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Exact periodic wave solutions to two types of modified Boussinesq equa-
tions are obtained by the use of the Jacobi elliptic function method in a
unified form. Some new, general solitary wave solutions are presented.
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1. Introduction

The travelling wave solution, meaning a solution of constant form moving
with a fixed velocity, is one of the fundamental objects in the study of equations
modelling wave phenomena. Of particular interest are three types of travelling
waves: the solitary waves, which are localized travelling waves, asymptotically zero
at large distances, the periodic waves, and the kink waves, which rise or descend
from one asymptotic state to another. Recently, the periodic wave solutions to
nonlinear evolution equations has attracted considerable interest [1-6]. Porubov
et al. [1-3] have obtained some exact periodic wave solutions to some nonlinear
wave equations in terms of the Weierstrass elliptic function. However, their method
involves complicated deducing. Liu et al. [4, 5] proposed the Jacobi elliptic function
method for finding periodic wave solutions to nonlinear evolution equations, but
this method involves tedious calculation. In this paper, we use the Jacobi elliptic
function method in a unified form to find exact periodic wave solutions to two
types of modified Boussinesq equations. Some new solitary wave solutions are
presented.
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2. Periodic wave solutions to the first type
of modified Boussinesq equations

The first type of modified Boussinesq equations [7] is

where the subscripts denote partial derivatives. We seek for its travelling wave
solution of the form

H(z,t) = H(), u(zx,t)=u(l), §&=kr—uwt. (2)
Without loss of generality, we define & > 0. Substituting Eq. (2) into Eq. (1) and
integrating once, we obtain

—wH + k(Hu) + kv’ = C1, —wu+kH + Lku? = (s, (3)

where the prime denotes the derivative with respect to & (throughout the paper),
(4 and Cy — integral constants. We assume that Eq. (3) has solution in the form

H=Ag+ A f+Asf*, u=DBy+Bif, (4)
with f satisfying the following equation:
fr=pftaf’ fP=pf+ Saft 4 (5)

where p, ¢, and r are constants to be determined.

Remark. Generally, H, u should be expanded into Zi’:o A ft and
Si o Bift, respectively, where [ and n are determined by balancing the high-
est order of derivative term and nonlinear term in Eq. (1), that is [ = 2, and
n = 1. Thus we obtain Eq. (4). The use of Eq. (5) is the key of our method. If we
use the Jacobi elliptic function method [4, 5], in Eq. (4) f should be replaced by
sné, cné, dné, and cs&, respectively.

The substitution of Eq. (4) into Eq. (3) and use of Eq. (5) yields (equate
coefficients of like powers of f to zero)

AsBi+¢k*Bi =0, —wAs +k(A1B1 + A2 Bo) = 0,
~wAy + k(Ao By + A1Bo) + pk* By =0, —wAg + kAo By = C,
kAs +LkBi =0, —wBi +kA1 +kBoBi =0,

—(.UBQ + kAO + %k’Bg = Cz, (6)
from which we have
Ag=—pk®, A1 =0, Ay=—qk* By= %, B1 = £+/24k, (7)

which demands ¢ > 0.



FEzact Periodic Wave Solutions . .. 419

Therefore the exact solution of Eq. (1) reads

H = —pk? — qk2f?, u:%j:\/quf, (8)
with f satisfying Eq. (5).

As examples, we discuss the following two cases.

Case 1. p= —(1+m?), ¢ =2m? r=1.

In this case, Eq. (5) has solution f = sn€, so we obtain periodic wave solution
to Eq. (1)

H =14+ m*k* - 2m?*k*sn?(kxr —wt), u= % + 2mksn(kz — wt). (9)

As m — 1, sné — tanh &, and we get solitary wave solution of Eq. (1)

H = 2k%sech?(kx — wt), u= % + 2k tanh(kz — wt). (10)

Case 2. p=2-—-m?, ¢=2, r=m?=1-—m?.
Now the solution of Eq. (5) reads f = c¢s{ = cn&/sné. Thus another periodic

wave solution to Eq. (1) is

H=—(2-m*k?* - 2k%cs?*(kx —wt), u= % + 2kcs(ke — wt). (11)
Form — 1, ¢s€ — csché, Eq. (11) degenerates as

H = —k? — 2k%csch?(kx —wt), u= % + 2kesch(ke — wt), (12)

which is a new solitary wave solution (singular) of Eq. (1). Because ¢ > 0 in
Eq. (8), Eq. (1) does not admit cn- and dn-function wave solutions of polynomial
form. Let us notice that sn&, cné, and dné are the Jacobi elliptic sine function,
cosine function, and the third kind of the Jacobi elliptic function, respectively, and
m is the modulus of the Jacobi elliptic functions, about which detailed discussion

can be found in [8-10].

3. Periodic wave solutions to the second type
of modified Boussinesq equations

The second type of modified Boussinesq equation [11] is

he + up + (ht)y — QUgey = 0,  wy + utty + by — 3atyyr = 0. (13)
We suppose that Eq. (13) has solution of the form

h(z,t) = h(£) = Ag + AL f + Aaf?,

u(z,t) = u(€) = Bo+ By f + Baf?,
with f satisfying Eq. (5). Substituting Eq. (14) into Eq. (13) and using Eq. (5),
with the same procedure as in Sec. 2, we obtain
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2

Ag=—14+ —— +2pak? A =0, Ay=3qak?
36w? (15)
Bo=% 4+ X _19pawk, Bi=0 By=—18qawk.
k Ow

Therefore the exact solution of Eq. (13) is

2

h=—1+ + 2pak® 4 3qak®f?,
36w?
’ (16)
u= o + — — 12pawk — 18qawk f?,
k6w

where f satisfies Eq. (5).
In what follows several cases are discussed.

Case 1. p= —(1+m?), ¢ =2m? r=1.
As case 1 in Sec. 2, we have periodic solution to Eq. (13)

2

h=-1+ e —2(1 4+ m?)ak? + 6m?ak?sn?(kz — wt), )
u= % + 6£ +12(1 + mz)awk — 36m20zwksn2(/€x — wt).
w

Its corresponding general solitary wave solution is

2

h=-1+ — dak® + 6ak® tanh? (kx — wt),

2

u="2 + L + 2dawk — 360zwktanh2(/€x — wt).
k6w
Case 2. p=2m?—1, ¢==2m?, r=m?=1—-m?2

From Eq. (5) we have f = ¢né, and Eq. (13) has periodic wave solution

2

h=-1+ +2(2m?* — Dak? — 6m?ak?en?(kx — wt),

2
26‘” (19)
u= % + 6w 12(2m2 — Dawk + 36m2awkcn2(/€x — wt).

For m — 1, ené — seché, and Eq. (19) degenerates as Eq. (18).
Case 3.p=2-—-m?, ¢=-2, r = —m'%.
The solution of Eq. (5) reads f = dn&. Therefore we get another periodic
wave solution of Eq. (13)

2
h=-1+ i +2(2 — m?)ak? — 6ak?dn?(kz — wt),
36w? (20)
u= % + 6£ —12(2 - mz)awk + 36awkdn2(/€x — wt).
W

As m — 1, dn€ — sech€, and we obtain the solution to Eq. (18) again.
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Case 4. p=2—m?, ¢=2, r=m'>
As case 2 in Sec. 2, we get periodic wave solution to Eq. (13)

2

h=-1+ TR +2(2 — m?*)ak? + 6ak?es®(kx — wt),
=Y 90— mYawk — 36awkes (ke — wi)
u= Tt as m*)oaw awkes (kx — wt).

As m — 1, we obtain a new solitary wave solution of Eq. (13)

2

h=—-1+ e + 2ak? 4 6ak?csch? (kx — wt),
=Y 9wk — 36awkesch? (ke — wt)
u= Tt as aw awkcsc r — wt).

4. Conclusion

421

(21)

We have obtained exact periodic wave solutions of two types of modified

Boussinesq equations by means of the Jacobi elliptic function method in a unified

form. In contrast to the Jacobi elliptic function method, some merits are obviously

available for our method, which 1s applicable to a large variety of nonlinear partial

differential equations, as long as the odd- and even-order derivative terms do not

coexist in the equation under consideration. It is shown that this method 1s more

general than the hyperbolic tangent function method. In fact we may obtain more
Jacobi elliptic wave solutions through Eq. (5). Due to the limitation of space, we

do not discuss it.
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