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1. Introduction

Let us consider a phenomenological model of nonlocal nonlinear Kerr type
media, in which the refractive index change An induced by a beam with intensity
I(x,z) can be represented in general form as

An(I) = :I:/Oo R(z' — 2)I(a', z)da, (1)

—00
where the positive (negative) sign corresponds to a focusing (defocusing) nonlin-
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earity and # and z denote transverse and propagation coordinates, respectively.
The real, localized, and symmetric function R(z) is the response function of the
nonlocal medium, whose width determines the degree of nonlocality. For a singu-
lar response, R(z) = §(x), the refractive index change becomes a local function of
the light intensity, An(I) = +I(z, z), i.e. the refractive index change at a given
point is solely determined by the light intensity at that very point. With increas-
ing width of R(x) the light intensity in the vicinity of the point  also contributes
to the index change at that point (see Fig. 1 where various degrees of nonlocality
determined by the width of the nonlocal response function are shown). In the limit
of a highly nonlocal response Snyder and Mitchell showed that the beam evolu-
tion was described by the simple equation for a linear harmonic oscillator [1]. The
influence of nonlocality of the nonlinear response on the dynamics of beams was
illustrated for the special logarithmic nonlinearity, which allows exact analytical
treatment [2].
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Fig. 1. Daifferent degrees of nonlocality, as given by the width of the response function
R(z) and the intensity profile I(z). Shown is the local (a), the weakly nonlocal (b), the

general (c), and the strongly nonlocal (d) response.

While Eq. (1) is a phenomenological model, it nevertheless describes several
real physical situations. Possible physical mechanisms responsible for this type of
nonlinear response includes various transport effects, such as heat conduction in
materials with thermal nonlinearity [3-5], diffusion of molecules or atoms accompa-
nying nonlinear light propagation in atomic vapours [6], and drift and/or diffusion
of photoexcited charges in photorefractive materials [7, 8]. A highly nonlocal non-
linearity of the form (1) has also been identified in plasmas [9-13], liquid crystals
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[14] and it appears as a result of many-body interaction processes in the descrip-
tion of Bose—FEinstein condensates [15]. It has been also shown recently that y(?)
solitons generated in the process of second harmonic generation are equivalent to
nonlocal solitons with exponential response function [16].

Even though it is quite apparent in some physical situations that the nonlin-
ear response in general is nonlocal (as in the case of thermal lensing), the nonlocal
contribution to the refractive index change was often neglected [17, 18]. This is
justified if the spatial scale of the beam is large compared to the characteristic
response length of the medium (given by the width of the response function).
However, for very narrow beams the nonlocality can be of crucial importance and
has to be taken into account. For instance, it has been shown theoretically that
a weak nonlocal contribution arrests collapse (catastrophic self-focusing) of high
power optical beams in a self-focusing medium and leads to the formation of stable
2D (diffracting in two transverse dimensions) solitons [12, 13, 19, 20].

Some of the consequences of nonlocality in the nonlinear response have been
observed experimentally. Suter and Blasberg reported stabilization of 2D solitary
beams in atomic vapours due to atomic diffusion, which carries excitation away
from the interaction region [6]. Also, the discrepancy between the theoretical model
of dark solitons and that observed experimentally in a medium with thermal non-
linearity has been associated with nonlocality of the nonlinearity [17, 18].

Here, we summarize our recent works on propagation of optical beams in
nonlinear nonlocal media of the general form (1). In Sec. 2 we will discuss the
effect of nonlocality on modulational instability of plane wave. Section 3 will be
devoted to the role of nonlocality in arresting the collapse of finite beams. In
Sec. 4 we discuss propagation of 1-dimensional solitons in weakly nonlocal media.
We summarize our findings in Sec. 4.

2. Modulational instability

Modulational instability (M) constitutes one of the most fundamental effects
associated with wave propagation in nonlinear media. It signifies the exponential
growth of a weak perturbation of the amplitude of the wave as it propagates. The
gain leads to amplification of side bands, which breaks up the otherwise uniform
wave front and generates fine localized structures (filamentation). Thus it may
act as a precursor for the formation of bright spatial solitons. Conversely the
generation of dark spatial solitons requires the absence of MI of the constant
intensity background.

The phenomena of MI have been identified and studied in various physical
systems, such as fluids [21], plasma [22], nonlinear optics [23, 24], discrete nonlinear
systems, such as molecular chains [25] and Fermi-resonant interfaces and wave-
guide arrays [26], etc. It has been shown that MI is strongly affected by various
mechanisms present in nonlinear systems, such as higher order dispersive terms in
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the case of optical pulses [27], saturation of the nonlinearity [28], and coherence
properties of optical beams [29].

We will consider an optical beam propagating along the z-axis, with the
scalar amplitude of the electric field expressed as

E(x,z) = ¢(x,z)exp (iKz —i§2t) + c.c., (2)
where K is the wave number, {2 is the optical frequency and ¢(x, z) is the slowly

varying amplitude. Substituting Eqgs. (1) and (2) into Maxwell’s equations we
obtain the nonlocal nonlinear Schrédinger (NLS) equation

10,v + %6§1/; + sy /_Oo R(l‘/ — x)[(x/’ z)dx/ =0, (3)

where I(z,z) = |¢(z,2)|? is the intensity of the beam. The model (3) permits
plane wave solutions of the form

Y(x, z) = \/poexp(ikor —iwoz), po > 0, (4)

where pg, ko, and wy are linked through the nonlinear dispersion relation

1
wo = 519% — Spo, (5)

which is the same as for the standard local NLS equation

0.0+ L0206+ sluf = 0. (6)

Next, let us carry out a linear stability analysis of the plane wave solutions (4).
Let us assume that

Y(x, 2) = [\/po + a1 (z, z)]exp(ikor — iwoz), (7)
where a1(x, z) is a small complex perturbation. Inserting this expression into the
nonlocal NLS equation (3) and linearizing around the solution (4) yields the evo-
lution equation for the perturbation

(o]
10,a1 + %6§a1 + 25p0/ R(z' — z)Rela1(z’, z)]dz’ = 0. (8)

— 00
After separating the real and imaginary part of the perturbation and ap-
plying the Fourier transform to the resulting system of differential we look for its
solution in the form oc exp(Az), where A is the so-called growth rate. The sign of A
determines stability of the solution. For positive A the perturbation grows during
propagation indicating instability. The growth rate is found as an eigenvalue of
the resulting system of equations for the spectrum of the perturbation. It is given

by the following relation [30]:

A2 = —k2py |ak? — sR(k)| (9)

~

where k denotes spatial frequency, R(k) is the Fourier spectrum of R(z) and we
have defined the parameter « as
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o = 1/(4p0). (10)
Let us notice that if the response function R(#) is real and symmetric then so is
the Fourier spectrum of R(x), i.e. ]%(k) = ]%*(k) = ]%(—k)

The general eigenvalue equation (9) constitutes the main result of our anal-
ysis. First of all we notice that ]%(0) = 1, since we assumed that the response
function is normalized to unity [~ R(z)dz = 1.

The well-known modulational instability (stability) result for the standard
local NLS equation (6) is easily recovered from the general eigenvalue equation
(9) by setting R(x) = é(x), where §(z) is the Dirac delta function. We get

M = —k%po(ak? — ), (11)

where s = +1 (s = —1) yields instability (stability).

For a focusing nonlinearity (s = +1) we therefore always have, by conti-
nuity, that ak? — Sé(lﬂ) < 0, and thus A? > 0, in a certain wave-number band
symmetrically centred about the origin, where & 1s sufficiently small. It follows
that we always will have (long wave) MI in the focusing case, independently of
the details in the behaviour of the response function. The nonlocality tends to sup-
press the instability, but can never eliminate it completely. In Fig. 2 we illustrate
the growth rate of the MI in case of nonlocal response in the form of Gaussian
function (R(z) = exp(—x?/0?)/\/mc). The suppressing effect of the nonlocality
(which increases with o) is clearly visible.
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Fig. 2. MI gain profiles for py = 1 in self-focusing (s = 1) nonlocal Kerr media with a
Gaussian response profile (after [30]).

In contrast, in the defocusing case (s = —1), the stability properties depend
in a sensitive way on the response function. For any strictly positive continuous
response profile all plane waves are stable for any degree of nonlocality. However,
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Fig. 3. MI gain profiles for po = 1 in self-defocusing (s = —1) nonlocal media with a

rectangular response function (after [30]).

exotic profiles with jump-discontinuities like the rectangular response, may actu-
ally promote MI when the intensity is sufficiently high. Figure 3 shows the growth
rate of the MI in self-defocusing case for the rectangular response function

1
20

0

for |z| <o, (12)

for |z|> 0.

R(x) = {

Development of the high frequency instability associated with negative sign of the

spectrum of the nonlocal response function, is evident.

3. Beam collapse in nonlocal medium

Wave collapse is a phenomenon well known in the theory of wave propagation
(or evolution) in nonlinear focusing media. It refers to the situation when strong
self-focusing of wave leads to catastrophic increase (blow-up) of its intensity over
finite time (or space) interval [31-33]. Wave collapse has been observed in plasma
waves [34], electromagnetic waves or laser beams [35], Bose-FEinstein condensates
(BEC’s) or matter waves [36], and even capillary-gravity waves on deep water
[37]. Besides wave theory the effect of collapse has been also well known in the
field of astrophysics. Here the gravitational attraction playing the same role as
self-focusing of electromagnetic wave, tend to compress star leading to its collapse
and formation of another object such as, for instance, black hole [38, 39].

Most commonly the collapse has been discussed in the context of the, so-called,
nonlinear Schrodinger equation (NLS) [40] which has been widely used to model
great variety of phenomena ranging from classical optics, e.g. paraxial propagation
of optical beams in nonlinear media to matter waves such as temporal evolution
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of the wave packets in the Bose-Finstein condensates. Strictly speaking, the ex-
istence of the collapse is an artefact of the model equation and signals the limit
of its applicability. It is expected that in the vicinity of the collapse regime some
additional physical processes will come to play and stop the blow-up [31-33]. Nev-
ertheless, “collapse-like” (or quasicollapse) dynamics can still occur in the real
physical systems when nonlinearity leads to strong energy localization. In fact, re-
cent experiments with ultracold gases provided clear signatures of the collapse-like
dynamics of the atomic condensates [36, 41, 42].

There have been few attempts to determine the role of nonlocality in devel-
opment of the collapse. Turitsyn was the first to show the arrest of the collapse
for particular choice of the nonlocal nonlinear response [19]. The analysis of the
collapse conditions in case of general model of nonlocality is difficult and so far
has been carried out only numerically [43]. Here we present analytical approach
to beam collapse in nonlocal media [44].

Let us consider evolution of wave field ¢ = ¢(r) = ¢(», 7) described by the
nonlocal nonlinear Schrodinger equation of general form

.0
16—17/j+vz1/)—V(7‘)1/)—|—N(I)1/; =0, (13)
where V' = V(r) is an external (linear) confining potential, I = I(r) =

I(r,7) = |¢|?, 7 is the evolution coordinate and » = (71, 72, 73) spans a D-dimen-
sional “transverse” coordinate space. The nonlinear term N = N(I) is represented
in the general nonlocal form

N(I) = /R(r’ — ) I(r)dr, (14)

where we assume the response function R(7) to be real, localized, nonsingular and
symmetric.

For localized or periodic solutions Eqgs. (13) and (14) conserve the power (in
optics) or number of atoms (for BEC) P and the Hamiltonian H,

P= /Idr, H= / <|v1/;|2 +VI- %) dr. (15)

In the limit when the response function is a delta-function, R(+) = §(|#|),
the nonlinear response is local (see Fig. 1a) and simply given by

N(I) =1, (16)

as in local optical Kerr media described by the conventional NLS equation and in
BEC’s described by the standard Gross—Pitaevskii (G-P) equation. It is in this
local limit that multidimensional optical beam with a power higher than a certain
critical value would experience unbounded self-focusing and collapse after a finite
propagation distance [31-33]. It is also well known that BEC would collapse when
the total number of atoms was larger than a critical number [15].
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With increasing width of the response function R(r) the wave intensity in
the vicinity of the point » also contributes to the nonlinear response at that point.
In case of weak nonlocality, when R(r) is much narrow than the width of the beam,
one can expand I(#') around # = r and obtain the simplified model

N(I) = T +4V20, = %/rzR(r)dr, (17)

where a positive definite 4 measures the width of the nonlocal response.

In weakly nonlocal media with the nonlinearity Eq. (17) it is straightforward
to show that collapse cannot occur. This was first done rigorously by Davydova
and Fishchuk in the context of plasmas [13] i.e. without the confining potential.
This result has been confirmed recently by Parola et al. [45], who used variational
and exact numerical analysis to study stability of the BEC in a harmonic trap.

In the limit of a strongly nonlocal response much broader than the char-
acteristic width of the wave function (see Fig. 1d), one can instead expand the
response function and obtain (in the lowest order)

N(I) ~ R(z)P. (18)

The evolution of optical beams in such a strongly nonlocal medium was considered
in detail in [1]. Since this relation is linear, the highly nonlinear effect of collapse
cannot occur.

Therefore in the two extreme limits of a weakly and highly nonlocal nonlinear
response the collapse is prevented.

The stabilizing effect of nonlocality of a general degree in Kerr media was
already noticed by Turitsyn [19]. He showed, for a few specific physical examples,
such as Coulomb interaction [R(r) = 1/|7|] and the so-called funneling [R(7) =
1/|7| — B|7|] in 3D, that the Hamiltonian was bounded from below for fixed power,
and thus that the stationary ground-state solitary wave solutions (solitons) are
stable in a Lyapunov sense. In turn this proves that these specific types of nonlocal
response can suppress the collapse instability of multidimensional beams in Kerr
media.

Here we consider the general case of arbitrarily shaped, nonsingular response
functions and prove rigorously that the Hamiltonian is bounded from below so
that collapse cannot occur.

Introducing the D-dimensional Fourier transform (denoted with a tilde) and
its inverse it is straightforward to show that for N(I) given by Eq. (14) the fol-
lowing relations hold [44]:

(k) = ‘ / I(r)ekrdr

< /Idr: P (19)

and
1 7 FOIN2
/NIdr: )P /R(k)|[(k)| dk. (20)
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For response functions with a positive definite spectrum, R(k) > 0, we then have

/NIdr < Pz/R(k)dk = P?Ry, (21)

where the positive parameter Ry = R(0) is simply the response function evaluated
at the centre. With the help of the relation Eq. (21) we can therefore bound the
Hamiltonian as follows:

1
H 2 ||Velz = 5 RoP?, (22)
where |[¢|[5 = [[¢[Pdr and we have used the fact that the minimum of V(r) is

zero.

The simple inequality (22) shows that for all symmetric response functions
with a positive definite Fourier spectrum and a finite value at the centre, the
Hamiltonian is bounded from below by the conserved quantity %Ron, or con-
versely, that the gradient norm |[V¢]|2 is bounded from above by the conserved
quantity H + %Ron. This represents a rigorous proof that a collapse with the
wave-amplitude locally going to infinity cannot occur in BEC’s or optical Kerr
media with a nonlocal nonlinear response, for any physically reasonable response
function (i.e. Gaussian, Lorenizian, sech-shaped, etc.).

The stabilising effect of the nonlocality can be further illustrated by the
properties of the stationary solutions of Eqgs. (13). As the simplest example we
consider nonlocal optical bulk Kerr media with a Gaussian response. To cap-
ture the main (qualitative) physical effects we use the approximate, but sim-
ple variational technique [46] assuming Gaussian profile for the (r) function,

Y(r) = aexp[—(r/B)?] exp(i}).
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Fig. 4. 2D variational results with Gaussian response and trial function. Left: soliton
power (solid) versus eigenvalue A for different degrees of nonlocality, o = 0, 0.2, 0.4,
and 0.6. Dashed lines show the weakly nonlocal approximation. Right: corresponding

Hamiltonian versus power diagrams (after [44]).

In Fig. 4 we show the power and Hamiltonian of the stationary solutions in
2D. The dashed lines give the results of the weakly nonlocal approximation with
N given by (17), from which o? = 4X and % = 2/X + 202 is found, resulting in
the power
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Py = Ax(1+ o*)), (23)
where 47 is the (A-independent) power of the Gaussian approximation to the soliton
solutions of the standard 2D NLS equation (also the collapse threshold power),
which is recovered in the local limit o = 0.

In the 2D NLS equation the collapse is a critical collapse and the station-
ary solutions are “only” marginally unstable with dP;/dA = 0 [32]. Typically
any perturbation will act against the self-focusing, with several effects, such as
non-paraxiality and saturability, completely eliminating the possibility of a col-
lapse [33]. This is also the case with nonlocality, as evidenced from Fig. 4 and
the simplified expression (23), which shows that any finite width of the response
function (non-zero value of ¢) implies that dP;/dA becomes positive definite. Ac-
cording to the (necessary) Vakhitov-Kolokolov (VK) criterion [47] the soliton
solutions therefore (possibly) become linearly stable.

4. Spatial solitons in nonlocal media

In this section we demonstrate the exact analytical solutions for bright and
dark spatial solitons in nonlocal media [48]. We will concentrate on propagation
of 1-dimensional beams governed by the nonlocal equation (3). As shown earlier,
for weak nonlocality i.e. when the response function R(x) is narrow compared to
the extent of the beam (see Fig. 1), this equation can be cast into the following
form:

10,0+ 5000 & (WP +9021P) = 0, (24)

where 7 is defined in Eq. (17). The weak nonlocality appears thus as a perturba-
tion to the local nonlinear refractive index change. For a single peak beam in a
self-focusing medium this perturbation is of negative sign in the central part of the
beam, where it serves to decrease the refractive index change. Hence, even for very
narrow and sharp intensity distributions, the resulting self-induced waveguide will
be wide and a smooth function of the transverse coordinates. In some sense, this
is similar to saturation of the nonlinearity. One may therefore expect that certain
features of solitons of Eq. (24) will be reminiscent of those exhibited by solitons in
saturable nonlinear media [49]. Tt transpires, however, that nonlocality also results
in new effects, especially for self-defocusing nonlinearities.

For a self-focusing nonlinearity the sign of the refractive index change is
positive. We search for a stationary bright soliton solution to Eq. (24) of the form

Y(x,z) = u(x)exp (il'2), (25)
where the profile u = u(x) is real, symmetric, and exponentially localized and the
propagation constant I' > 0 is positive. For this solution Eq. (24) reduces to [48]

(Opu)? = u?(ud — u?)/(1 + 4yu?). (26)

This equation can be integrated leading to
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= :l:i tanh~? (i) + /4y tan~ ! (\/4yk), (27)
up

Up
where we have defined the intensity p = u® and the normalized intensity % =
(po —p)/(1+4vp). This implicit relation gives the profile of bright spatial solitons
propagating in weakly nonlocal Kerr-like media. In the local limit, ¥ = 0, we
recover from Eq. (27) the well-known profile u(z) = ugsech(ugx) of the 1D bright
soliton in a Kerr medium.

In Fig. b we show the intensity profile of the solution (27) for different values
of the nonlocality parameter . Evidently, an increase in the degree of nonlocality
results in an increase in the soliton width — nonlocality smooths out the refractive
index profile thereby leading to a broadening of the beam.
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Fig. 5. Intensity profiles of bright solitons with unit amplitudes pg = 1 for different
degrees of nonlocality v (after [48]).

We now consider the impact of weak nonlocality in the case of a self-defocusing
nonlinearity, which corresponds to a negative sign in Eq. (23). We introduce a new
spatial variable ( = x — Vz, with V being the soliton transverse velocity, and look

for stationary solutions of the form

U(x, 2) = Vp(¢) exp [il'z +ig(Q)], (28)
where p({) is the soliton intensity and ¢(¢) its phase. It can be shown that the
NLS equation can be integrated leading to the following solution for the soliton

intensity:

£ = g () &V et/ (29)
0 0

which is an implicit relation between the soliton intensity p and the spatial coor-
dinate ¢, with the normalized intensity now given by 62(p) = (p — p1)/(1 — 4yp)
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and 8y = 8(po). In the above equation py and p; denote background and minimum
intensities of the dark soliton, respectively.

In Fig. 6 we present examples of the intensity profile of the dark solitons for
different values of the nonlocality parameter v. These graphs show that increasing

nonlocality decreases the width of the soliton.
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Fig. 6. Intensity profiles of dark solitons with po = 1 and p; = 0.1 for different values
of the nonlocality parameter v (after [48]).

An important aspect of any family of soliton solutions are their stability
properties. For single peak bright solitons stability is determined by the depen-
dence of the power

pP= /_00 |¥(z, 2)|*dz, (30)

on the propagation constant I'. Bright solitons are stable if dP/dI" > 0 and
unstable otherwise [50, 47]. In case of weak nonlocality power is monotonically
increasing function of the propagation constant and hence these solitons are stable.
In case of dark soliton the stability criterion is determined by the derivative of the

so-called renormalized momentum defined as

_ i - * * £0
Q= 5/_oo<wam —y am)( - W) de. (31)

A soliton solution propagating with velocity V' corresponds to an extremum of
the Hamiltonian for fixed momentum, é(H — V@) = 0. It has been shown that
the stability criterion for dark solitons is determined by the dependence of the
momentum on the velocity, @ = Q(V) [51]. For dark solitons to be stable the
derivative of the momentum with respect to the velocity must be positive,
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dQ/dV > 0. (32)

Our exact solution shows that for weakly nonlocal nonlinear medium the momen-
tum 1is monotonic function of soliton velocity and hence these dark solitons are
stable.

infensily

Fig. 7. Propagation and collision of bright solitons in a weakly nonlocal Kerr medium;
v = 0.2 (after [48]).

In Fig. 7 we illustrate propagation and collision of two bright solitons in
weakly nonlocal Kerr medium. It is evident that not only the solitons propagate
in a stable manner but they also survive the collision which has clearly inelastic
character.

5. Conclusions

In conclusion, we reviewed properties of optical beams propagating in non-
local nonlinear Kerr-like medium. We showed that in case of self-focusing medium
nonlocality always suppresses modulational instability of plane wave although it
never eliminates it completely. For self-defocusing nonlinearity nonlocality can ac-
tually initiate modulational instability if the spectrum of the nonlocal response
function changes sign in some range of parameters. We also showed that nonlocal-
ity stabilizes spatial solitons and arrests collapse of the multidimensional beam.
Finally we presented exact analytical soliton solutions for 1-dimensional beams
propagating in weakly nonlocal medium. These solitons appear to be stable.
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