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W e study one- and t w o-di mensiona l systems of tw o inte ractin g particles

in a time dep endent harmonic potential . In a case of one-dimension al geom-
etry a frequency of the potential varies p erio dical l y, w hile in the tw o-dimen-
sional case the harmonic potential rotates with a constant angular velo city .

W e show that depending on the drivin g frequency the distance b etw een the
particles can either explo de or stay bound. Repulsi ve interaction can pre-
vent the explosion , w hich seems quite counter- intuitive. Our work is related
to Ecole N ormale SupÇerieure experiment and show s that the e˜ect found

there is purely classica l.

PACS numb ers: 03.75.{b, 03.75.Fi

1. I n t rod uct io n

Seven years after the achievement of Bose{ Ei nstein condensati on in tra pp ed
ul tra -cold ato mic gases, new im pressive exp eriments are reported. They sti m ulate
a pro gress in the arra y of dyna m ics of quantum degenerate gases. In thi s paper
we study classical and quantum m odels of intera cti ng parti cles subject to the
parametri c resonance [1{ 6]. Our study was tri ggered by the recent exp eriment
of the Ecole No rm ale SupÇerieure group [7], in whi ch a gas of ul tra -cold ato ms
tra pped in a harm onic potenti al was exposed to a cri ti cal ro ta ti on, i .e. ro ta ti on
wi th a frequency close to the tra ppi ng frequency. In the experim ent two di ˜erent
typ es of dyna m ics had been identi Ùed:
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¯ Expl osion, where under the inÛuence of the rotati ons the cloud expands in
one di recti on. Thi s happens for a di lute cl oud at a tem perature above a
cri ti cal one.

¯ The regime, where the cloud spira ls out of the tra p as a ri gid body . Thi s
situa ti on ta kes pl ace for the BoseÀ Ei nstein condensate wi th the su£ cientl y
stro ng repul sive intera cti on.

Thi s behavi or is typi cal of the param etri c resonance, but i t refers now to the
interna l degrees of freedom of the system rather tha n to the m oti on of the center
of mass. Cl earl y ato m{ atom intera cti ons m odi f y the dyna mics, but the e˜ect is
counter- intui ti ve: repul sive intera cti ons (i m porta nt when the ki neti c energy be-
comes smal l ) prevent spreadi ng of the condensate. Som e insi ght may be obta ined
from appro xi mate analyti c soluti on of the GrossÀ Pi ta evskii (G P) equati on. Au-
tho rs of paper [7], using an Ansa tz wa ve functi on

ê ( x ; y ) / exp ( i ˜ x y À Ùx 2 =2 À Ûy 2 =2 )

and extrem izing the GP energy functi onal wi th respect to the real param eters
˜ ; Ù , and Û expl ained the behavi or of the gas in the exp eriment and attri buted a
change of the stabi l ity of the system to the frequency shi ft o f the quadrupl e m ode.
Thi s shift dri ves the system out of the resonance wi th the rota ti on frequency.

In thi s paper we study the sim plecl assical and quantum m odels of intera cti ng
parti cl es and we show tha t the e˜ect of stabi l izati on of the ato m ic condensate
expansi on is a purel y classical phenom enon. The paper is organi zed as f ollows:

In Sect. 1 we study a classical one-di mensional system of tw o intera cti ng
parti cl es, conÙned in the externa l harm oni c potenti al wi th a m odul ated frequency.
W e show tha t the stabi l i ty condi ti ons of such dyna m ics depend cruci ally on the
inter- ato m ic intera cti on. T o pro ve thi s point we compare the results of the classical
dyna mics in two cases: (a) non- intera cti ng ato ms; (b) ato ms repel ling each other
vi a a Gaussian potenti al .

In Sect. 2 we analyze a tw o-dimensional system of two parti cles in the ro-
ta ti ng harm onic tra p. W e solve both the Schr�odi nger equati on and the Newto n
equati on for the relati ve coordi nate in the rota ti ng frame of ref erence. W e show
tha t both appro aches lead to qual i ta ti vely sim i lar resul ts. Thi s model di rectl y
ref ers to the experim ent [7] and resembles the results based on the GP equati on.

2. O ne-d im ensio nal m odel

W e start wi th a one-di mensional m odel . Let us consi der a system of two
parti cl es of m ass m intera cti ng by the repul sive force f ( x ) and conÙned by the
externa l harm oni c potenti al of frequency ! . Addi ti onal ly, thi s frequency is m od-
ul ated periodically and we denote by ¯ and Û an am pl itude and a frequency of
m odul ati on, respectivel y. The Newto n equati ons of m oti on read

�x 1 + [1 + ¯ cos( Ût ) ]x 1 = f ( x 1 À x 2 ) ; (1)



Har moni cal ly T rapped C lassical Gas under C r i tical Rot ation 401

�x 2 + [1 + ¯ cos( Ût )] x 2 = À f ( x 1 À x 2 ) ; (2)

where x 1 and x 2 are the coordi nates of the Ùrst and second parti cle, respectively,
and ! deÙnes the uni t of frequency, ti me is m easured in uni ts of § = 1 = ! . For
sim pl icit y we consider a Gaussian inter- parti cle potenti al , hence the expression for
the mutua l repul sive force f ( x ) ta kes the form

f ( x ) = 1

2
g x exp

À
À

1

2
x 2

Â
; (3)

where g i s the intera cti on strength. Up on separati ng the center of m ass m oti on
(whi ch is not a˜ected by the inter- ato m ic intera cti on) and relati ve moti on, we
obta in for the relati ve coordi nate x r = x 1 À x 2 the fol lowi ng equati on:

�x r + [1 + ¯ cos( Ût )] x r = g x r exp
À

À
1

2
x 2

r

Â
: (4)

We now present the resul ts of the num erical analysis of (4). The soluti on x r ( t )

depends on three param eters: ¯ ; Û, and g . Accordi ng to long ti m e behavi or we
cl assify the soluti ons into two classes

¯ expl oding | when the distance between the parti cles is not bounded,

¯ bound | when the distance between the parti cles does not exceed a certa in
value.

The results of num erical analysis of the one-dim ensional case are summ a-
ri zed in Fi gs. 1a and b, where we vary Û and ¯ wi th g Ùxed. We mark the un-
stable soluti ons in black. W e ha ve chosen the ini ti al condi ti ons x r ( 0) = 1 and
_x r ( 0) = 0, and the cri teri on, accordi ng to whi ch the soluti on is considered to be
expl oding (unsta bl e), i f duri ng 5 0 0 § the absolute value x r ( t ) exceeds 10. Co mpar-
ing Fi gs. 1a (wi th g = 0 ) and b (wi th g = 5 ) we conclude tha t when we turn on
the intera cti ons, the region of unsta bl e soluti ons in the ÛÀ ¯ pl ane is shi fted to-
wa rds higher values of ¯ and to wards smal ler values of Û. Both e˜ects have a clear
m eani ng. The shift to wards smal ler values of Û i s caused by the change of reso-
nance f requency of the system when we turn on the intera cti on between parti cles.

Fig. 1. Stabili ty diagram for the non- interacting ( g = 0 ) (a) and w eakly interacting

( g = 5 ) (b) systems in the ¯ variables. Instability regions are marked in black.
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The phenom enon whi ch we cal l an expl osion of the tra jectori es wi l l occur for g 6= 0

at di ˜erent frequency, a doubl ed new resonance f requency of the system. It fol lows
from the general theo ry of the parametri c resonance tha t we shoul d observe the
expl osion at the frequenci es 2 Û=n , where n i s an arbi tra ry integ er, but the one at
2 Û i s the most pronounced. The shif t to wards hi gher values of ¯ i s a m ani festa-
ti on of the increase in stabi l i ty of the system wi th the increase in the intera cti on
streng th and is also present in the work of Rosenbuch et al . [7]. W e wo uld l ike to
stress tha t the shape of the bl ack region depends on the choice of ini ti al condi ti ons,
but the general trends pointed out above are general .

3. T wo -d im ens ion al m odel

No w we turn to the sim ulati ons of the dyna m ics of a two -dim ensional sys-
tem . Two -dimensional geom etry a llows us to incorporate a rota ti on of the tra p
and theref ore to m imi c the condi ti on of the exp eriment [7 ]. We wi l l , however,
sti l l consider a two- parti cl e system , or m ore preci sely two intera cti ng parti cles
in the rota ti ng harm oni c tra p. Thi s restri cti on al lows for expl icit trea tm ent of
two -body intera cti ons wi tho ut the mean Ùeld approxi mati on whi ch leads to the
Gross{Pi ta evski i equati on. W eassume tha t the parti cl esrepel each other by m odel
forces described by a Gaussian- like potenti al

V in t = g exp

˚

À

r 2

2 l 2
0

Ç

; (5)

where g i s a parameter describi ng the intera cti on strength, whi le r = ( x ; y ) i s a
relati ve coordi nate. The param eter l0 determ ines an e˜ecti ve range of the potenti a l.
W e set i ts value to l0 = 0 : 4 a H O , where a H O =

p
ñh= ( m! ) . In the fol lowi ng we use

oscil lato ry uni ts, i .e. the uni t of distance is a H O , the uni t of ti m e is § = 1 = ! , and
the uni t o f energy is ñh! .

Since the center of m ass and relati ve coordi nate separate and intera cti on
potenti al does not inÛuence the center of mass moti on we wi l l onl y consider the
dyna mics of the relati ve coordi nate. It is governed by the fol lowing Ham i lto ni an:

H = 1

2
(p 2 + r 2 ) + g exp

˚
À

r 2

2 l 2
0

Ç

+ 1

2
¯ [ ( y 2

À x 2 ) cos(2 ¨ t ) À 2 x y sin(2 ¨ t )] ; (6)

where ¨ is the rota ti on frequency and ¯ i s a param eter tha t m easures an ani sotro py
of the rota ti ng potenti al . No ti ce tha t i f we want to establ ish a corresp ondence
between our one- and two -dim ensional m odels we have to put Û = 2 ¨ . In our
sim ulati ons we assume tha t an ini ti al sta te is a ground state of the ti m e inde-
pendent part of the Ha mi lto nian (6), i .e. we assume tha t ini ti al ly the rota ti on is
turned o˜ and ¯ = 0 . W e determ ine the ini ti al wave functi on and i ts energy ñ

(f or any parti cul ar value of g ) by num eri cal ly solvi ng the corresp ondi ng stati on-
ary Schr�odinger equati on. Thus the generated ini ti al sta te is then evolved wi th
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the ful l ti m e dependent Ham i lto ni an (6), tra nsform ed to the frame rota ti ng wi th
the frequency ¨ . Hence we assume tha t the rota ti on is turned on the very short
ti m e scale, short in compari son wi th the characteri stic ti me of the wave functi on
dyna mics.

Para l lel to thi s quantum m echanical version of the simul atio ns we perform a
correspondi ng classical one. In the latter we solve the classical equati ons of m oti on
deri ved from the classical Ham i l to nian of the form (6). In thi s case we specify
the ini ti al condi ti ons by cho osing N = 1 0 0 0 ini ti al phase-space points selected
accordi ng to the classical m icro canonical distri buti on, i .e. wi th the phase-space
density proporti onal to

£ ¿ £ ( H ( p ; r ) À ñ ) (7)

wi th an addi ti onal condi ti on of zero angul ar m omentum , L = r È p = 0 . The
phase-space distri buti on obta ined thi s way is analogous to the quantum pro babi l -
i ty density ( j ê 0 ( r ) j

2 ). W e compare resul ts obta ined in the quantum and classical
calculati ons. The simi lar phase-space averaging m etho ds have been used for de-
scripti on of an ioni zati on process of the hydro gen ato m [8].

In Fi g. 2 classical and quantum spati al distri buti ons at a ti me t = 2 0 § are
shown in the case of weak intera cti ons (g § 1 ). The Ùnal di stri buti on becomes
elongated in one di recti on. As we see, under these condi ti ons both appro aches
predi ct expl osion of the system under the param etri c resonance rota ti on. It can be
easily understo od, i f we keep in m ind, tha t in the absence of repul sive intera cti on
the system is unstabl e in the fol lowi ng range of rota ti on frequenci es:

p

1 À ¯ < ¨ <
p

1 + ¯ : (8)

If the ini ti al ki neti c energy of the system is m uch larger tha n the intera cti on energy
then the above condi ti on (8) deÙnesthe region of unb ound (unsta bl e) moti on. Thi s
is a reason f or the expl osion observed in Fi g. 2. We exp ect, however, tha t when
the streng th of repul sive intera cti on increasesand the rotati on frequency rem ains
constant, the system wi l l eventua l ly becom e stable, accordi ng to the indi cati ons
tha t we obta ined from the one-dim ensional model . It happens at the expense of the
change of the resonance frequency of the system , whi ch depends on the intera cti on
streng th. As we see in Fi g. 3, whi ch shows the dyna m ics for much greater value
of g the quantum and classical di stri buti ons again generate qui te sim i lar results.
The tw o parti cles cannot be found close to one another because of the repul sive
intera cti ons. Thi s is the ori gin of a centra l ho le vi sibl e in the Ùgure. If we look at
the sing le-parti cle densi ty , whi ch is proporti onal to the probabi l i t y of Ùndi ng one
parti cl e at a given space point, regardl essthe positi on of the second one, we woul d
not observe such a feature.

In order to systemati cally check the stabi li ty of the system wi thi n the classi-
cal appro ach we deÙne the \ expl osion" pro babi li t y P e as a fracti on of the \ expl od-
ing" tra jectories N e; P e = N e=N . The tra jectory is considered to be \ expl oding"
i f after som e ti me T the Ùnal ampl itude of relati ve coordi nate exceeds a certa in
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Fig. 2. C lassical (a) and quantum (b) spatial density in the relative coordinate space

for g = 1; ¯ = 0 : 2; ¨ = 1 at the time t = 20 § .

Fig. 3. C lassical (a) and quantum (b) spatial density in the relative coordinate space

for ¨ at the time .

value r T > R . W e arbi tra ri ly set v alues of these param eters to T § and
R . Our results very weakl y depend on the choice of these param eters.

In Fi g. 4 we present the expl osion probabi l i t y in the space of param eters ¨

and g for two values of the parameter " : and " : . In the Ùrst case the
unsta ble region (the black area) dim inishes wi th increasing intera cti on strength.
If the intera cti on strength exceeds the cri ti cal value of g : al l tra j ectori es are
bound in the who le range of rota ti on frequenci es.

The situa ti on is di ˜erent for larger anisotro py " : . The unsta ble region
shri nks wi th increasing g but never di sapp ears. In addi ti on, in a relati vely wi de
region of frequenci es the escape probabi l i ty is larger tha n zero but signi Ùcantl y
smal ler tha n 1. W e can disti ngui sh theref ore, two di ˜erent ki nds of instabi l i ty .
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Fig. 4. Stability diagram: (a) " = 0: 1; (b) " = 0 : 2. T he darkest area corresp onds to

a fully unstable regime while areas of a di˜erent gray scale intensity corresp ond to a

partial instabil i ty .

Fig. 5. C lassical (a) and quantum (b) spatial density in the relative coordinate space

for g = 10 ; ¯ = 0 . N ote that some fragments separate and leave the area of

the central cloud.

The Ùrst one | almost all considered tra jectori es are unb ound, 1. Thi s is the
darkest region in Fi g. 4. The second is the one, where onl y a fracti on of ini ti al data
corresponds to unb ound m oti on. Thi s situa ti on corresponds to di ˜erent intensi ti es
of the gray scale in the Ùgure. In parti cul ar the l ight gray colour corresponds
to 0 1. A typi cal Ùnal density distri buti on in such a situa ti on is shown
in Fi g. 5. Ma ny tra jectories stay bound whi le a few tra jectori es are expl odi ng.
The system breaks into f ragm ents. Thi s scenari o is also val id in the quantum
trea tm ent. However, such soluti ons cannot be described by the Ansa tz assumed
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in [7 ]. To com pute the sing le parti cle pro babi l i t y density we have to integ rate over
al l positi ons of its companion:

j ˆ ( r 1 ; t ) j
2 =

Z
dr 2 j ˆ Ê

re l ( r 1 À r 2 ; t ) ˆ C M ( r 1 + r 2 ; t ) j
2 ; (9)

where ˆ re l ( r 1 À 2 ; t ) is a wave functi on of relati ve coordi nate. It is a soluti on of the
ti m e-dependent Schr�odinger equati on wi th the Ham i lto ni an given by Eq. (6) and
wi th a substi tuti on : = 1 À 2 : ˆ C M ( 1 + 2 ; t ) is a wa ve f uncti on of the center
of m ass whi ch is the ground state of the tra ppi ng potenti al . Fi gure 6 shows the
sing le parti cle density for the sam e set of param eters as in Fi g. 5. It is clear tha t
the sing le parti cle density distri buti on is in som e respect simi lar to the relati ve
coordi nate density distri buti on. In both casesone observes tha t piecesof the wa ve
functi on are deta ched from the centra l part, whi le the shape of the centra l part
of wave f uncti on does not substanti al ly di ˜er from tho se obta ined in the stable
region. Thi s situa ti on resembles the behavi or of the system in the classical lim i t,
where onl y fracti on of the tra jectori es in the phase space are stabl e.

Thi s alm ost classical behavi or of the quantum wave functi on does depend on
the intera to m ic intera cti on potenti al . W e tested the soluti ons of the Gross{Pi ta ev-
ski i equati on both in the regim e of the param eters analogous to tha t used above
and outsi de thi s region. In al l the caseswhere we perform ed the test, the dyna m ic
of the wa ve functi on agreed well wi th the self-simil ar soluti ons and no parts of the
wa ve functi on were detached.

In conclusi ons, we perform ed classical and quantum stabi l ity analyses of
the two -parti cle system close to the param etri c resonance. The analysis presented
here pro ved tha t the stabi l izati on of the expandi ng wa ve functi on in the rota ti ng
harm oni c tra p due to the intera to m ic intera cti ons observed in the experim ent of
R osenbuch et al . [7] has a purel y cl assical analog. In addi ti on we ha ve identi Ùed
regim es of param eters when som e smal l fragments of the ini ti al cloud escape in a
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certa in di recti on whi le most of the system survi ves the expl osion. Thi s pro perty
wa s not found in the Bose{Ei nstein condensate dyna mics.
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