 0 : 3 cm of Si crysta l can be expressed in the fol lowi ng
form :

N v = 0 : 2 7 4 N sx ; x = 1 : 6 1 6 1 D t: (21)

Here, N s i s concentra ti on of vacancies at the i rra diated surf ace, x = 0 :3 cm
is the m aximum vacancy penetra ti on and D i s the vacancy di ˜usi on coe£ ci ent in
Si crysta l . W e see tha t in thi s case the numb er of negati vel y charged v acanci es
[5] or concentra ti on of holes in an Si crysta l is pro porti onal to the square root of
i rra diati on ti m e. From the conducti vi ty dependence on square root of the i rradi a-
ti on ti me presented in Fi g. 1 and Fi g. 2 i t fol lows tha t two ki nds of vacanci es are
di ˜usi ng in the crysta l , when the Cr anode vo l tage is 9 kV [10] and the Roentg en
tub e current is 23 mA. Af ter i rra diati on ti m e t = 1 3 m in at a tem perature of
2 2 C, the crysta l is satura ted by fast sing ly charged vacancies, and by the ti m e
t = 1 6 0 min the crysta l is satura ted by m ore slowl y di ˜usi ng doubl y negati vel y
charged vacancies. At a tem perature of 1 3 C, we obta in tha t the crysta l was sat-
ura ted by f ast vacanci es at 9 m in, and it wa s satura ted by slow doubly negati vel y
charged vacancies at 160 m in. Now, using (11) we obta in

D ( 22 C)

˜ (22 C)
= 4:418 10 5 cm 2=s;

D ( 22 C)

˜ ( 22 C)
= 3:589 10 6 cm 2 =s; (22)

D ( 13 C)

˜ (13 C)
= 6:381 10 5 cm 2=s;

D ( 13 C)

˜ ( 13 C)
= 3:589 10 6 cm 2 =s: (23)

D i ˜usi on coe£ cient of vacanci es obta ined by therm al heati ng [11] is many
ti m es smal ler

D v = ( 3 cm 2=s) exp[ 1:0 eV=k T ] + (1 0 cm 2 =s)exp [ 0:2 eV=k T ] : (24)
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Using thi s f orm ula, we can calculate di ˜usi on coe£ cients of v acanci es ob-
ta ined by therm al heati ng

D v ( 13£ C) = 2:981 È 10À 10 cm 2=s; D v ( 22£ C) = 3:8192 È 10À 10 cm 2=s: (25)

T aki ng into account (11) and (25), we obta in the fol lowing exci ta ti on pa-
ram eters:

˜ À (2 2 £ C) = 8:645 È 10À 6 ; ˜ ÀÀ ( 13£ C) = 4:672 È 10À 6 : (26)

From (3) we can concl ude tha t at the ini ti al mom ent of ti m e al l charged
vacancies obta ined by the Aug er e˜ect are in exci ted states.

These fast exci ted vacanciescan beused to obta in very fast im puri t y di ˜usi on
in sil icon at room temperatures, l ike f ast di ˜usi on of indi um ato ms in the HgCdT e
crysta l , whi ch was acti vated by tung sten{ halogen ul tra vi olet radi ati on [6]. Thi s
opens the possibi li ti es for new m etho ds in nanotechno logies, where soft X- rays
can be used.

W e pro posed an ori ginal metho d for the deÙniti on of vacancy di ˜usi on coef-
Ùcients. W e obta ined fast negati vel y charged vacanci esusi ng soft X-rays instead of
1{ 3 MeV electron i rradi ati on whi ch wa s general ly used for thi s purp ose [12]. There
wa s conÙrmed tha t the m ovement energy of vacancies conta ined a part of energy
of thei r pro duci ng. W e also determ ined tha t di ˜usi on coe£ cient of singly nega-
ti vel y charged vacanci es increases wi th decreasing tem perature (see (22), (23)),
and the di ˜usi on coe£ cient of doubl y negati vel y charged vacanci es is the sam e for
tem peratures 1 3 £ C and 2 2 £ C.

The negati vely charged v acanci escause an increase in hole concentra ti on Â p

and hence an increase in conducti vi ty [13]:

Â ¥ = Â p eñ p : (27)

Using hole m obi l it y [13] ñ p = 5 0 0 cm 2 = (V s) and the expression [5, 8]:

Â p V = 0 : 2 7 4 5 N s x 0 (28)

f or the numb er of vacanci es intro duced by di ˜usi on into the volum e V =

0 : 3 È 0 : 3 È 0 : 3 cm 3 of the crysta l , when density of i rra diated vacanci es on the
surf ace wa s N s ; in conj uncti on wi th the m easurement results presented in Fi g. 1
and Fi g. 2, we obta ined the fol lowi ng results for the tem perature 1 3 £ C:

Â p À = 3 : 7 4 5 È 1 0 1 1 cm À 3 ; N sÀ = 4 :548 È 1012 cm À 1 ;

Â p ÀÀ = 3 : 7 4 5 È 1 0 1 1 cmÀ 3 ; N s ÀÀ = 2:274 È 1012 cm À 1 ; (29)

and for the tem perature 2 2 £ C:

Â p À = 3 : 7 4 5 È 1 0 1 1 cm À 3 ; N sÀ = 4 :548 È 1012 cm À 1 ;

Â p
ÀÀ

= 3 : 7 4 5 È 1 0 1 1 cmÀ 3 ; N s ÀÀ
= 2:274 È 1012 cm À 1 : (30)
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Tho se results indi cate tha t the num ber of pro duced vacanci es does not de-
pend on tem perature. Using the resistance of the sampl e R 1 = 1 8 2 4 0 ¨ ,
R 2 = 8 3 8 4 ¨ at tem peratures T 1 = 2 8 6 K, T2 = 2 9 5 K, respectivel y, we obta ined
the forbi dden gap wi dth Â E g = 1:257 eV.

The negati vel y charged vacanci es behave l ike accepto rs and increase
electri cal conducti vi ty of silicon. The di ˜usi on coe£ cients of sing ly charged
vacancies (D À = 3 : 0 5 È 1 0 À 6 cm 2 =s) and doubl y charged vacanci es (D ÀÀ =

1 : 4 7 È 1 0 À 6 cm 2=s) at room tem perature (about 290 K), whi ch was obta ined
from Fi g. 1 and (21). They are about 1 0 4 ti m es larger tha n di ˜usi on coe£ cients
of vacancies obta ined by therm al heati ng [11], and thi s fact can be expl ained by
exci ta ti on of Si latti ce. A very long dura ti on (m ore tha n 400 m in) of exi stence of
the exci ted vacancies in Si crysta l and thei r abi l i t y to move very fast opens up new
possibi l i ti es for rea l izati on of technologies where X- rays can be used in pro ducti on
of new m icropro cessors and new devi ces. W e can say tha t the predi cted possibi l i ty
of superdi ˜usi on when the ato m s tha t surro und vacanci es are in exci ted states [1]
has been practi cal ly real ized exp erimenta l ly [5].

The presented m odel of di ˜usi on in exci ted system s and exp erimenta l resul ts
[5, 9] can be used for the inv estigati on of rapi d di ˜usi on in exci ted semiconducto rs.
The pro posed m odel can be also useful for the investi gatio n of vacancy di ˜usi on
in exci ted crysta ls.
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