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In the paper ther modynam i c prop ertie s of an arti Ùcial neural netw ork
are analy zed in a way analo gous to spin glasses theory . Synaptic connections

are calcula ted numerically according to the H ebb rule and their distribu -
tion is obtained for di˜erent characteristics of stored patterns. T he phase
diagrams and magnetizatio n are established in dependence on the temp er-
ature of the netw ork and the external Ùeld (threshold ). I t w as show ed that

changing control parameters typical of artiÙcial neural netw ork (i. e. numb er
of stored patterns and pattern bias level) one obtains the results similar to

the Sherrington { K irk patri ck mo del of spin glass.

PACS numb ers: 75.10.H k

1. I n t rod uct io n

The ther m odyna m ics of the HopÙeld m odel of arti Ùcial neura l netwo rks
(ANN) wi th synapti c connecti ons resulti ng from a set of rando m patterns stored
in the netwo rk and T > 0 was investi gated extensi vely since years (see e.g. [1{ 4]).
In the majori ty of papers thi s analysis is based on the simi lari ty of ANN to spin
glasses. As i t is well kno wn, spin glasses are an exam ple of spati al ly disordered
m agneti c systems in whi ch ferrom agneti c im puri ties are random ly distri buted in
the diam agneti c m etal (e.g. CuMn, AuF e) and coupl ed by the long-rangeexchange
intera cti ons wi th the signs depending on the distance between magneti c ato m s (see
e.g. [5]). Ma ny autho rs inv estigated spin glass system s, because of i ts interesti ng
physi cal properti es e.g. frustra ti on, the lack of ergodici ty etc. [6{ 13]. In the most
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popul ar m odel of spin glasses proposed by Sherringto n and Ki rkpa tri ck [6, 7] a
set of the Ising spins S i ( i = 1 ; 2 ; 3 ; . . . ; N ) is located in a periodi c latti ce. Spins
are coupl ed by the inÙnite range exchange intera cti ons J i j distri buted wi th the
Gaussian pro babi li ti es. Ma gneti c properti es of such a system can be calcul ated
usi ng stati stical physi cs wi th some special appro xi m ati ons e.g. repl ica metho d for
calculati on of free energy [6, 7]. As a result, a magneti c phase di agram is found
whi ch shows the ranges of the stabi l i ty of spin glass, ferromagneti c and param ag-
neti c phases in dependence on average value of exchange intera cti ons J 0 and the
tem perature T .

Simi lar diagram s were found for neura l netwo rks. It was possible to deter-
m ine the ranges of stabi l i ty of neura l netwo rk states wi th respect to the memory
pro perti es of the netwo rk. Such results were obta ined for the Ùrst ti m e by Am it et
al . [14].

In the present work the HopÙeld model of neura l network is investigated
num erical ly for the case of random, bi ased patterns stored in the network, whi ch
enabl es to com pare the resul ts wi th the results of the Sherri ngto n À Ki rkpa tri ck
m odel of spi n glass. Al so the inÛuence of externa l Ùeld h ex t on the system is
inv estigated. In contra st to other m odels we do not assume a pr ior i a special
di stri buti on of connecti ons param eters J i j , but evaluate i t num erically for every
set of patterns ini ti ally stored in the netwo rk.

2. T he m odel

In our m odel neura l netwo rk consists of N neurons S i = Ï 1 , whi ch are
up dated synchro nically accordi ng to the rul e

S i ( t + 1 ) = +1 wi th probabi l i ty equal to
1
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where h ext i s the externa l Ùeld and h i ( t ) i s the local Ùeld given by

h i ( t ) =

NX

j 6= i

J i j S j ( t ) : (2)

Synapti c connecti ons J i j were calcul ated using the Hebb rul e for the set of p random
patterns f ¿

ñ

i
g ; ñ = 1 ; 2 ; 3 ; . . . ; p . In our com puta ti ons the case of random unbi ased

and random biased patterns were used. On the basis of centra l l im it theo rem J i j

are random variables wi th the Gaussian distri buti on, mean value J , and vari ance
˚ 2 = p =N [ 1 5 ] :
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The pro cess of form ing Gaussian di stri buti on of synapti c connecti ons when
p = 2 0 random and unbi ased patterns is stored in the netwo rk wi th N = 1 0 0

neuro ns is shown in Fi g. 1. In thi s case the di stri buti on of synapti c connecti ons is
sym m etri c and J = 0 . For the biased random patterns the synapti c connecti ons
are non-sym metri c. Its form for the case of p = 1 ; 5 ; 1 0 ; and 30 patterns, in whi ch
the pro babi l ity P of app earance of the value S i = +1 of a neuro n ranges f rom
P = 0 : 5 to P = 1 , stored in the netwo rk wi th N = 1 0 0 neurons, is shown in
Fi g. 2. The dependence of the mean value of synapti c connecti ons distri buti on on
the value of pro babi l i ty P is shown in Fi g. 3 for the case of p = 2 0 and p = 4 0

stored patterns.

Fig. 1. Distribu tion of synaptic connection s for N = 1 00 and p = 20 (numb er of

random and unbiased patterns) and di˜erent values of parameter P (mean value of S

for a stored pattern).
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Fig. 2. Distribu tion of synaptic connections for N = 100 ; P = 0: 5 and for p = 1; 5; 10 ,

and 30.

Fig. 3. Dep endence of the mean value of as function of the probabil ity for tw o

values of : .

The phase diagram of the netwo rk under investigati on wa s found by calcu-
lati on of m agneti zati on

(4)

where m eans the averaging over di ˜erent rea lizati ons of di stri buti on of synapti c
connecti ons (equals in our com puta ti ons to 100). Ma gneti zati on is non-zero in
ferrom agneti c phase and in spin glass and paramagneti c phase. In order
to di ˜er spin glass and paramagneti c pha se observati on of the order parameter

is necessary . Thi s quanti ty whi ch shows the ti m e correl ati on of the values of
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spi ns was di ˜erentl y deÙned, because of the non-ergodi city of spin glass system s
[6, 7, 16, 17]. In our calculati ons we used a deÙniti on

q ² l im
t ! 1

h S i ( t r ) S i ( t À t r ) i J ; (5)

where t r i s the relaxa ti on ti me of the netwo rk duri ng the evoluti on, whi ch was
appro xi m ated indivi dual ly for each run of com puta ti ons. Random distri buti ons
of the ini ti al sta tes of neurons S i (0 ) as ini ti al condi ti ons for com puta ti ons and
synchro nous dyna m ics were used.

3. R esul t s an d d iscu ssio n

The m agneti zati on as a f uncti on of tem perature M ( T ) for di ˜erent values of
pro babi l ity P (i .e. di ˜erent bias of patterns) is shown in Fi g. 4. From thi s Ùgure
i t fol lows tha t in low tem peratures the system is ferrom agneti cal ly ordered. W hen
the tem perature increases, the therm al Ûuctua ti ons of neuro ns lead to decrease in
m agneti zati on. W hen the probabi l i ty P of exci ta ti on of each neuron increases, the
decrease in M ( t ) i s slower, because the orderi ng inÛuence of local Ùelds, com ing
from other neurons, is greater. Consequentl y, the cri ti cal temperature T c , in whi ch
M ( t ) reaches zero, increases wi th the probabi l i t y P (Fi g. 5).

Fig. 4. Temp erature dep endence of magnetizati on M for three values of P ( p = 20 ):

full .

Fig. 5. Dep endence of the critical temp erature on .
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Fig. 6. Phase diagram ( P ; T ) for the netw ork considered.

Fig. 7. T emp erature dependence of M on the external Ùeld (threshold) h ex t :

¯ h e xt = À 1; full Â h ext 2.

Ca lcul ati ons of the parameters and (Eqs. (4), (5)) f or the asym pto ti c
behavi or of the netwo rk in i ts ti me evoluti on for di ˜erent temperatures and di ˜er-
ent values of probabi l i t y al low to Ùnd phase diagram of the considered netwo rk
(Fi g. 6). It shows the ranges of stabi l i ty of ferrom agneti c ( ), spin
glass ( ) and param agneti c phases ( ). It can be no-
ti ced tha t thi s phase diagram agrees rather wel l wi th the phase di agram obta ined
for the m agneti c system by Sherri ngto n and Ki rkpa tri ck, as well as wi th later
resul ts [18].

T aki ng in our assumpti ons into account externa l Ùeld, i t is interesti ng to
interpret thi s param eter in the term s of the mean Ùeld theo ry appl ied to ANN.
In the m ean Ùeld theory the therm odyna m ical average of a spin equals to
ta nh . The mean value of the Ùeld is equal to

(6)

If we assume the Hebb rul e for , then the above relati on may be rewri tten in
the fol lowing form :
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Fig. 8. Relation M ( h e xt ) for di˜erent temp eratures: ¯ T = 10
À 6 ; full Â .

Fig. 9. Relation for 0 and di˜erent temp eratures:

; full .

Fig. 10. T he susceptibil i ty of the netw ork as function of temp erature for vanishing

external Ùeld.

=
1

+ (7)

where = has the m eani ng of a stabi l izing factor ari sing from the
stored patterns.

InÛuence of the externa l Ùeld as an orderi ng factor can be observed at
( ) curves (Fi g. 7). Increa se in externa l Ùeld causes the satura ti on even in low

tem peratures. On the other hand, when the temperature increases, m agneti zati on
does not fal l to zero, and spi n glass phase is not observed [8{ 10]. Com peti ti on
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between orderi ng inÛuence of h ext and disorderi ng inÛuence of T i s seen in Fi g. 8,
where the m agneti zati on as a functi on of h ext for di ˜erent values of tem perature
is shown. The last two Ùgures (Fi gs. 9, 10) show the behavi or of M for very weak
Ùelds. There exi sts a cri ti cal value of T , above whi ch the suscepti bi l i ty roughl y
fol lows the Curi e{W eiss law.

Co ncludi ng, i t can be noti ced tha t the therm odyna mic properti es of the
Ho pÙeld neura l netwo rk are simi lar to the pro perti es of spi n glass m agneti c sys-
tem , whi ch wa s a basis f or stati stical descripti on of arti Ùcial neura l netwo rks
[1, 2, 14, 15]. The m odel used in thi s paper has a m ore general character and
m ay easily be extended to m ore sophi sti cated netwo rks.
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