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1. I n t rod uct io n

Let us consi der a phenom enological model of nonl ocal nonl inear Kerr typ e
m edia, in whi ch the refracti ve index change Â n induced by a beam wi th intensi ty
I ( x ; z ) can be represented in general form as

Â n ( I ) = Ï

Z
1

À1

R ( x 0
À x ) I ( x 0 ; z ) dx 0 ; (1)

where the positi ve (negati ve) sign corresponds to a focusing (def ocusing) nonl in-
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eari ty and x and z denote tra nsverse and pro pagati on coordi nates, respectively.
The real , localized, and symm etri c functi on R (x ) i s the response functi on of the
nonlocal m edium , who se wi dth determ ines the degree of nonlocal i ty. For a singu-
lar response, R ( x ) = £ ( x ) , the refracti ve index change becom es a local functi on of
the l ight intensi ty , Â n ( I ) = Ï I ( x ; z ) , i .e. the refracti ve index change at a given
point is solely determ ined by the l ight intensi ty at tha t very point. W i th increas-
ing wi dth of R ( x ) the l ight intensi ty in the vi cini ty of the point x also contri butes
to the index change at tha t point (see Fi g. 1 where vari ous degrees of nonl ocal i ty
determ ined by the wi dth of the nonl ocal response functi on are shown). In the l im it
of a hi ghly nonl ocal response Snyder and Mi tchel l showed tha t the beam evolu-
ti on wa s described by the sim ple equati on for a l inear harm oni c oscil lator [1]. The
inÛuence of nonlocal it y of the nonl inear response on the dyna m ics of beam s was
i l lustra ted for the special logari thm ic nonl ineari ty , whi ch al lows exact analyti cal
trea tm ent [2].

Fig. 1. Di˜erent degrees of nonlo cal ity , as given by the w idth of the resp onse function

R ( x ) and the intensity proÙle I ( x ) . Shown is the local (a), the weakly nonlo cal (b), the

general (c), and the strongly nonlo cal (d) resp onse.

W hi le Eq. (1) is a phenomenological model, i t neverthel essdescribes several
rea l physi cal situa ti ons. Possible physi cal m echanisms responsibl e for thi s typ e of
nonl inear response incl udes vari ous tra nsp ort e˜ects, such as heat conducti on in
m ateri als wi th therm al nonl ineari ty [3{ 5], di ˜usi on of m oleculesor ato m s accom pa-
nyi ng nonl inear l ight propagati on in ato m ic vapours [6], and dri ft and/ or di ˜usi on
of photo excited charges in photo refracti ve m ateri als [7, 8]. A hi ghly nonlocal non-
l ineari ty of the form (1) has also been identi Ùed in pl asmas [9{ 13], liqui d crysta ls
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[14] and i t appears as a result o f m any- body intera cti on processesin the descrip-
ti on of BoseÀ Ei nstein condensates [15]. It has been also shown recentl y tha t â ( 2 )

sol i to ns generated in the pro cess of second harm oni c generati on are equivalent to
nonlocal sol i tons wi th exponenti al response functi on [16].

Even tho ugh i t is qui te apparent in som e physi cal situa ti ons tha t the nonl in-
ear response in general is nonlocal (as in the case of therm al lensing), the nonl ocal
contri buti on to the refracti ve index change was often neglected [17, 18]. Thi s is
justi Ùed i f the spati al scale of the beam is large compared to the characteri stic
response length of the m edium (given by the wi dth of the response functi on).
Ho wever, for very narrow beam s the nonl ocal i ty can be of cruci al im porta nce and
has to be ta ken into account. For instance, i t has been shown theo reti cal ly tha t
a weak nonl ocal contri buti on arrests col lapse (ca tastro phi c self -focusing) of high
power opti cal beam s in a self-focusing m edium and leads to the f orm ati on of stable
2D (di ˜ra cti ng in two tra nsverse dim ensions) soli to ns [12, 13, 19, 20].

Some of the consequences of nonl ocal i t y in the nonl inear response have been
observed exp erimenta l ly. Suter and Bl asberg reported stabi lizati on of 2D sol i ta ry
beam s in ato m ic vapours due to ato mic di ˜usi on, whi ch carri es exci ta ti on away
from the intera cti on region [6]. Al so, the di screpancy between the theo reti cal m odel
of dark sol i to ns and tha t observed exp erimenta l ly in a m edium wi th therm al non-
l ineari ty has been associated wi th nonlocal ity of the nonl ineari ty [17, 18].

Here, we summ arize our recent wo rks on pro pagati on of opti cal beams in
nonl inear nonlocal media of the general form (1). In Sec. 2 we wi l l discuss the
e˜ect of nonlocali ty on m odul ati onal instabi l it y of pl ane wave. Section 3 wi l l be
devoted to the ro le of nonl ocal i ty in arresti ng the collapse of Ùnite beams. In
Sec. 4 we discuss propagati on of 1-dim ensional sol i to ns in weakl y nonlocal m edia.
W e summari ze our Ùndi ngs in Sec. 4.

2. Mo d ul at ional i nst ab ilit y

Mo dul ati onal instabi l i t y (MI) consti tutes one of the most funda m enta l e˜ects
associ ated wi th wave propagati on in nonl inear m edia. It signiÙesthe exponenti al
growth of a weak perturba ti on of the ampli tude of the wa ve as i t propagates. The
gain leads to am pl iÙcati on of side bands, whi ch breaks up the otherwi se uni form
wa ve front and generates Ùne local ized structures (Ùlam enta ti on). Thus it may
act as a precurso r for the form ati on of bri ght spati al sol i to ns. Conversely the
generati on of dark spati al sol i to ns requi res the absence of MI of the constant
intensi ty background.

The phenom ena of MI have been identi Ùed and studi ed in various physi cal
system s, such as Ûuids [21], pl asma [22], nonl inear opti cs [23, 24], di screte nonl inear
system s, such as m olecular chains [25] and Ferm i- resonant interf aces and wave-
gui de arra ys [26], etc. It has been shown tha t MI is stro ngly a˜ected by vari ous
m echani sms present in nonl inear system s, such as higher order di spersive term s in
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the case of opti cal pul ses [27], satura ti on of the nonl ineari ty [28], and coherence
pro perti es of opti cal beam s [29].

W e wi l l consi der an opti cal beam pro pagati ng along the z -axi s, wi th the
scalar ampl i tude of the electri c Ùeld expressed as

E ( x ; z ) = ê ( x ; z ) exp ( iK z À i ¨ t ) + c:c: ; (2)

where K i s the wa ve numb er, ¨ is the opti cal frequency and ê (x ; z ) i s the slowl y
varyi ng ampl itude. Substi tuti ng Eqs. (1) and (2) into Ma xwel l ' s equati ons we
obta in the nonl ocal nonl inear Schr�odinger (NLS) equati on

i@z ê +
1

2
@2

x ê + sê

Z
1

À1

R ( x 0
À x )I (x 0 ; z )dx 0 = 0 ; (3)

where I ( x ; z ) = j ê ( x ; z ) j
2 i s the intensi ty of the beam. The m odel (3) perm i ts

pl ane wa ve soluti ons of the form

ê ( x ; z ) =
p

£ 0 exp ( ik 0 x À i ! 0 z ) ; £ 0 > 0 ; (4)

where £ 0 ; k 0 , and ! 0 are l inked thro ugh the nonl inear dispersion relati on

! 0 =
1

2
k 2

0 À s£ 0 ; (5)

whi ch is the sam e as f or the standard local NLS equati on

i@z ê +
1

2
@2

x
ê + s j ê j

2 ê = 0 : (6)

Next, let us carry out a l inear stabi l ity analysis of the pl ane wave soluti ons (4).
Let us assume tha t

ê ( x ; z ) = [
p

£ 0 + a 1 ( x ; z ) ]exp( ik 0 x À i ! 0 z ); (7)

where a 1 ( x ; z ) i s a smal l com plex perturba ti on. Inserti ng thi s expression into the
nonlocal NLS equati on (3) and l ineari zing around the soluti on (4) yi elds the evo-
luti on equati on for the perturba ti on

i@z a 1 +
1

2
@2

x a 1 + 2 s£ 0

Z
1

À1

R ( x 0
À x ) Re[ a 1 ( x 0 ; x )] dx 0 = 0 : (8)

Af ter separati ng the real and im aginary part of the perturba ti on and ap-
pl yi ng the Fouri er tra nsform to the resul ti ng system of di ˜erenti al we look for i ts
soluti on in the form / exp( Ñz ) , where Ñ i s the so-called growth rate. The sign of Ñ

determ ines stabi l i ty of the soluti on. For positi ve Ñ the perturba ti on grows duri ng
pro pagati on indi cati ng instabi li t y. The growth rate is found as an eigenvalue of
the resul ti ng system of equati ons for the spectrum of the perturba ti on. It is given
by the fol lowing relati on [30]:

Ñ 2 = À k 2 £ 0

h
˜ k 2

À s bR ( k )

i
; (9)

where k denotes spati al frequency, bR ( k ) i s the Fouri er spectrum of R ( x ) and we
have deÙned the param eter ˜ as
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˜ = 1 =( 4 £ 0 ) : (10)

Let us noti ce tha t i f the response functi on R ( x ) i s rea l and sym metri c then so is
the Fouri er spectrum of R (x ) , i .e. bR ( k ) = bR Ê (k ) = bR ( À k ) .

The general eigenvalue equati on (9) consti tutes the main result of our anal -
ysis. Fi rst of al l we noti ce tha t bR (0 ) = 1 , since we assumed tha t the response
functi on is norm alized to uni ty

R
1

À1
R ( x ) dx = 1 .

The wel l -known modul atio nal instabi l i t y (sta bi l i ty) resul t for the standard
local NLS equati on (6) is easily recovered from the general eigenvalue equati on
(9) by setti ng R (x ) = £ ( x ) , where £( x ) i s the D irac del ta functi on. W e get

Ñ 2 = À k 2 £ 0 ( ˜ k 2
À s) ; (11)

where s = +1 ( s = À 1 ) yi elds instabi l i ty (sta bi l i ty).
For a focusing nonl ineari ty (s = +1 ) we theref ore always have, by conti -

nui ty , tha t ˜ k 2
À s bR ( k ) < 0 , and thus Ñ 2 > 0 , in a certa in wa ve-numb er band

sym m etri cal ly centred about the ori gin, where k is su£ ci entl y smal l . It fol lows
tha t we always wi l l have (long wave) MI in the focusing case, indep endentl y of
the deta ils in the behavi our of the response functi on. The nonl ocal i t y tends to sup-
press the insta bi l i ty , but can never elim inate i t com pletel y. In Fi g. 2 we i l lustra te
the growth rate of the MI in case of nonlocal response in the form of Gaussian
functi on (R ( x ) = exp (À x 2 =¥ 2 ) =

p

¤ ¥ ). The suppressing e˜ect of the nonl ocal i ty
(whi ch increaseswi th ¥ ) is cl earl y vi sibl e.

Fig. 2. M I gain proÙles for £ 0 = 1 in self-focusing ( s = 1) nonlo cal K err media with a

Gaussian response proÙle (af ter [30]).

In contra st, in the defocusing case (s = À 1 ), the stabi l i ty properti es depend
in a sensiti ve way on the response functi on. For any stri ctl y positi ve conti nuous
response proÙle al l plane wa ves are stable for any degree of nonl ocali ty . Ho wever,



138 W. Kr§l ikowski et al .

Fig. 3. MI gain proÙles for £ 0 = 1 in self-defocusin g (s = À 1 ) nonlo cal media w ith a

rectangular resp onse function (af ter [30] ).

exoti c proÙles wi th jum p-di scontin ui ties l ike the rectangular response, may actu-
al ly prom ote MI when the intensi ty is su£ cientl y high. Fi gure 3 shows the growth
rate of the MI in self-defocusing case f or the rectangular response functi on

R ( x ) =

(
1

2 ¥
for j x j ç ¥ ;

0 for j x j > ¥ :
(12)

D evelopm ent of the hi gh frequency instabi l i ty associated wi th negati ve sign of the
spectrum of the nonlocal response functi on, is evi dent.

3 . B eam co l l ap se in n onlocal m ed iu m

W avecol lapse is a phenom enon wel l known in the theo ry of wa ve propagati on
(or evoluti on) in nonl inear focusing m edia. It ref ers to the situa ti on when stro ng
self- focusing of wa ve leads to catastro phi c increase (bl ow-up) of i ts intensi ty over
Ùnite ti m e (or space) interv al [31{ 33]. Wave col lapse has been observed in pl asma
wa ves [34], electro magneti c wa ves or laser beam s [35], Bose{Ei nstein condensates
(BEC' s) or matter wa ves [36], and even capi l lary- gravi t y wa ves on deep water
[37]. Besides wa ve theo ry the e˜ect of col lapse has been also wel l kno wn in the
Ùeld of astro physi cs. Here the gravi ta ti onal attra cti on playi ng the sam e role as
self- focusing of electro magneti c wa ve, tend to com press star leading to its col lapse
and form ati on of another obj ect such as, for insta nce, black hole [38, 39].

Mo st com monly the collapse has beendi scussedin the context of the, so-cal led,
nonl inear Schr�odinger equati on (NLS) [40] whi ch has been wi dely used to m odel
great vari ety of phenom ena ranging from classical opti cs, e.g. paraxi al propagati on
of opti cal beam s in nonl inear m edia to m atter wa ves such as tem pora l evoluti on
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of the wa ve packets in the Bose{Ei nstein condensates. Stri ctl y speaki ng, the ex-
istence of the collapse is an artef act of the model equati on and signals the l im it
of i ts appl icabi li t y. It is exp ected tha t in the vi cini ty of the col lapse regim e some
addi ti onal physi cal processeswi ll com e to play and stop the blow- up [31{ 33]. Nev-
erthel ess, \ col lapse-l ike" (or quasicol lapse) dyna m ics can sti l l occur in the real
physi cal system s when nonl ineari ty leads to stro ng energy local izati on. In fact, re-
cent experim ents wi th ul tra cold gasespro vi ded clear signatures of the col lapse-l ike
dyna mics of the ato m ic condensates [36, 41, 42].

There have been few attem pts to determ ine the ro le of nonl ocal i ty in devel -
opm ent of the col lapse. T uri tsyn was the Ùrst to show the arrest of the col lapse
for parti cul ar choice of the nonlocal nonl inear response [19]. The analysis of the
col lapse condi ti ons in case of general model of nonlocal it y is di£ cult and so far
has been carri ed out onl y num erically [43]. Here we present analyti cal appro ach
to beam col lapse in nonlocal media [44].

Let us consi der evoluti on of wave Ùeld ê = ê (r ) = ê (r ; § ) described by the
n on l o cal nonl inear Schr�odinger equati on of general form

i
@ê

@§
+ r

2 ê À V ( r ) ê + N ( I ) ê = 0 ; (13)

where V = V ( r ) i s an externa l (l inear) conÙni ng potenti al , I = I ( r ) =

I ( r ; § ) = j ê j
2 , § i s the evoluti on coordi nate and r = ( r 1 ; r 2 ; r 3 ) spans a D -dim en-

sional \ tra nsverse" coordi nate space. The nonl inear term N = N ( I ) is represented
in the general nonlocal form

N ( I ) =

Z
R ( r 0

À ) I ( 0) d 0; (14)

where we assume the response functi on R ( ) to be real , localized, nonsingular and
sym m etri c.

For local ized or periodi c soluti ons Eqs. (13) and (14) conserve the power (in
opti cs) or num ber of ato m s (f or BEC) P and the Ha mi l to nian H ,

P =

Z
I d ; H =

Z ˚

j r ê j
2 + V I À

N I

2

Ç

d : (15)

In the l im it when the response functi on is a delta - functi on, R ( ) = £ ( j j ) ,
the nonl inear response is local (see Fi g. 1a) and simpl y given by

N ( I ) = I ; (16)

as in local opti cal Kerr media described by the conventio nal NLS equati on and in
BEC' s described by the standard Gross{Pi ta evski i (G { P) equati on. It is in thi s
local lim it tha t m ulti dimensional opti cal beam wi th a power higher tha n a certa in
cri ti cal va lue woul d experience unb ounded self-focusing and col l a ps e after a Ùnite
pro pagati on distance [31{ 33]. It is also well kno wn tha t BEC wo uld col lapse when
the tota l numb er of ato ms wa s larger tha n a cri ti cal num ber [15].
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W ith increasing wi dth of the response functi on R ( r ) the wa ve intensi ty in
the vi cini ty of the point r also contri butes to the nonl inear response at tha t point.
In case of weak nonlocal it y, when R ( r ) is much narro w tha n the wi dth of the beam,
one can expand I (r 0) around r 0 = r and obta in the sim pl iÙed m odel

N ( I ) = I + Ûr
2 I ; Û =

1

2

Z
r 2 R (r ) dr ; (17)

where a positi ve deÙnite Û m easures the wi dth of the nonl ocal response.
In weakl y nonl ocal media wi th the nonl ineari ty Eq. (17) i t is stra ightf orward

to show tha t col lapse cannot occur. Thi s wa s Ùrst done ri gorously by D avydo va
and Fi shchuk in the context of plasmas [13] i .e. wi tho ut the conÙni ng potenti a l.
Thi s result has been conÙrm ed recentl y by Parola et al . [45], who used v ariati onal
and exact num erical analysis to study stabi l i ty of the BEC in a harm oni c tra p.

In the l imit of a strongly nonlocal response m uch broader tha n the char-
acteri stic wi dth of the wa ve functi on (see Fi g. 1d), one can instead expa nd the
response functi on and obta in (i n the lowest order)

N ( I ) ¤ R ( x ) P : (18)

The evoluti on of opti cal beams in such a strongly nonl ocal m edium was considered
in deta i l in [1]. Since thi s relati on is l inear, the highl y nonl inear e˜ect of col lapse
cannot occur.

Theref ore in the two extrem el im i ts of a weakl y and hi ghly nonl ocal nonl inear
response the col lapse is prevented.

The stabi lizing e˜ect of nonlocal i ty of a general degree in Kerr m edia was
al ready noti ced by T uri tsyn [19]. He showed, for a few speciÙc physi cal exam ples,
such as Coulomb intera cti on [R ( r ) = 1 = j j ] and the so-cal led funnel ing [R ( ) =

1 = j j À Ù j j ] in 3D , tha t the Ha mi lto nian was bounded from below for Ùxed power,
and thus tha t the stati onary ground- state sol i ta ry wa ve soluti ons (sol i to ns) are
stable in a Lya puno v sense. In turn thi s pro ves tha t these speciÙctyp es of nonl ocal
response can suppress the collapse instabi l i ty of mul ti dim ensional beams in Kerr
m edia.

Here we consider the general case of ar bit rar i ly shaped, nonsi ngular response
funct ions and pro ve ri gorously tha t the Ha mi l toni an is bounded from below so
tha t col lapse canno t occur.

Intro duci ng the D -di mensional Fouri er tra nsform (deno ted wi th a ti lde) and
i ts inverse i t is stra ightf orw ard to show tha t for N ( I ) given by Eq. (14) the fol -
lowi ng relati ons hold [44]:

j ~I ( ) j =

Ù
Ù
Ù
Ù

Z
I ( ) e Â d

Ù
Ù
Ù
Ùç

Z
I d = P (19)

and
Z

N I d =
1

(2 ¤ )

Z
~R ( ) j ~I ( ) j d : (20)
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For response functi ons wi th a positi ve deÙnite spectrum , ~R ( k) Ñ 0 , we then have
Z

N I dr ç P 2

Z
~R ( k) dk = P 2 R 0 ; (21)

where the positi ve param eter R 0 = R (0 ) i s sim ply the response functi on evaluated
at the centre. W i th the help of the relati on Eq. (21) we can theref ore bound the
Ha mi l to nian as fol lows:

H Ñ j j r ê j j
2
2

À

1

2
R 0 P 2 ; (22)

where j j ê j j
p
p ²

R
j ê j

p dr and we have used the fact tha t the m inimum of V (r ) i s
zero.

The sim ple inequal i ty (22) shows tha t for all symm etri c response functi ons
wi th a positi ve deÙnite Fouri er spectrum and a Ùnite value at the centre, the
Ha mi l to nian is bounded f rom below by the conserved quanti ty 1

2
R 0 P 2 , or con-

versely, tha t the gradi ent norm j j r ê j j
2
2

i s bounded from above by the conserved
quanti ty H + 1

2
R 0 P 2 . T his repr esents a r igorous proof that a col lapse wi th the

wave-ampl i tude local ly going to inÙnity cannot occur in BEC ' s or opti cal Ker r
media wi th a nonl ocal nonl inear response, f or any physical ly reasonable response
funct ion (i .e. Gaussian, Lorent zian, sech-shaped, etc. ) .

The stabi l ising e˜ect of the nonl ocal i t y can be further il lustra ted by the
pro perti es of the stati onary soluti ons of Eqs. (13). As the sim plest exam ple we
consider nonl ocal opti cal bul k Kerr m edia wi th a Gaussian response. T o cap-
ture the m ain (qual i ta ti ve) physi cal e˜ects we use the appro xi m ate, but sim -
pl e vari ati onal techni que [46] assuming Gaussian proÙle for the ê ( r ) functi on,
ê ( r ) = ˜ exp[ À ( r =Ù) 2 ] exp ( iÑ) .

In Fi g. 4 we show the power and Ha m il to nian of the stati onary soluti ons in
2D . The dashed lines give the results of the weakl y nonl ocal appro xi matio n wi th
N given by (17), from whi ch ˜ 2 = 4 Ñ and Ù 2 = 2 =Ñ + 2 ¥ 2 i s found, resulti ng in
the power
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P s = 4 ¤ (1 + ¥ 2 Ñ); (23)

where 4 ¤ i s the (Ñ- independent) power of the Gaussian appro xi ma ti on to the sol i to n
soluti ons of the standard 2D NLS equati on (a lso the col lapse thresho ld power),
whi ch is recovered in the local l imi t ¥ = 0 .

In the 2D NLS equati on the col lapse is a cri ti cal col lapse and the stati on-
ary soluti ons are \ only" margina lly unsta ble wi th dP s =dÑ = 0 [32]. Typi cal ly
any perturba ti on wi l l act against the self-focusing, wi th several e˜ects, such as
non-paraxi al i t y and satura bi li ty , compl etely el im inati ng the possibi l i ty of a col-
lapse [33]. Thi s is also the case wi th nonlocal ity , as evi denced from Fi g. 4 and
the simpl iÙed expression (23), whi ch shows tha t any Ùnite wi dth of the response
functi on (no n-zero value of ¥ ) impl ies tha t dP s =dÑ becom es positi ve deÙnite. Ac-
cordi ng to the (necessary) Vakhi to v{ Ko lokolov (VK) cri teri on [47] the sol i to n
soluti ons theref ore (possibly) becom e linear ly stable.

4. Sp at ial sol i t ons in n on local m ed ia

In thi s secti on we dem onstra te the exact analyti cal soluti ons for bri ght and
dark spati al sol i to ns in nonlocal m edia [48]. W e wi l l concentra te on propagati on
of 1-di mensional beam s governed by the nonlocal equati on (3). As shown earl ier,
for weak nonl ocal i ty i .e. when the response functi on R ( x ) i s narro w compared to
the extent of the beam (see Fi g. 1), thi s equati on can be cast into the fol lowi ng
form :

i@z ê +
1

2
@2

x ê Ï ( j ê j
2 + Û@2

x j ê j
2 ) ê = 0 ; (24)

where Û i s deÙned in Eq. (17). The weak nonlocal i ty appears thus as a perturba -
ti on to the local nonl inear refracti ve index change. For a single peak beam in a
self- focusing m edium thi s perturba ti on is of negati ve sign in the centra l part of the
beam , where i t serves to decrease the refracti ve index change. Hence, even f or very
narro w and sharp intensi ty di stri buti ons, the resulti ng self- induced wa veguide wi l l
be wi de and a smooth functi on of the tra nsverse coordi nates. In some sense, thi s
is sim ilar to satura ti on of the nonl ineari ty . One m ay theref ore expect tha t certa in
features of sol i to ns of Eq. (24) wi ll be rem iniscent of tho se exhi bi ted by soli to ns in
satura bl e nonl inear m edia [49]. It tra nspi res, however, tha t nonlocal i ty also resul ts
in new e˜ects, especial ly f or self-defocusing nonl ineari ti es.

For a self- focusing nonl ineari ty the sign of the refracti ve index change is
positi ve. W e search for a stati onary bri ght sol i to n soluti on to Eq. (24) of the f orm

ê ( x ; z ) = u ( x ) exp ( iÀ z ) ; (25)

where the pro Ùle u = u (x ) i s real , sym m etri c, and exponenti al ly local ized and the
pro pagati on constant À > 0 i s positi ve. For thi s soluti on Eq. (24) reduces to [48]

( @x u ) 2 = u 2 ( u 2
0 À u 2 ) = (1 + 4 Ûu 2 ) : (26)

Thi s equati on can be integrated leading to
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x = Ï

1

u 0

ta nh À 1

˚
ç

u 0

Ç

+
p

4 Û ta n À 1 (
p

4 Ûç ); (27)

where we have deÙned the intensi ty £ = u 2 and the norm al ized intensi ty ç 2 =

( £ 0 À £ )= (1 + 4 Û£ ) . Thi s im pli cit relati on gives the proÙle of bri ght spati al sol i tons
pro pagati ng in weakl y nonlocal Kerr- like m edia. In the local l im it, Û = 0 , we
recover from Eq. (27) the well -kno wn pro Ùle u (x ) = u 0sech( u 0 x ) of the 1D bri ght
sol i to n in a Kerr medium .

In Fi g. 5 we show the intensi ty proÙle of the soluti on (27) for di ˜erent values
of the nonlocal i ty param eter Û. Evi dentl y, an increase in the degree of nonl ocal i ty
resul ts in an increase in the sol ito n wi dth | nonl ocal i t y smooths out the refracti ve
index pro Ùle thereby leading to a bro adening of the beam.

Fig. 5. I ntensity proÙles of bright soliton s w ith unit amplitudes £ 0 = 1 for di˜erent

degrees of nonlo cali ty Û (af ter [48]).

W enow consi der the impact of weak nonl ocal i ty in the case of a self-defocusing
nonl ineari ty , whi ch corresp onds to a negati ve sign in Eq. (23). W e intro duce a new
spati al vari able ± = x À V z , wi th V being the sol i to n tra nsverse velocit y, and look
for stati onary soluti ons of the form

ê ( x ; z ) =
p

£ ( ± ) exp [ iÀ z + i¢ ( ± )] ; (28)

where £ ( ± ) i s the sol i to n intensi ty and ¢ (± ) i ts phase. It can be shown tha t the
NLS equati on can be integrated leading to the fol lowi ng soluti on for the sol i to n
intensi ty:

Ï ± =
1

£0

ta nh À 1

˚
£

£ 0

Ç

+
p

4 Û ta nÀ 1 (
p

4 Û£ ); (29)

whi ch is an impl icit relati on between the sol i to n intensi ty £ and the spati al coor-
di nate ± , wi th the norm al ized intensi ty now given by £ 2 ( £ ) = ( £ À £ 1 )= (1 À 4 Û£ )
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and £ 0 = £ ( £ 0 ). In the above equati on £ 0 and £ 1 denote background and minimum
intensi ti es of the dark soli to n, respectively.

In Fi g. 6 we present exam ples of the intensi ty proÙle of the dark sol i to ns for
di ˜erent values of the nonlocal i ty parameter Û . These graphs show tha t increasing
nonlocal i ty decreases the wi dth of the sol ito n.

Fig. 6. Intensity proÙles of dark solitons w ith £0 = 1 and £ 1 = 0 :1 for di˜erent values

of the nonlo cal ity parameter Û (af ter [48]).

An importa nt aspect of any fam ily of sol i to n soluti ons are thei r stabi l i ty
pro perti es. For sing le peak bri ght sol i tons stabi l i ty is determ ined by the depen-
dence of the power

P =

Z
1

À1

j ê ( x ; z ) j
2 dx ; (30)

on the propagati on constant À . Bri ght sol i to ns are stable i f dP =dÀ > 0 and
unsta ble otherwi se [50, 47]. In case of weak nonlocal i ty power is monoto nical ly
increasing functi on of the pro pagati on consta nt and hence these sol i to ns are stabl e.
In case of dark sol ito n the stabi l i ty cri teri on is determ ined by the derivati ve of the
so-cal led renorm al ized m omentum deÙned as

Q =
i
2

Z
1

À1

( ê @x ê Ê
À ê Ê @x ê )

˚

1 À

£ 0

j ê j
2

Ç

dx : (31)

A sol i to n soluti on propagati ng wi th vel ocity V corresp onds to an extrem um of
the Ha mi lto nian f or Ùxed m omentum , £ ( H À V Q ) = 0 . It has been shown tha t
the stabi l ity cri teri on f or dark sol ito ns is determ ined by the dependence of the
m omentum on the velocity , Q = Q ( V ) [51]. For dark sol ito ns to be stable the
deri vati ve of the m om entum wi th respect to the velocity must be positi ve,
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dQ =dV > 0 : (32)

Our exact soluti on shows tha t for weakl y nonl ocal nonl inear medium the mom en-
tum is m onoto nic functi on of soli to n velocity and hence these dark sol i to ns are
stable.

Fig. 7. Propagation and colli sion of bright soliton s in a weakly nonlo cal K err medium ;

Û = 0: 2 (af ter [48] ).

In Fi g. 7 we i l lustra te pro pagati on and coll ision of two bri ght sol i to ns in
weakl y nonl ocal Kerr m edium . It is evi dent tha t not onl y the sol i to ns propagate
in a stable m anner but they also survi ve the coll ision whi ch has clearl y inelastic
character.

5 . Co n cl usion s

In concl usion, we revi ewed pro perti es of opti cal beam s propagati ng in non-
local nonl inear Kerr- l ike m edium . W e showed tha t in case of self-focusing medium
nonlocal i ty always suppresses m odul ati onal instabi l i ty of plane wa ve al tho ugh i t
never elimina tes it com pl etely. For self-defocusing nonl ineari ty nonlocal i ty can ac-
tua l ly ini ti ate m odul ati onal insta bi l i ty if the spectrum of the nonlocal response
functi on changes sign in som e range of param eters. We also showed tha t nonlocal -
i ty stabi l izes spati a l sol i to ns and arrests collapse of the mul ti dim ensional beam.
Fi nal ly we presented exact analyti cal sol i ton soluti ons for 1-dimensional beam s
pro pagati ng in weakl y nonlocal m edium . These sol i to ns appear to be stabl e.
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