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The experiments on high Rydberg states interacting with short electro-
magnetic pulses were hitherto mainly explained by using numerical integra-
tion of the time-dependent Schrédinger equation in a restricted state basis.
In this study we apply a different approach based on the Bersons—Kulsh
analytical form factor of the short-pulse approximation. This analytical ap-
proach is shown to well reproduce the recent experimental results and those
of numerical integration of the time-dependent Schrodinger equation both
in the case of terahertz half-cycle pulses and optical many-cycle pulses. This
fact enables a recommendation of the analytical Bersons—Kulsh form factor
as an alternative and efficient method of quantum calculations of electro-
magnetically induced Rydberg state redistribution.

PACS numbers: 32.80.Rm, 03.65.Ge

1. Introduction

Half-cycle pulses (HCP’s) of unipolar electromagnetic radiation from the
terahertz frequency regime are now in increasing use in the experimental Ryd-
berg-state physics (e.g. [1]). To be specific, in one of the latest experiment in
this field [2], a pair of time-delayed twin HCP’s was used to first create in ru-
bidium a Rydberg wave packet around the initial n = 40 state and then to
study the dynamics of the formed wave packet by applying the time-domain
Ramsey interference technique. It has been recently shown [3] that the Ramsey
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interferograms (state-population versus delay time) from the above experiment
could be theoretically well described with no need of numerical solution of the
time-dependent Schrodinger equation (TDSE). Instead, an analytical approach
combining the short-pulse approximation for the transition amplitude between
Rydberg states [4], the Bersons—Kulsh closed-form analytic expression for this
amplitude in the parabolic state basis [5] and the unitary transformation of the
parabolic Bersons—Kulsh amplitudes to the spherical basis [6] was shown to be suc-
cessful to the same extent as the numerical solution of TDSE in the above case.

The aim of the present paper is twofold. First of all, we wish to show how well
the above analytical approach works when applied to other recent HCP+Rydberg
atom experiments, the Ahn et al. experiment on caesium [7] and that by Tielking
and Jones on sodium [8]. In the experiment [7], an initial Rydberg wave packet
was reduced by a HCP to a practically single state, marked by having its phase
flipped with respect to the phases of other states in the original packet. The ex-
periment in [8] involved a measurement of redistribution of the initial single-state
population over neighbouring states by a HCP versus electric field strength of
the HCP. In both cases, our results obtained from the analytical approach will
be shown to agree, at least qualitatively, with the experimental results and those
of numerical integration of TDSE. Moreover, we will also show that our previ-
ous numerical-experiment results on Rydberg state redistribution by a many-cycle
pulse from the optical frequency domain [9] are perfectly reproduced by the present
analytic approach.

2. Theoretical background

The short-pulse approximation [4] requires for the pulse duration, ¢, to be
much shorter than the Kepler period, tx = 27n® a.u., of the Rydberg electron in
its initial state so the spectral band width of the pulse covers a number of Rydberg
states in the vicinity of the initial one. This pulse transfers a momentum to the
electron, which in a.u. amounts to @ = (eo/7)S, where both eq (electric field am-
plitude) and ~ (the rate of changes of the electric field) are given in a.u. of electric
field and frequency, respectively, and S is the pulse area obtained by time integra-
tion. The above @ determines the Rydberg-to-Rydberg transition amplitude from
|©) to | f) through the form factor

Ty = (flexp (i@p)]i), (1)
where p stands for the electron radius in a.u.

Though the form factor like the above one was extensively studied in the past
in the context of collision theory (e.g. [10, 11]) only Bersons and Kulsh succeeded
recently [5] in finding, for a z-directed electric field, a convenient analytic expres-
sion for it in parabolic basis: |i) = |nninam) and |f) = |n'ninbm’ = m), where ny
and ng are the parabolic quantum numbers interrelated through ny 4+ no + |m|+ 1
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= n, where 0 < ny < n —|m|— 1 [6]. For the m = 0 states, the case of interest
throughout the present paper, the Bersons—Kulsh expression reads

Tn’n’ln’QO,nnlrLzO
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dnn'
— / —
y=Qnn, = (3)

Q = |Q| and F(a,b,c;z) is a hypergeometric function.

From the above Bersons—Kulsh expression one can readily find the form
factor between spherical states, |i) = |nlm = 0) and |f) = |n'l'm’ = 0), because
the spherical and parabolic bases are interrelated by a unitary transformation [6].
The result of this transformation is

n'—1 n—1

7 7 7
Toonio = Z Z (=1t HHl 4040y

ni{=0n1=0

"o
XClni1)/2 (20! —ni41)/2 (n'=1)/2 (=2n!4n'—1)/2

XCl 0
(n=1)/2 (2n1—n+1)/2 (n—=1)/2 (—2n14n—-1)/2
XTn’n’ln’Q:n’—n’l—l 0, n1 na=n—ni1—1 0> (4)

where C’;Z pp Means the Clebsch—Gordan coeflicients.

3. Applications

We apply Eqgs. (2)-(4) to first describe the results of the experiment by Ahn
et al. [7] performed on the caesium wave packet. The initial packet was created
in this experiment by a sculpted optical pulse to include the |n { = 1 m = 0)
states with 24 < n < 29, i.e, 27219:24 an|n 1 0), where the normalized ampli-
tudes (>, |an|? = 1) were: asa = 0.24, ass = 0.48, azs = 0.57, aszr = 0.48,
ass = 0.33 and asg = 0.24 thus forming nearly Gaussian population distribution
around n = 26. This wave packet was then allowed to freely evolve in the time ¢
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Fig. 1. State population in the initial caesium p-type wave packet, |a,|?, and the p-state
redistribution by terahertz HCP, |b,/|?, for different times t of the initial wave-packet
free evolution. The results obtained on the basis of Eqs. (4) and (2) (bold bars) are
compared with the theoretical data of Ahn et al. obtained by partial-wave expansion
for form factor of short-pulse approximation (solid line) and numerical integration of
TDSE (dashed line). The comparison is shown for the phase-flipped state in the initial

wave packet which survives HCP.

of the order of several picoseconds, much shorter than the lifetimes of the wave
packet components but long enough for the components to acquire significant
phases, wy !, resulting in 27219:24 an|n 1 0) exp (—iwyt). The last wave packet, with
different phases of its components, was finally kicked by a terahertz HCP of 0.44 ps
duration (fp/tx = 0.25) which transferred ¢ = 0.0043 a.u. of momentum to the
atom. After the HCP, the populations in the p states forming the initial wave
packet were measured by the state selective field 1onization versus time ¢ of free
evolution. Within the short-pulse approximation, justified by the present relation



Use of Bersons—Kulsh Form Factor ... 17

0.25

2
|basp|
0.2

0.15 1
0.14

0.05 §

0.3 1
2
|basp

0.2 1

0.1 1

0.25
2
|bz7|
02
0.15
0.1

0.05 4

o
N A
H

8
t[ps]

Fig. 2. The after-terahertz-HCP population in different states of the initial caesium
p-type wave packet versus the initial wave-packet free evolution time ¢, calculated with
the use of Egs. (4) and (2). The arrows point to the specific times (2.1 ps, 4.2 ps and
4.7 ps) for which Fig. 1 is prepared.

between ¢, and tk, the amplitude b,:19 = b, for the population to be in |n’ 1 0) at
the end of the HCP is obtained from Eq. (1) by substituting in place of |¢) the wave
packet after its free evolution. This results in b, = 27219:24 Tn/ne_iw”tan, where
Tom = Thiiom 10 18 to be calculated from Egs. (4) and (2). Figure 1 shows
the populations, |b,/|?, calculated along this line with the inclusion of quantum
defect [6] in both eigenfrequencies (w, — wn_s = wn_3575) and form factors
(n — n* =n—4). In Fig. 1 we present the distribution of the population in the
initial wave packet, |a,|?, as well as the p-state distribution after the HCP, |b,/]?,
for the experimental free evolution times ¢ = 2.1 ps, 4.2 ps and 4.7 ps. The results
of Fig. 1 agree qualitatively with the experimental ones of the original paper by

Ahn et al. (Fig. 1 in [7], the first column). They agree nearly quantitatively with
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the results of the calculations by Ahn et al. (also Fig. 1 in [7], the second and third
columns) performed along two different lines, one within the short-pulse approxi-
mation but with expanding the form factor of Eq. (1) in a series of partial waves
(solid lines in our Fig. 1) and the other by direct integration of TDSE (dashed
lines) in a basis of 187 states (n = 21-31,1 < 17, m = 0). This agreement le-
gitimates the method presented in this paper, based on the analytical parabolic
Bersons—Kulsh form factor (Eq. (2)) and its transformation to the spherical basis
(Eq. (4)), as an alternative (if not the most convenient) method for theoretical
quantum analysis of redistribution of Rydberg state population by HCP’s.

In supplement to Fig. 1, we show in Fig. 2 the redistribution by HCP (cal-
culated by the use of Eqs. (4) and (2)) versus time ¢ of free evolution of the initial
wave packet (compare Fig. 2 in [7]). The arrows in this figure point to the spe-
cific time moments for which we prepared Fig. 1. However, there are also other
moments different from those in Fig. 1, for which practically only one state in the
initial wave packet survives the HCP. As known from the original analysis by Ahn
et al. [7] it is the state in the initial wave packet (marked) that had its phase, wyt,
flipped with respect to all other phases. Such a behaviour of this marked state
under the HCP action was originally discussed in [7] in the context of the Grover
quantum algorithm, exploiting an inversion about the average, and it was the aim
of the present paper to show that the analytical approach based on Egs. (4) and
(2) is able to explain this behaviour in its own way.

The other experiment to which we apply Eqgs. (4) and (2) is that by Tielking
and Jones [8] on sodium atoms prepared in either the 19s or 19d states by the use
of two tunable ns dye laser pulses. From either of these initial states the population
was then redistributed by a nearly Gaussian terahertz HCP of 0.5 ps duration and
the redistribution was measured versus electric field in the HCP (versus @ ~ &otp
in the meaning of Eqs. (4) and (2)). In Fig. 3 we present the appropriate redistri-
butions versus @ obtained from Eqs. (4) and (2) with the inclusion of quantum
defect (n — n* = 18 for s and p states and 19 for [ > 2 states [6]). The highest Q
values in this figure correspond to the highest electric fields included in the origi-
nal calculations of Tielking and Jones (Figs. 6B and 7B in [8]) based on numerical
integration of TDSE in the spherical basis of 200 states. In both cases, i.e., the
redistributions from the initial either 19s or 19d states, our curves of Fig. 3 agree
at least qualitatively with those of numerical integration of TDSE by Tielking and
Jones. The major quantitative differences are: (i) in Fig. 3a, the curve for 19p pop-
ulation is by a factor of 2 higher and the curve for 191 > 2 1s by a factor of 4 lower
than the appropriate theoretical curves of Tielking and Jones, (ii) in Fig. 3b, the
curve for 19p population does not exhibit oscillations like the theoretical curve of
Tielking and Jones (such oscillations do reveal in our calculations when neglecting
quantum defect). In the (ii) case, however, our curve with no oscillations seems to
be a better imitation of the experimentally measured curve (Fig. 6A in [8]). Besides
some mutual quantitative differences both the present curves of Fig. 3 and the the-
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Fig. 3. Population in different sodium states versus momentum ¢ transferred from the
terahertz HCP, calculated from Eqgs. (4) and (2), for the 19s (a) and 194 (b) initial-state
cases, respectively. The notation ! > 2 means total population of all { > 2 states (I =

3—10, in practice).

oretical curves of Tielking and Jones reproduce qualitatively the experimentally

observed tendencies (Figs. 6A and 7A in [8]).
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The last example to which we apply Eqgs. (4) and (2) is a transient redis-
tribution of the hydrogen population from the initial 50s state by the optical
frequency pulse (w = 0.0735 a.u.) of peak intensity 10° W/em? and squared sinus
envelope of 10 optical periods duration (sin?(7/20)cos7, 0 < 7 = wt < 207). In
this case the rate of changes of the field is v = w, while the transferred momen-
tum Q = (¢,/w)S(r) = 0.0013 [sinT — Zsin (37) — 2sin (57)]. Recently [9],
we studied transient redistribution of population by such a pulse by numerical in-
tegration of TDSE in a large basis of 1775 spherical states (n = 20—80, | = 0—29,
m = 0) and now compare these results with the present results obtained by sim-
ply applying analytical Eqgs. (4) and (2). Figure 4 shows this comparison for the
An = 0 transitions, while Fig. 5 for the An = +£1 ones. In these figures, full lines
are the present short-pulse approximation (¢, /tx &~ 10=%) results based on Egs.
(4) and (2), while dots are our previous results of numerical integration of TDSE.
There is evident full coincidence between the results of the two methods.

Finally, we point to the most probable source of some quantitative differ-
ences, mentioned in the context of Fig. 3, between the present results and those of
the numerical integration by Tielking and Jones. The highest experimental fields
and those of the Tielking and Jones integration were in fact too high for the
short-pulse approximation to perfectly describe the HCP+4atom interaction. As
known [4], the highest fields of the short-pulse approximation are limited by the
requirement for the displacement of the electron by a pulse to be shorter than
the electron de Broglie wavelength (¢9 < ny? in a.u.). Both in the experiment of
Tielking and Jones [8] and Ahn et al. [7] the terahertz HCP fields exceeded by
at least a factor of several units those allowed by the short-pulse approximation.
Contrary, the optical-frequency pulse of Figs. 4 and b has its electric field falling
excellently in the applicability domain of the short-pulse approximation, thus the
perfect agreement seen therein.

4. Conclusion

In this paper we analyzed three examples, being under current research in-
terest, of Rydberg state redistribution by electromagnetic pulses of a duration
shorter than the Kepler period of the states involved. In addition to our previous
result [3], the results of the present analysis give a much wider basis to conclude
that the analytic Bersons-Kulsh form factor (Eq. (2)) of the short-pulse approxi-
mation (Eq. (1)) along with its transformation from the original parabolic basis to
the spherical one (Eq. (4)) is an effective and convenient method of quantum cal-
culations of the redistribution by both terahertz half-cycle and optical frequency
many-cycle pulses, able to compete with the hitherto preferred method of numer-
ical solution of the time-dependent Schrodinger equation in a selected-state basis.
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Hydrogen state population versus evolution time of the optical frequency pulse

(w = 0.0735 a.u.) of the sin?(7/20) cos 7 shape, 10 cycle duration (0 < 7 = wt < 207)
and 10° W/cm? peak intensity. The case of the An = 0 transitions from the initial

50s state. Full lines — the present analytic results, dots — the results of our numerical

integration of TDSE.
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