
Vol . 103 (2003) ACT A PHY SIC A POLON IC A A No . 1

U se of B ers ons{ K u lsh For m Factor

of Short -Pu ls e A ppro x im ation
in R y dber g-S tate Phy sic s

R. Par zy¥sk i Ê and M. Sobczak

Facul t y of Phy sics, A. Mi cki ewi cz Uni versi ty

U multowsk a 85, 61-614 Pozna¥, Poland

(Received Sept ember 10, 2002)

Th e exp eri men ts on hi gh R ydberg states intera cting w ith short electro -

magnetic pulses were hitherto mainly explain ed by using numerical integra-
tion of the time- dependent Schr�odinger equation in a restricted state basis.
I n this study w e apply a di˜erent approach based on the Bersons { K ulsh

analytica l form factor of the short- pulse approximation. This analyti cal ap-
proach is show n to w ell repro duce the recent experimental results and those
of numerical integration of the time- dependen t Schr�odinger equation both

in the case of terahert z half -cycle pulses and optical many- cycle pulses. T his
fact enables a recommendation of the analytical Bersons{K ulsh form factor
as an alternati ve and e£cient metho d of quantum calculatio ns of electro-
magneticall y induced Rydb erg state redistrib uti on.

PACS numb ers: 32.80.Rm , 03.65. Ge

1. I n t rod uct io n

Ha l f-cycl e pul ses (H CP ' s) of unipolar electrom agneti c radiati on from the
tera hertz frequency regim e are now in increasing use in the exp erim ental R yd-
berg-state physi cs (e.g. [1]). T o be speciÙc, in one of the latest experi ment in
thi s Ùeld [2], a pai r of ti m e-delayed twi n HCP' s was used to Ùrst create in ru-
bi dium a R ydb erg wa ve packet around the ini ti al n = 4 0 state and then to
study the dyna m ics of the form ed wa ve packet by appl yi ng the ti me-dom ain
R amsey interf erence techni que. It has been recentl y shown [3] tha t the R am sey
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interf erogram s (state- popul ati on versus delay ti m e) from the above exp eriment
could be theoreti cally wel l described wi th no need of num erical soluti on of the
ti m e-dependent Schr�odinger equati on (T D SE). Instea d, an analyti cal appro ach
combi ning the short- pul se appro xi mati on for the tra nsiti on am pl i tude between
R ydb erg states [4], the Bersons{ Kul sh cl osed-form analyti c expression for thi s
am pl i tude in the parabol ic state basis [5] and the uni ta ry tra nsform ati on of the
parabolic Bersons{ Kul sh am pl itudes to the spheri cal basis [6] was shown to be suc-
cessful to the sam e extent as the num erical soluti on of TD SE in the above case.

The aim of the present paper is twof old. Fi rst of al l , we wi sh to show how well
the above analyti cal appro ach works when appl ied to other recent HCP +R ydb erg
ato m experim ents, the Ahn et al . experim ent on caesium [7] and tha t by Ti elki ng
and Jo nes on sodium [8]. In the exp eriment [7], an ini ti al Rydb erg wa ve packet
wa s reduced by a HCP to a practi cal ly sing le state, m ark ed by havi ng i ts phase
Ûipped wi th respect to the phasesof other states in the ori ginal packet. The ex-
perim ent in [8] inv olved a measurement of redistri buti on of the ini ti al single-state
popul ati on over neighbouri ng states by a HCP versus electri c Ùeld strength of
the HCP. In both cases, our results obta ined from the analyti cal appro ach wi l l
be shown to agree, at least qual i ta ti v ely, wi th the experi menta l results and tho se
of num erical integ rati on of TD SE. Mo reover, we wi l l also show tha t our previ -
ous num erical -experim ent results on R ydb erg state redi stri buti on by a m any- cycl e
pul se from the opti cal frequency dom ain [9] are perfectly repro duced by the present
analyti c appro ach.

2. T heor et ica l b ack gr ou nd

The short- pul se appro xi ma ti on [4] requi res for the pul se dura ti on, t p , to be
m uch shorter tha n the Kepl er period, t K = 2¤ n 3 a.u. , of the Rydb erg electron in
i ts ini ti al state so the spectra l band wi dth of the pul se covers a numb er of R ydb erg
states in the vi cini ty of the ini ti al one. Thi s pul se tra nsfers a m omentum to the
electron, whi ch in a.u. am ounts to Q = ( " 0 =Û) S , where both " 0 (electri c Ùeld am -
pl i tude) and Û (the rate of changes of the electri c Ùeld) are given in a.u. of electri c
Ùeld and frequency, respecti vely, and S i s the pul se area obta ined by ti me integ ra-
ti on. The above Q determ ines the R ydb erg- to -Rydb erg tra nsiti on am pl i tude f rom
j i i to j f i thro ugh the form facto r

T f i = h f j exp ( iQ £ ) j i i ; (1)

where £ stands for the electron radius in a.u.
Tho ugh the form f actor l ike the above one was extensi vel y studi ed in the past

in the context of col l ision theory (e.g. [10, 11]) onl y Bersons and Kul sh succeeded
recentl y [5] in Ùndi ng, f or a z -di rected electri c Ùeld, a conveni ent analyti c expres-
sion for it in parabol ic basis: j i i = j nn 1 n 2 m i and j f i = j n 0 n 0

1 n 0

2 m 0 = m i , where n 1

and n 2 are the parabol ic quantum num bers interrel ated thro ugh n 1 + n 2 + j m j + 1
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= n , where 0 ç n 1 ç n À j m j À 1 [6]. For the m = 0 states, the case of interest
thro ughout the present paper, the Bersons{ Kul sh expression reads

T n 0 n 0

1
n 0

2
0 ;n n 1 0

= i2 y z
( n À n À iy ) ( n À n À iy ) ( n À n + iy ) ( n À n + iy )

( n + n À iy ) + +1 ( n + n + iy ) + +1

È

2 nn ( n 1 À n 2 + iy ) + ( n 2 À n 1 )( n 2 + n 2 + y 2 )

( n + n )2 + y 2

È F ( À n 1 ; À n 1 ; 1 ; z )F ( À n 2 ; À n 2 ; 1 ; z )

+ n 1 F ( À n 1 ; À n 1 + 1 ; 1 ; z ) F ( À n 2 ; À n 2 ; 1 ; z )

À n
2

F ( À n 1 ; À n
1

; 1 ; z ) F ( À n 2 ; À n
2

+ 1 ; 1 ; z ) ; (2)

where

y = Q nn ; z = À

4 nn

( n À n ) 2 + y 2
; (3)

Q = j j and F (a; b ; c; z ) i s a hyp ergeom etri c functi on.
From the above Bersons{ Kul sh expression one can readi ly Ùnd the f orm

facto r between spheri cal sta tes, j i i = j n l m = 0 i and j f i = j n l m = 0 i , because
the spheri cal and parabol ic basesare interrel ated by a uni tary tra nsform ati on [6].
The result of thi s tra nsform ati on is

T 0 0 =

1

=0

1

=0

( À 1 ) + + + + +

È C 0
( 1 ) 2 (2 +1 ) 2 ( 1 ) 2 ( 2 + 1 ) 2

È C 0
( 1 ) 2 (2 +1 ) 2 ( 1 ) 2 ( 2 + 1 ) 2

È T = 1 0 = 1 0 ; (4)

where C means the Cl ebsch{ Gordan coe£ cients.

W e appl y Eqs. (2){ (4) to Ùrst describe the results of the experim ent by Ahn
et al. [7] perf orm ed on the caesium wa ve packet. The ini ti al packet wa s created
in thi s exp eriment by a sculpted opti cal pul se to incl ude the j n l = 1 m = 0 i

states wi th 2 4 ç n ç 2 9 , i .e, 2 9

=2 4
a j n 1 0 i , where the norm al ized am pl i -

tudes ( j a j
2 = 1 ) were: a 2 4 = 0 : 2 4 ; a 2 5 = 0 : 4 8 ; a 2 6 = 0 : 5 7 ; a 2 7 = 0 : 4 8 ;

a 2 8 = 0 : 3 3 and a 2 9 = 0 :2 4 thus form ing nearl y Gaussian popul ati on distri buti on
around n = 2 6 . Thi s wa ve packet was then al lowed to freely evolve in the ti m e t
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Fig. 1. State popula tion in the initial caesium p-typ e w ave packet, j a n j
2 , and the p -state

redistribu tio n by terahertz H C P, j bn 0 j , for di˜erent times of the initia l w ave-packet

free evolution. T he results obtained on the basis of Eqs. ( 4) and (2) (b old bars) are

compared w ith the theoretical data of A hn et al. obtained by partial- w ave expansio n

for form factor of short- pulse approximation (solid line) and numerical integration of

T DSE (dashed line). The comparison is show n for the phase- Ûipped state in the initial

w ave packet which survives H C P.

of the order of several pi coseconds, m uch shorter tha n the l i feti mes of the wa ve
packet com ponents but long enough f or the com ponents to acqui re signi Ùcant
phases, , resulti ng in exp i . The last wa ve packet, wi th
di ˜erent phasesof i ts components, wa s Ùnal ly ki cked by a tera hertz HCP of 0.44 ps
dura ti on ( 0 25) whi ch tra nsferred a.u. of m omentum to the
ato m . Af ter the HCP , the popul ati ons in the states form ing the ini ti al wa ve
packet were measured by the state selective Ùeld ioni zati on versus ti m e of free
evoluti on. W i thi n the short- pul se appro xi mati on, justi Ùed by the present rela ti on
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Fig. 2. T he af ter- terahertz- H C P population in di˜erent states of the initia l caesium

p -typ e wave packet versus the initial wave-pack et free evolution time t , calcula ted w ith

the use of Eqs. (4) and (2). T he arrow s p oint to the speciÙc times (2. 1 ps, 4.2 ps and

4. 7 ps) for which Fig. 1 is prepared.

between t p and t K , the ampl itude bn 0 1 0 = bn 0 for the popul ati on to be in j n 0 1 0 i at
the end of the HCP is obta ined from Eq. (1) by substi tuti ng in place of j i i the wa ve
packet after i ts free evoluti on. Thi s results in b =

2 9

=2 4
T e i a , where

T = T 1 0 1 0 i s to be calcul ated from Eqs. (4) and (2). Fi gure 1 shows
the popul ati ons, j b j

2 , calcul ated along thi s l ine wi th the incl usion of quantum
defect [6] in both eigenfrequenci es ( ! ! ! = ! 3 5 7 5 ) and form factors
(n ! n = n À 4 ). In Fi g. 1 we present the distri buti on of the popul ati on in the
ini ti al wa ve packet, j a j

2 , as well as the p -sta te di stri buti on after the HCP , j b j
2 ,

for the exp erimenta l free evoluti on ti m es t = 2 : 1 ps, 4.2 ps and 4.7 ps. The resul ts
of Fi g. 1 agree qual i ta ti vely wi th the experi menta l ones of the ori ginal paper by
Ahn et al . (Fi g. 1 in [7], the Ùrst colum n). They agree nearl y quanti ta ti vely wi th
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the results of the calculati ons by Ahn et al . (a lso Fi g. 1 in [7], the second and thi rd
colum ns) perform ed along two di ˜erent lines, one wi thi n the short- pul se appro xi -
m ati on but wi th expa ndi ng the f orm factor of Eq. (1) in a series of parti al wa ves
(sol id l ines in our Fi g. 1) and the other by di rect integ rati on of TD SE (dashed
l ines) in a basis of 187 states (n = 2 1 À 31, l < 1 7 ; m = 0 ). Thi s agreement le-
gi ti m ates the m etho d presented in thi s paper, based on the analyti cal parabol ic
Bersons{ Kul sh form factor (Eq. (2)) and i ts tra nsform ati on to the spheri cal basis
(Eq. (4)), as an al terna ti ve (i f not the m ost conveni ent) m etho d for theoreti cal
quantum analysis of redi stri buti on of R ydb erg state popul ati on by HCP' s.

In suppl ement to Fi g. 1, we show in Fi g. 2 the redi stri buti on by HCP (ca l-
cul ated by the use of Eqs. (4) and (2)) versus ti m e t of free evoluti on of the ini ti al
wa ve packet (com pare Fi g. 2 in [7]). The arro ws in thi s Ùgure point to the spe-
ci Ùc ti m e m oments for whi ch we prepared Fi g. 1. However, there are also other
m oments di ˜erent from tho se in Fi g. 1, for whi ch practi cally only one state in the
ini ti al wave packet survi ves the HCP. As kno wn from the ori ginal analysis by Ahn
et al . [7] i t is the state in the ini ti al wave packet (m ark ed) tha t had i ts phase, ! n t ,
Ûipped wi th respect to al l other pha ses. Such a behavi our of thi s m arked state
under the HCP acti on was ori gina lly di scussedin [7] in the context of the Grover
quantum algori thm , expl oi ti ng an inv ersion about the avera ge, and it was the aim
of the present paper to show tha t the analyti cal appro ach based on Eqs. (4) and
(2) is able to expl ain thi s behavi our in i ts own way.

The other experim ent to whi ch we appl y Eqs. (4) and (2) is tha t by Ti elki ng
and Jones [8] on sodium ato m s prepared in either the 19s or 19d states by the use
of two tuna ble ns dye laser pul ses. From either of these ini ti al sta tes the popul ati on
wa s then redi stri buted by a nearl y Gaussian tera hertz HCP of 0.5 ps dura ti on and
the redi stri buti on was m easured versus electri c Ùeld in the HCP (versus Q ¤ " 0 t p

in the m eaning of Eqs. (4) and (2)). In Fi g. 3 we present the appro pri ate redi stri -
buti ons versus Q obta ined from Eqs. (4) and (2) wi th the incl usion of quantum
defect (n ! n Ê = 1 8 for s and p states and 19 for l Ñ 2 states [6]). The highest Q
values in thi s Ùgure corresp ond to the highest electri c Ùelds incl uded in the ori gi -
na l calcul ati ons of Ti elki ng and Jones (Fi gs. 6B and 7B in [8]) based on num erical
integ rati on of TD SE in the spheri cal basis of 200 states. In both cases, i .e., the
redi stri buti ons from the ini ti al either 1 9 s or 1 9 d states, our curves of Fi g. 3 agree
at least qual ita ti vely wi th tho se of num erical integrati on of TD SE by Ti elki ng and
Jones. The m ajor quanti ta ti ve di ˜erences are: (i ) in Fi g. 3a, the curve f or 1 9 p pop-
ul ati on is by a factor of 2 hi gher and the curve for 1 9 l > 2 i s by a factor of 4 lower
tha n the appro pri ate theo reti cal curves of Ti elki ng and Jones, (i i ) in Fi g. 3b, the
curve for 19p popul ati on does not exhi bi t oscil lati ons l ike the theo reti cal curve of
Ti elki ng and Jones (such oscil lati ons do reveal in our calculati ons when neglecting
quantum defect). In the (i i ) case, however, our curve wi th no oscil lati ons seems to
be a better im ita ti on of the exp erimenta l ly m easured curve (Fi g. 6A in [8]). Besides
som e mutua l quanti ta tiv edi ˜erences both the present curves of Fi g. 3 and the the-
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Fig. 3. Population in di˜erent sodium states versus momentum Q transf erred from the

terahertz H C P, calculated from Eqs. (4) and (2), for the 19 s (a) and 19 d (b) initial -state

cases, resp ectively . T he notation l > 2 means total populati on of all l > 2 states ( l =

3 10, in practice).

oreti cal curves of Ti elki ng and Jones repro duce qual i ta ti vely the exp erim ental ly
observed tendenci es (Fi gs. 6A and 7A in [8]).
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The last exampl e to whi ch we apply Eqs. (4) and (2) is a tra nsient redis-
tri buti on of the hydro gen popul ati on from the ini ti al 5 0 s state by the opti cal
frequency pul se ( ! = 0 : 0 7 3 5 a.u. ) of peak intensi ty 1 0 9 W / cm 2 and squared sinus
envel ope of 10 opti cal periods dura ti on (si n2 (§ =2 0 ) cos §; 0 ç § = ! t ç 2 0 ¤ ). In
thi s case the rate of changes of the Ùeld is Û = ! , whi le the tra nsferred mom en-
tum Q = (" o = ! ) S ( § ) = 0 : 0 0 1 3

È
sin § À

5

1 1
sin

À
1 1

1 0
§
Â

À
5

9
sin

À
9

1 0
§
ÂÊ

. R ecently [9],
we studi ed tra nsient redi stri buti on of populati on by such a pulse by num erical in-
teg rati on of TD SE in a large basis of 1775 spherical sta tes (n = 2 0 À 80, l = 0 À 29,
m = 0 ) and now compare these resul ts wi th the present resul ts obta ined by sim -
pl y appl yi ng analyti cal Eqs. (4) and (2). Fi gure 4 shows thi s compari son for the
Â n = 0 tra nsi ti ons, whi le Fi g. 5 for the Â n = Ï 1 ones. In these Ùgures, ful l l ines
are the present short- pul se approxi mati on ( t p = t K ¤ 10À 4) results based on Eqs.
(4) and (2), whi le dots are our previ ous results of num erical integ rati on of TD SE.
There is evi dent ful l coincidence between the results of the tw o metho ds.

Fi nal ly, we point to the m ost probable source of som e quanti ta ti ve di ˜er-
ences, m entio ned in the context of Fi g. 3, between the present results and tho se of
the num erical integrati on by Ti elki ng and Jones. The hi ghest experim ental Ùelds
and tho se of the Ti elki ng and Jones integ rati on were in f act to o high for the
short- pul se appro xi mati on to perfectl y describe the HCP+a to m intera cti on. As
kno wn [4], the highest Ùelds of the short- pul se appro xi mati on are l im ited by the
requi rem ent for the di splacement of the electron by a pul se to be shorter tha n
the electron de Bro gl ie wavelength ( " 0 < nÛ 2 in a.u. ). Both in the experim ent of
Ti elki ng and Jones [8] and Ahn et al . [7] the tera hertz HCP Ùelds exceeded by
at least a factor of several uni ts tho se al lowed by the short- pul se appro xi matio n.
Co ntra ry, the opti cal - frequency pul se of Fi gs. 4 and 5 has i ts electri c Ùeld fal l ing
excellentl y in the appl icabi l it y domain of the short- pul se appro xi mati on, thus the
perfect agreement seen therei n.

4. Co n cl u si on

In thi s paper we analyzed three exam pl es, being under current research in-
terest, of Rydb erg state redistri buti on by electrom agneti c pulses of a dura ti on
shorter tha n the Kepl er period of the states invol ved. In addi ti on to our previ ous
resul t [3], the results of the present analysis give a much wi der basis to concl ude
tha t the analyti c Bersons{ Kul sh form facto r (Eq. (2 )) of the short- pul se appro xi -
m ati on (Eq. (1)) a long wi th i ts tra nsform ati on from the ori gina l parabol ic basis to
the spheri cal one (Eq. (4)) is an e˜ecti ve and conveni ent metho d of quantum cal-
cul ati ons of the redistri buti on by both tera hertz hal f-cycl e and opti cal frequency
m any -cycl e pul ses, abl e to compete wi th the hi therto pref erred metho d of num er-
ical soluti on of the ti m e-dependent Schr�odi nger equati on in a selected-state basis.
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Fig. 4. H ydrogen state p opulatio n versus evolution time of the optical frequency pulse

( ! = 0: 073 5 a.u. ) of the sin 2
( § =20 ) cos§ shap e, 10 cycle duration (0 ç )

and 10 W cm peak intensity . T he case of the transitions from the initial

state. Full lines | the present analytic results, dots | the results of our numerical

integration of TDSE.
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Fig. 5. The same as in Fig. 4 but for the Â n = Ï 1 transitions.
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