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A ccor din g to most cryst al grow t h th eories, the \as grow n" crystal mor -

phology is dominated by the slow -grow ing faces and the fast- grow ing faces
may \grow out" and not be represented in the Ùnal crystal habit . I n this
pap er a brief sur vey is given of the recently develop ed correlation betw een

the evolution of b oth fast- and slow-grow ing surf aces, their relative grow th
rates, and the crystallog raphi c structure of crystal. I t is show n that even
the fast- grow ing faces may increase their sizes. On the other hand, the
slow -grow ing faces may decrease and, in consequence, disapp ear from crystal

morphology . Such a behaviou r of slow- and fast- grow ing surf aces inÛuences
the grow th and evolution of b oth low - and high- inde x faces.

PACS numb ers: 81.10.A j

1. I n t rod uct io n

Theo reti cally, a bul k crysta l m ay possessan inÙnite num ber of faces. How-
ever, practi cally grown crysta ls possessa l im ited numb er of f aces, whi ch are the
ones growi ng most slowl y. In the past, many attem pts have been made to correl ate
the m orphological devel opm ent of crysta ls wi th thei r interna l structure. Fi rst, Bra -
vais and Fri edel, after m any observati ons, establ ished the Bra vais{ Friedel law [1, 2].
Thi s law reveals the correl ati on between the importa nce of a crysta l face and i ts in-
terpl anar di stance. Accordi ng to thi s law the observed crysta l facesare tho se wi th
the largest interpl anar distances. The larger the interpl anar distance, the m ore im -
porta nt the correspondi ng crysta l face. Later, i t wa s shown, Ùrst by Ni ggli [3], then
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by Donna y and Ha rker [4], tha t thi s law is som eti m esvi olated. Theref ore, D onnay
and Harker extended thi s law by consi dering the screw axi s and the gl ide planes.
The Bra vais{Fri edel{ D onnay { Hark er (BFD H) law often gives sati sfactory descrip-
ti on of the morpho logy of crysta ls. Further, Hartm an and Perdok [5] devel oped a
m ore general theo ry based on an energeti c hyp othesis. The Ha rtm an{ Perdok (HP)
theo ry intro duces the concept of periodic bond chains (PB Cs) whi ch play a key
ro le in thi s theo ry . A PBC is an uni nterrupted chain of bonds representi ng stro ng
intera cti ons between growth uni ts in the crysta l la tti ce. Three typ es of faces are
di stinguished by the classical HP theo ry : Ûat faces (F faces) | para l lel to at least
two non-para l lel intersecti ng PBCs ; stepped faces (S f aces) | paral lel to onl y one
PBC; ki nked faces (K faces) | not para l lel to any PBC. Acco rdi ng to thi s theory
onl y the F faces are im porta nt for the crysta l m orpho logy.

La ter, Burto n et al . described the tra nsiti on of Ûat crysta l facesto roughened
faces at equi l ibri um as a functi on of tem perature [6].

Further, the HP theo ry was integ rated wi th the theo ry of surf ace roughening
[7, 8] and the concept of connected net wa s intro duced [9{ 11]. A connected net
is a set of growth uni ts connected by bonds consti tuti ng a netwo rk. Equi valent
connected nets are separated by the interpl anar distance d h k l ; corrected for the
space group sym metry (accordi ng to the BFD H law). In other words, thi s is the
di stance tha t separates physi cal ly identi cal surfaces. Connected nets can be de-
ri ved from a so-cal led crysta l graph, whi ch is deÙned as an inÙnite set of points
correspondi ng to the centres of the growth uni ts wi th stro ng bonds between these
points. Connected nets have edge free energies larger tha n zero in al l crysta l lo-
graphi c di recti ons para l lel to the net. Faces para l lel to a connected net grow as
Ûat faces (cal led F faces in the HP theory) below a speciÙc roughening tem per-
ature and as rough rounded o˜ faces above thi s tem perature. In m ost cases the
faces of crysta ls tha t grow below thei r roughening temperature are Ûat faceswi th
wel l -deÙned h k l ori enta ti on. They grow by a layer m echanism, l ike spira l growth
or two -dim ensional nucl eati on. The f aces, whi ch are not para l lel to a connected
net, have a roughening tem perature equal to 0 K and, theref ore, they always grow
as rough rounded o˜ faces.

Accordi ng to m ost of these theori es the \ as-grown" crysta l morpho logy is
dom inated by the slow- grow ing surfaces and the fast-growi ng faces m ay \ grow
out" and not be represented in the Ùnal crysta l habi t. Other theori es are not
concerned wi th the occurrenc e of fast-growi ng faces in Ùnal crysta l morpho logies.
Theref ore, the aim of thi s paper is a bri ef survey of recent developm ents in the
Ùeld of evoluti on of slow- and fast-growi ng surf aces, focusing attenti on on the
crysta l lographi c structure of crysta l and relati ve growth rates.

2. M et h od of an aly sis

The habi t of a single crysta l changes duri ng the growth pro cess,since relati ve
growth rates of the facesconcerned vary owi ng to Ûuctua ti on in growth param eters.
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Beha vi our of a given f ace duri ng the growth pro cessis qui te di£ cul t to analyse on
the basis of externa l crysta l m orpho logy. However, i t can be investigated on the
basis of interna l m orpho logy, because all changes are \ recorded" in the crysta l in a
form of growth bandi ng in respective growth sectors and growth sector bounda ri es,
i .e. in a form of interna l morpho logy [12]. The interna l morpho logy is revealed in
crysta l cross-sections.

Fi gure 1 i l lustra tes a cross-section of a hyp otheti cal crysta l wi th growth
bands (GB), growth sectors (G S), and growth sector bounda ri es (G SB). For crys-
ta ls grown in nature and, in m ost cases, for crysta ls obta ined arti Ùcial ly in labo-
rato ri es, growth bands appear as a resul t of changes of growth condi ti ons, duri ng
the growth pro cess in unkno wn ti m e interv als. In such a case, i t is possible to
inv estigate the changes in crysta l m orpho logy depending on relati ve growth rates.
Stra ight boundari es between adjacent growth sectors (cf . Fi g. 1) corresp ond to
constant relati ve growth rates of the faces who se sectors created thi s bounda ry.
Bent bounda ries between growth sectors indi cate tha t the relati ve growth rates
were not consta nt.

Fig. 1. Exemplary cross-section of a hyp othetical 3D crystal with the considered h k l

face and its neighb ouri ng h 1 k 1 l 1 and h 2 k 2 l 2 faces; R h k l ; R h 1 k 1 l 1
; R h 2 k 2 l 2

| the normal

grow th rates of the hk l ; h 1 k 1 l 1 and h 2 k 2 l 2 faces, respectively , ˜ ; Û | the interf acial

angles, G B | grow th bands, G S | grow th sectors, GS B | grow th sector boundaries,

m 1 to m 11 | consecutiv e grow th bands on the h 0 k 0 l 0 face grow th sector.

Thus, f rom the above it results tha t for crysta ls who se growth pro cesscannot
be observed in sit u, e.g. natura l crysta ls or crysta ls synthesi sed by high tempera-
ture soluti on or hydro therm al soluti on m etho ds, the interna l m orpho logy revealed
in crysta l cross-secti on gives inf orm atio n on the growth pro cess and the evoluti on
of indi vi dual faces. For thi s reason, in order to study the e˜ect of crysta l geom etry
on the growth behavi our of faces, both slow- and f ast-growi ng, we use the idea
of the cri ti cal relati ve growth rate R =R . The cri ti cal relati ve growth rate
R =R is expressed by the form ula [13, 14]:
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R hk l

R c r i t
hk l

=
sin( ˜ + Û)

si n Û

R h k l =R h 1 k 1 l 1

+ sin ˜
R hk l =R

; (1)

where R h k l and R h k l are the norm al growth rates of the h k l and h k l

faces, respecti vely. The h k l and h k l faces are the neighbouri ng faces of the
hk l face (Fi g. 1). The angles˜ and Û are the interf acial anglesdeÙned in Fi g. 1. The
deta i led expl anati on how thi s equati on was derived is given in App endix A. It is
seen tha t the rati o R hk l =R

hk l
i s a functi on of the relati ve growth rates R hk l =R h k l

and R hk l =R h k l whi ch may ta ke di ˜erent values dependi ng on growth envi ron-
m ent. Adi ti onal ly, the rati o R hk l =R

hk l
is a functi on of the interf acial angles ˜ and

Û representi ng the crysta l geom etry . The physi cal m eani ng of the rati o R hk l =R
hk l

i s as fol lows [13, 14]:

For R hk l = R
hk l

< 1 , the size of the hk l face increases. If the hk l face does not
exi st in the habi t, i t app ears and devel ops i ts size. Thi s may be observed on
the exampl eof the h k l face vi sibl e in Fi g. 1. Here, the rati o R h k l =R h k l ,
beginni ng from the seed up to the m growth band, is smal ler tha n uni ty
and, theref ore, thi s f ace increa sesi ts ini ti al size.

For R hk l =R hk l = 1 , the size of the hk l face is preserved. If the ini ti al size
of thi s face is equal to zero, the zero size is preserved, i .e. thi s face does not
app ear in the habi t. In the case of the h k l face shown in Fi g. 1, the rati o
R h k l =R

h k l
i s equal to uni ty , beginni ng from m to m growth band. Thi s

is why thi s face does not change i ts size at thi s stage of growth.

For R hk l =R
hk l

> 1 , the size of the hk l face decreases. Thi s m ay lead, in
consequence, to i ts disappearance. If the face does not exi st in the habi t, i t
sti l l does not appear. In the case of the exemplary h k l face (Fi g. 1) the
rati o R h k l =R

h k l
changesi ts value, becom ing greater tha n uni ty beginni ng

from m growth band. Thi s leads to the decreasing in size of the h k l face.

In thi s paper, we focus our attenti on on the inÛuence of crysta l geom etry ,
represented by the interf acial angles ˜ and Û , on the growth behavi our of crysta l
surf aces, both slow- and fast-growi ng. In order to study such an inÛuence of crysta l
geometry we use the idea of the cri ti cal relati ve growth rate and consider the
rati o R hk l =R

hk l
for di ˜erent values of the relati ve growth rates R hk l =R h k l and

R hk l =R h k l . Our analysis is restri cted to the interf acial angles sati sfyi ng the
condi ti on ˜ + Û < ¤ , because only f or such interf aci al angles, a given f ace may
increase, preserve, or decrease i ts ini ti al size. The condi ti on ˜ + Û = ¤ corresponds
to the hk l face situa ted between two para llel faces. In such a case, the hk l face
never di sapp ears. As fol lows from Eq. (1), for ˜ + Û = ¤ the rati o R hk l =R

hk l

tends to zero. For ˜ + Û > ¤ (f or exam ple tetra hedra l habi t), a given hk l face can
onl y increase. The rati o R hk l =R

hk l
starts to ta ke negati ve values and the idea of

the cri ti cal relati ve growth rate and, at the sam e ti m e, Eq. (1) loses i ts physi cal
sense [13, 14].
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3. R esul t s an d d iscu ssio n

3.1. Fast-growing surfaces

Accordi ng to the kno wl edge hi therto exi sting, we shoul d exp ect the hk l face
to decrease i ts size and, in consequence, to disappear i f i t grows faster tha n both
neighbouri ng h 1 k 1 l 1 and h 2 k 2 l 2 faces. Let us analyse thi s case based on Fi g. 2a.
Thi s Ùgure shows the dependence of the rati o R hk l =R crit

hk l (Eq. (1)) on the interf a-
ci al angles ˜ and Û, for di ˜erent values of the relati ve growth rates R hk l =R h 1 k 1 l 1

and R hk l =R h k l , but always sati sfyi ng the condi ti ons R hk l =R h k l > 1 and
R hk l =R h k l > 1 (see capti on of Fi g. 2). Thi s means tha t the hk l face is the
fast- growi ng face.

Let us consider the surface 2 (Fi g. 2a) whi ch corresp onds to the relati ve
growth rates R hk l =R h k l and R hk l =R h k l equal to 2.00 and 1.50, respecti vely. It
m ay be noti ced tha t i f one of the interf acial angles ˜ or Û , or both these interf acial
angles, ta ke qui te smal l values, the rati o R hk l = R

hk l
i s greater tha n uni ty . Thi s

m eans tha t for such interf acial angles the hk l face decreasesi ts size, in agreement
wi th our expectati ons. However, for the interf aci al angles ˜ and Û lyi ng on the
curve 2 (cf . Fi gs. 2a and b | thi s curve is the intersecti on l ine of the surf ace 2
given by Eq. (1) for R hk l =R h k l = 2 :0 0 and R hk l = R h k l = 1 : 5 0 , wi th the plane
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R hk l =R crit
hk l

= 1 ), the rati o R hk l =R crit
hk l

i s equal to uni ty . Theref ore, for the interf acial
angles ˜ and Û l yi ng on the curve 2 the hk l f ace preserves its size. Further, the
rati o R hk l =R crit

hk l
, presented by surface 2, ta kes values smal ler tha n uni ty | for

appro pri ate values of the angles ˜ and Û, the consi dered hk l face increases i ts
ini ti al size. It is easier to understa nd thi s situa ti on analysing the dependence of
the angle Û on the angle ˜ in 2D graph presented in Fi g. 2b. Each of the curves is
obta ined for di ˜erent relati ve growth rates R hk l =R h 1 k 1 l 1

and R hk l =R h 2 k 2 l 2
, but the

rati o R hk l =R c rit
hk l

equals uni ty for al l the curves. In other words, the curves are the
intersecti on l ines of the surfacespresented in Fi g. 2a wi th the pl ane R hk l = R c rit

hk l
= 1 .

Som e of these intersecti on l ines are vi sible in Fi g. 2a (curves 1, 2 and 3), however,
Fi g. 2b is clearer and two addi ti onal curves, namely 4 and 5, are shown. For values
of the angles lyi ng below a given curve, the rati o R hk l =R hk l i s greater tha n 1 and,
theref ore the hk l face decreases i ts size, f or the angles lyi ng exactl y on a given
curve, the size of the hk l face is preserved (R hk l =R

hk l
= 1 ) and for the angles

lyi ng above a given curve, the rati o R hk l =R
hk l

i s smal ler tha n uni ty and the size
of the hk l face increases.

If the hk l face grows faster tha n one of the neighb ouri ng faces and, at the
sam e ti m e, as fast as the other neighb ouri ng f ace, the hk l face, sim i larly as in the
previ ous case, may behave in three di ˜erent ways, depending on the values of the
interf acial angles ˜ and Û . It may decrease, preserve, or increase i ts ini ti al size. In
the case of the hk l face growi ng wi th the sam e growth rate as the neighbouri ng
h k l and h k l f aces (R hk l =R h k l = 1 : 0 0 and R hk l =R h k l = 1 : 0 0 ), the rati o
R hk l =R

hk l
given by Eq. (1), does not exceed uni ty . Thi s m eans tha t the hk l face

m ay behave in one way onl y | i t increases i ts size [14].
From the above considerati ons i t results tha t at given relati ve growth rates

R hk l =R h k l > 1 and R hk l =R h k l > 1 , the fast-growi ng hk l face behaves in
di ˜erent ways depending on the geom etry of crysta l tha t is expressed by interf a-
ci al angles ˜ and Û [13, 14]. The fast-growi ng hk l face may decrease or preserve
i ts ini ti al size or, at parti cul ar geom etry , i t may enlarge i ts size growi ng much
faster tha n the neighb ouri ng faces [14]. The faster the hk l face grows (the relati ve
growth rates R hk l =R h k l and R hk l =R h k l increase) the greater values the rati o
R hk l =R

hk l
ta kes and the surf ace correspondi ng to thi s rati o becom es almost ver-

ti cal (Fi g. 2a | surf ace 3). Simulta neousl y, the range of interf acial angles ˜ and
Û , for whi ch the fast-growi ng hk l face increasesi ts size, decreases | cf. curve 5 in
Fi g. 2b. For ˜ + Û > ¤ the rati o R hk l =R

hk l
becomes smal ler tha n zero, and Eq. (1)

loses i ts physi cal m eaning.

3.2. Slow-growi ng sur faces

Fi rst, let us concentra te on the case when a given hk l face grows m ore
slowl y tha n both neighb ouri ng h k l and h k l faces. Thi s case is i l lustra ted
in Fi g. 3a showi ng the dependence given by Eq. (1) f or R hk l =R h k l = 0 : 5 0 and
R hk l =R h k l = 0 : 3 0 . From thi s Ùgure i t is seen tha t i f the hk l face grows m ore
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Fig. 3. T he ratio R hk l =R
cr i t
hk l , given by Eq. (1 ), dep endin g on the angles ˜ and

Û in a case w hen: (a) the hk l face grow s more slow ly than b oth neighb ourin g

faces: R hk l =R h
1

k
1

l
1

= 0 :5 ; R hk l =R h
2

k
2

l
2

: ; (b) the hk l face grow s more

slow ly than one neighb ourin g face | h k l face: surf ace 1 for R hk l =R h k l : ;

R hk l =R h k l : , surf ace 2 for R hk l =R h k l : ; R hk l =R h k l : , surf ace 3 for

R hk l =R h k l : ; R hk l =R h k l : . For ˜ Û > ¤ , Eq. (1) loses its physical

meaning.

slowl y tha n both neighb ouri ng and faces, the rati o does
not exceed uni ty . Thi s means tha t, in such a case, the face may onl y increase
i ts size [13]. The preservati on of the ini ti al size or the di sapp earance of the
face is not possible. Thi s situa ti on changes when the face grows more slowl y
tha n only one of the neighb ouri ng faces: or . Thi s case is i l lustra ted in
Fi g. 3b presenti ng the dependence given by Eq. (1) for di ˜erent values of relati ve
growth rates and (the values are given in the capti on
of thi s Ùgure). Let us note tha t tw o of the three surf aces (surf aces 1 and 2), ob-
ta ined for given values of relati ve growth rates and ,
exceed uni ty and one of the surf aces (surf ace 3), for other values of the relati ve
growth rates, does not reach uni ty . Theref ore, we concl ude tha t for some values
of the relati ve growth rates and there is a possibi l i ty
of decreasing and, in consequence, of disapp eari ng of a given face even i f i t grows
m ore slowl y tha n one of the neighbouri ng faces. A deta i led analysis shows tha t
such a phenom enon m ay occur onl y when the relati ve growth rate
sati sÙesone of the fol lowi ng condi ti ons [13]:

sin ( + ) sin
sin

(2a)

sin

sin ( + ) sin
(2b)

The deta iled expl anati on how these equati ons were derived is given in App endi x A.
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The above inequal i ti es cannot be sati sÙed sim ulta neously. Equa ti on (2a) is sat-
isÙed f or R h 2 k 2 l 2

> R h 1 k 1 l 1
, whi le Eq. (2b) for R h 1 k 1 l 1

> R h 2 k 2 l 2
. Co nsequentl y,

the di sappearance of the consi dered hk l f ace at the growth rate sim ul ta neously
smal ler tha n the growth rates of both neighbouri ng h k l and h k l faces is
im possibl e. Theref ore, we conclude tha t, in the case of R h k l R h k l , the
considered hk l face m ay di sappear from the habi t even growi ng m ore slowl y tha n
the faster-growi ng one of the two neighbouri ng h k l or h k l faces. Such a phe-
nom enon is possible only for parti cul ar geom etry of a given hk l face. The interf acial
angles ˜ and Û characteri sing such a geom etry must sati sfy one of the condi ti ons:

˜ Û < ¤ | the hk l face m ay disappear at growth rate smal ler tha n R h k l ; or
Û ˜ < ¤ | the hk l face may disappear at growth rate smaller tha n R h k l [13].

From the above analysis i t can be found tha t at given relati ve growth rates
R hk l =R h k l and R hk l =R h k l , the hk l face behaves in di ˜erent ways depending
on the geometry of crysta l , expressed by interf acial angles ˜ and Û . In parti cul ar,
i t decreasesi ts size even i f i t grows m ore slowl y tha n one of the neighbouri ng faces.

In order to Ùnd out whether the pro posed theo reti cal model is suita bl e for
rea l pro blems of crysta l growth, we consider two crysta ls: a lecithi n protei n con-
canaval in A crysta l and pota ssium bi chrom ate (KBC) crysta l . In Sec. 4.1, the
growth behavi our of various faces of both these crysta ls is analysed using com -
puter sim ulati on. In Sec. 4.2, the exp erimenta l veri Ùcati on for KBC crysta l is
presented.

4.1. Exemplar y analysis by comput at ion

The exemplary analysis of growth behavi our of concanav alin A and pota s-
sium bichro m ate crysta ls is m ade wi th the aid of com puter program SHAPE (ver-
sion 6.0 professional [15]). SHAPE is a crysta l dra wi ng pro gram who se basic con-
cepts were publ ished in Ref. [16]. It usesthe classical W ul˜ pl ot of the equi l ibri um
form . In the present work thi s program is used as a graphi c to ol to i llustra te the
cro ss-secti ons of the crysta ls under consi derati ons.

4.1. 1. C oncanaval in A cryst al

The unusua l behavi our of both slow- and fast-growi ng faces m ay inÛuence
the growth of high- index faces. Let us consi der a lecithi n pro tei n concanaval in
A crysta l . Thi s crysta l belongs to the ortho rho mbi c space group I 222 wi th uni t
cell constants: a : ¡A, b : ¡A, c : ¡A [17]. Accordi ng to Mo rÇe and
Saenger [18] the concanaval in A crysta l is bound by low- index faces. Ho wever,
in Ref. [19], the autho rs suggest tha t the hi gh- index n n faces appear, where
the value n ranged from 7 to 11. Mo reover, the autho rs found the n n faces
of concanaval in A crysta l to be macro scopical ly Ûat, in spite of thei r high in-
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Fig. 4. T he theoretical ly assumed grow th morphology of concana valin A crystal w ith

the considered high- index f 717g face. T he s line indicates the p osition of the cross-section

presented in Fig. 5.

Fig. 5. T he exemplary cross- section of concana valin A crystal morphology which illus-

trates increasi ng in size of fast- grow ing high- ind ex f 717g face.

dexes. For thi s reason, thi s crysta l is very interesti ng to investigate the growth
behavi our of high- index faces and was theref ore chosen as a m odel l ing crysta l .
For the purp ose of thi s arti cl e we consider, besides low- index faces, also parti cul ar
hi gh- index f 717g faces | Fi g. 4. Al l faces shown in Fi g. 4 were exp erim ental ly
observed and reported [18, 19]. The cross-secti on of concanaval in A crysta l shown
in Fi g. 5 resul ts f rom cleavi ng of the crysta l from Fi g. 4 along s l ine. As i t is seenin
Fi g. 5, the high- index f 717g faces have two neighbouri ng sets of faces: f 100 and
001 . Here, the 717 face is the fastest growi ng f ace. The values of the relati ve

growth rates, ta ken f or the modell ing com puta ti on are equal to : R =R =

R =R = 1 : 2 0 . As a result of simulatio n the 717 face increases i ts size |
Fi g. 5. The unusua l behavi our of thi s face m ay be expl ained by the speciÙc values
of the interf acial angles ˜ and Û [20]. The crysta llographi c structure of high- index
faces, characteri sed by interf acial angles, m ay be one of the possible reasons of
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growth and existence of these faces in crysta l morpho logies. Thi s is purel y ge-
om etri cal e˜ect, wi tho ut ta ki ng into account surface free energy. However, the
f n 1 n g faces were reported as Ûat faces [19]. Thus, the theoreti cal background
bri eÛy presented in Intro ducti on reveals tha t also the high- index faces could grow
wi th a layer mechani sm wi th wel l -deÙned hk l orienta ti on.

4.1. 2. KBC cr ystal

Pota ssium bichro mate (K 2Cr 2 O7 | KBC) crysta l belongs to 1 point group
wi th the fol lowing uni t cell parameters: a = 7 : 4 4 5 ¡A, b = 7 : 3 7 6 ¡A, c = 1 3 : 3 6 7 ¡A,
˜ = 9 7 : 9 6 £ ; Ù = 9 6 : 2 1 £ ; Û = 9 0 : 7 5 £ [21]. Let us consider the cross-section of
KBC crysta l shown in Fi g. 6a. For thi s exemplary growth hi story the constant
relati ve growth rates were chosen as shown in T able. Addi ti onal ly, thi s T able gives
the values of the rati o R hk l =R crit

hk l
, calcul ated on the basis of Eq. (1). In KBC

crysta l , the (001) face situa ted between the (011) and (0 1 1 ) faces
( ˜ 6 (0 0 1 ) = (0 1 1 ) = 5 4 : 9 0 £ ; Û (0 0 1 ) = (0 1 1 ) = 6 7 : 2 9 ), is usual ly the bi ggest
face and, theref ore, so far i t has been consi dered as the slowest-growi ng f ace. How-
ever, in Fi g. 6a, it is seen tha t thi s face increases in size growi ng ei ther m ore
slowl y or faster tha n the neighbouri ng (011) or (0 1 1 ) faces. From the beginni ng of
growth pro cess up to m growth band, the relati ve growth rates R hk l =R h k l =

R = R and R hk l =R h k l = R =R are smal ler tha n uni ty (T able).
Thi s m eans tha t the (001) f ace grows more slowl y tha n the neighbouri ng faces
and, in accorda nce wi th our expectati ons, the growth sector associated wi th thi s
face is wi deni ng. Thus, the (001) face increases. Beginning from m growth band,
the relati ve growth rates R =R and R =R are greater tha n uni ty
(T able), thus, the (001) face is the fast-growing f ace but, in spite of thi s, i t sti l l
increases its size. Possibl e reasons of variati ons of relati ve growth rates duri ng real
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Fig. 6. C ross-section of K BC crystal (a) obtained by computer simulation, the nu-

meration m 1 to m 12 denotes the consecutive grow th bands, (b) grow n from solution;

the numeration n 1 to n 9 denotes the consecutive induced striations. Plane of observ a-

tion ( 100 ).

crysta l growth pro cess are, for exampl e, impuri ties or Ûuctua ti ons in growth con-
di ti ons. It is seen from Table tha t the values of the rati o R ( 0 0 1 ) =R crit

(0 0 1 )
are smal ler

tha n uni ty , and accordi ngly the (001) face increasesin size. It conÙrms tha t a given
face m ay increase in size even tho ugh i t grows faster tha n the neighb ouri ng faces.

Further, let us focus on (0 1 2 ) face ( ˜ 6 (0 1 2 ) = (0 1 1 ) = 1 6 : 5 4 £ and
Û 6 (0 1 2 ) = (0 0 1 ) = 3 8 : 3 6 £ ). Beginni ng from m growth band (i n Fi g. 6a the nu-
m erati on of growth bands is not shown in the (0 1 2 ) face growth sector), the (0 1 2 )
face grows faster tha n the (0 0 1 ) face and, at the sam e ti m e, m ore slowl y tha n or
equal ly fast as (0 1 1) face (T abl e). As a resul t, the (01 2 ) face decreases i ts size and,
in consequence, disapp ears, al tho ugh it grows not faster tha n the neighbouri ng
(0 1 1 ) f ace.

4.2. Exper iment al veriÙcat ion

Fi gure 6b il lustra tes cross-section of KBC crysta l grown from soluti on by
the m etho d of decreasing tem perature. The growth bands seen in thi s Ùgure were
induced arti Ùcial ly by changing the hydro dyna mic condi ti ons in equal and kno wn
ti m einterv als. Such growth bands, whi ch are induced arti Ùcial ly, are cal led induced
stri ati ons. Etchi ng the cleavage pl ane in HCOOH revealed the induced stri ati ons
seen in Fi g. 6b. There are some faces for whi ch the induced stri ati ons are vi sible
very wel l, but for som e other faces they are not vi sible at al l , for insta nce, the
induced stri ati ons are not vi sible at the growth sector of the (0 1 1 ) face. Theref ore,
in order to im pro ve the legibi l it y, the l ines indi cati ng induced stri ati ons and growth
sector bounda ries are added to the Ùgure.

Let us analyse the growth behavi our of the (010) face shown in Fi g. 6b.
Thi s face is situa ted between (0 1 1 ) and (0 1 1 ) f aces and the interf aci al angles
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TABLE

The relative grow th rates: T A | theoreticall y assumed, used
to obtain the cross- section of K BC crystal show n in Fig. 6a,
C A | calcula ted on the basis of Eq. (1). Symb ol " or # means
that the given face increases or decreases its size betw een

appropriate grow th bands presented in Fig. 6a.

Grow th bands Relative grow th rate

T A T A C A

R hk l =R h 1 k 1 l 1
R hk l =R h 2 k 2 l 2

R hk l =R crit
hk l

(001) face

R ( 001 ) =R (011) R (001) =R
(0 1 1)

R (001) =R
c rit
(001)

up to m 1 0.65 0.54 :

m 1 m 3 0.50 0.56 :

m 3 m 5 0.60 0.71 :

m 5 m 8 1.50 1.76 :

m 8 m 12 1.75 2.06 :

( ) face

R
(0 12 )

=R
(0 11)

R
(0 12 )

=R
(00 1 )

R
(0 12 )

=R
(0 12 )

up to m 1 0.71 0.71 :

m 1 m 2 1.00 2.00 :

m 2 m 3 1.00 2.00 :

m 3 m 12 0.93 2.10 :

*the numeration of grow th bands on ) face grow th sector
is not show n in Fig. 6a.

)) and )) are equal to and , respec-
ti vel y. It is seen tha t the size of the ) face Ûuctuates a l ittl e, but starti ng
from induced stri ati on denoted by (Fi g. 6b), i t increases. The detai led analy-
sis [14] shows tha t the ( ) face is fast-growi ng face, i .e. it grows faster tha n both
neighbouri ng ( ) and ( ) faces. In spite of thi s i t enlarges.

The main results of thi s study may be summarised as fol lows:

The behavi our of a given face duri ng the growth pro cess depends not onl y
on the relati ve growth rates whi ch m ay vary wi th growth condi ti ons, but
also on the geom etry of a given face represented by appro pri ate interf acial
angles.

If the face, situa ted between two neighbouri ng and faces,
is a fast-growing face ( and ), there are
three possibl e ways of behavi our of the face. It m ay decrease, preserve,
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or, f or a given range of interf acial angles ˜ and Û , i t m ay increase i ts size even
i f i t grows faster tha n the h 1 k 1 l1 and h 2 k 2 l 2 faces. The wi dth of thi s range
of interf acial angles, f or whi ch such a phenom enon may occur, depends on
the values of the relati ve growth rates R hk l =R h 1 k 1 l 1

and R hk l =R h 2 k 2 l . The
greater these values (the faster the hk l face grows), the smal ler the range of
these interf acia l angles.

If the hk l face grows faster tha n one of the neighb ouri ng faces and, at the
sam e ti m e, as f ast as the other neighbouri ng f ace, the hk l face may decrease,
preserve or increase i ts ini ti al size.

If the hk l face grows as fast as both neighbouri ng h k l and h k l faces,
the hk l face m ay onl y increase its ini ti al size.

If the hk l face grows m ore slowl y tha n one of the neighb ouri ng h k l or
h k l faces i t may di sapp ear from the crysta l habi t. However, R h k l =R h k l

m ust sati sfy one of the condi ti ons given by Eq. (2a) or Eq. (2b). Thi s m eans
tha t the interf acial angles ˜ and Û tha t characteri se crysta l geom etry , m ust
sati sfy one of the condi ti ons: 2 ˜ + Û < ¤ or 2 Û + ˜ < ¤ . These condi ti ons
correspond to the hk l face di sappearance at growth rate smal ler tha n the
growth rate of the neighb ouri ng h k l face or h k l face, respecti vely. The
geometry shows tha t the hk l face never di sapp ears growi ng m ore slowl y tha n
both neighbouri ng h k l and h 1 k l faces.

On the basis of the veri Ùcati on perform ed for concanaval in A crysta l we
conclude tha t the exi stence and developm ent of the size of high- index faces
m ay be expl ained based on crysta llographi c structure of a given crysta l .
Usual ly, the high- index faces, whi ch app ear between low- index faces, pro duce
such interf acial angles tha t even growi ng faster tha n the neighb ouri ng faces,
do not disappear f rom crysta l m orpho logy. Thi s fact determ ines the basis for
one of the possibl e expl anati ons of the growth and exi stence of high- index
faces in crysta l m orpho logies.

The exp erimenta l veri Ùcati on perform ed f or KBC crysta l demonstra tes thei r
usefulness for the study of the growth phenomena and conÙrm s our theo ret-
ical predi cti on tha t the fast-growing faces m ay enlarge thei r sizes and may
be represented in Ùnal crysta l m orpho logy and tha t the slow-growi ng faces
m ay decrease thei r sizes.

The correl ati on between growth rates of crysta l f acesand thei r sizes has been
the obj ect of experim ental and theo reti cal studi es for a long ti m e. The correla ti on
between the cross-section size l hk l of a given hk l face, i ts growth rate, the growth
rates of the neighbouri ng f aces and appro pri ate interf acial angles is deri ved in
R ef. [22]. The cro ss-section size l hk l ta kes form [22]:
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l hk l =
R h 1 k 1 l 1

sin Û + R h 2 k 2 l 2
sin ˜ À R hk l sin( ˜ + Û)

sin ˜ sin Û
t + l 0

hk l
; (A1 )

where R hk l ; R h 1 k 1 l 1
; R h k l are the norm al growth rates of hk l ; h k l , and

h k l faces, respecti vel y, ˜ and Û are the appro pri ate interf acial angles i l lustra ted
in Fi g. 1, l

hk l
| ini ti al size of the hk l face (no t mark ed in Fi g. 1) and growth ti m e

t corresp onds to the change of the size of the consi dered face from l hk l to l hk l . The
ini ti al size l hk l may be considered as the size of a given f ace in the seed or af ter
som e ti m e of growth (af ter growth of crysta l layer). The consta nt growth rates
R hk l ; R h k l ; R h k l are requi red not thro ughout the who le growth pro cess but
onl y duri ng the growth of a layer of crysta l tha t corresponds to the change of
the size from l hk l to l hk l . Af ter equati ng the num erato r in Eq. (A1 ) to zero, i t is
possible to evaluate the so-cal led cri ti cal growth rate of the hk l face [23], whi ch is
denoted by R

hk l
and given by

R hk l =
R h k l sin Û + R h k l sin ˜

sin ( ˜ + Û)
: (A2 )

It is easier to expl ain the physi cal m eaning of the idea of cri ti cal growth rate
(Sec. 2) consideri ng the rati o R hk l =R

hk l
, theref ore Eq. (A2 ) should be inv erted

and mul ti pli ed by R hk l . In thi s way we obta in Eq. (1).
On the other hand, in order to study the possibi l i t y of disappearance of

the hk l face at i ts growth rate smal ler tha n the growth rates of the neighbouri ng
h k l or h k l faces, i t is very conveni ent to consider the fol lowing quanti ti es:
R hk l = R h k l and R hk l =R h k l .

Fi rst of al l let us focus on the rati o R
hk l

=R h k l . Rearranging Eq. (A2 ) we
obta in tha t

R hk l

R h k l

=
sin Û +

R

R
sin ˜

sin ( ˜ + Û)
: (A3 )

If the rati o R
hk l

=R h k l ta kes v alues smal ler tha n uni ty , thi s woul d m ean tha t
in the case when the hk l face grows wi th the growth rate R hk l greater tha n
R

hk l
i t m ay decrease and, in consequence, i t m ay disappear al tho ugh i t grows

m ore slowl y tha n the neighb ouri ng h k l face (R hk l =R h k l < 1 ). The condi ti on
R

hk l
= R h k l < 1 [13] is equivalent to

sin Û +
R

R
sin ˜

sin ( ˜ + Û)
< 1 : (A4 )

From the above inequali t y we m ay Ùnd relati ve growth rate R h k l =R h k l for
whi ch the condi ti on R hk l =R h k l < 1 is sati sÙed. Such a condi ti on is given by
Eq. (2a) (Sec. 3.2).

In sim i lar way, as in the case of R hk l =R h k l , we are able to consider the
rati o R

hk l
= R h k l . R earra nging Eq. (A1 ) we obta in tha t [13]:

R hk l

R h k l

=

R

R
sin Û + sin ˜

sin ( ˜ + Û)
: (A5 )
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If R c rit
hk l

=R h 2 k 2 l 2
m ay ta ke values smal ler tha n 1, thi s m eans tha t there is a possibi l i ty

of disappearance of the hk l face at the growth rate smal ler tha n the growth rate
of the h 2 k 2 l 2 face | the other neighbouri ng face. The condi ti on R crit

hk l
=R h 2 k 2 l 2

< 1

i s equivalent to the condi ti on given by Eq. (2b) (Sec. 3.2).

The autho r is grateful to the referee for hi s suggestions, whi ch have impro ved
the contents of the paper.
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