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1. I n t rod uct io n

R ecently Karl sson and Bourennane [1] and Hi l lery et al . [2] have presented
a scheme for quantum inf orm ati on spli tti ng, whi ch allows encodi ng of a state of
a given parti cle (qubi t) into N -parti cle state in such a way tha t a ll N parti cles
are necessary for perfect reconstructi on of the ori ginal sta te. In thei r scheme i t
is the phase inf orm ati on whi ch is absent in the state of any single parti cle, and
m oreover, in the state of any subset of M parti cles except M = N . On the other,
in the last few years there has been growi ng interest in general izati on of quantum
inf orm ati on proto cols from two- dimensional system s (qubi ts) to d -di mensional sys-
tem s (qudi ts). For exam ple general izati on of tel eporta ti on was presented in [3{ 6],
of quantum state puri Ùcati on in [7], of quantum cloni ng in [8]. General izati on of
quantum key distri buti on pro to cols was proposed in [9, 10] and it was pro ven tha t
the securi ty of quantum crypto graphy increases wi th the dim ension of the system
used [11, 12]. It is the aim of our paper to present the d -di mensional general izati on
of the quantum inform ati on spli tti ng pro to col .

2 . O ut l in e of t he sch em e an d di scu ssio n

Let us Ùrst bri eÛy outl ine the scheme of Ka rlsson and Bourenna ne [1]. Al -
ice is supp osed to possess one qubi t in a pure state j ˆ i 0 = a j 0 i 0 + bj 1 i 0 . She

Ê corr esp on din g au t h o r; e-m ail : agi e@amu .ed u. p l

(703)



704 A . Gr udka, A. W §jci k

wa nts to tel eport i t to two parti es Bob 1 and Bob 2 in such a way tha t none of
them can reconstruct the ori ginal sta te by him self. Ho wever, when they cooperate
the reconstructi on is possibl e even i f we al low onl y local operati ons and classical
comm unica ti on between them . Thi s ta sk can be easily perf orm ed when al l three
parti es have the Greenberger{ Ho rne{ Zei l inger state (G HZ- state), i .e. m axim all y
enta ngled three- parti cle state of the form j SO( 3) i = 1

p

2
( j 0i 1 j 0i 2 j 0i 3 + j 1i 1 j 1i 2 j 1i 3) ,

so the state of the whole system is

j ˆ i 0 j SO (3 ) i =
a

p

2
( j 0 i 0 j 0 i 1 j 0 i 2 j 0 i 3 + j 0 i 0 j 1 i 1 j 1 i 2 j 1 i 3 )

+
b

p

2
( j 1 i 0 j 0 i 1 j 0 i 2 j 0 i 3 + j 1 i 0 j 1 i 1 j 1 i 2 j 1 i 3 ) ; (1)

where parti cles 0 and 3 belong to Al ice and parti cl es 1 and 2 belong to Bob 1 and
Bob 2 , respecti vely. In the Ùrst step of thi s pro to col Al ice perf orm s the m easurem ent
of her parti cles (the qubi t to be tel eported and the qubi t from GHZ- state) in the
Bel l basis, whi ch consists of the fol lowing four states:

( j 0 ij 0 i + j 1 ij 1 i ) =
p

2 ; ( j 0 ij 0 i À j 1 ij 1 i ) =
p

2 ;

( j 0 ij 1 i + j 1 ij 0 i ) =
p

2 ; ( j 0 ij 1 i À j 1 ij 0 i ) =
p

2 : (2)

D epending on the result of the measurement, the two rem aini ng parti cles are in
one of the four states

a j 0 i 1 j 0 i 2 + bj 1 i 1 j 1 i 2 ; (3)

a j 0 i 1 j 0 i 2 À bj 1 i 1 j 1 i 2 ; (4)

a j 1 i 1 j 1 i 2 + bj 0 i 1 j 0 i 2 ; (5)

a j 1 i 1 j 1 i 2 À bj 0 i 1 j 0 i 2 : (6)

The last three states can be tra nsform ed to the Ùrst one by the use of local uni ta ry
operati ons, so we consider only thi s state. To recover the orig ina l sta te, Bob2

appl ies the Hadamard tra nsform H deÙned as

H j 0 i = ( j 0 i + j 1 i ) =
p

2 ; H j 1 i = ( j 0 i À j 1 i ) =
p

2 ; (7)

to hi s qubi t and m akes a measurement in com puta ti onal basis. The resulti ng state
after the m easurement is

( a j 0 i 1 + bj 1 i 1 ) j 0 i 2 (8)

or

( a j 0 i 1 À bj 1 i 1 ) j 1 i 2 : (9)

Thus, i f Bob2 sends the result of his measurement to Bob 1 , then Bob 1 can recover
the origina l state.

If we replace the three- parti cle m axi mal ly enta ngled state in the proto col
of tel eporta ti on by ( N + 1 ) -parti cle maxim ally enta ngled state, then the above
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pro to col can be easily general ized to spli t the inf orm atio n am ong N parti es (Bo b1 ,
Bob 2 , . . . , BobN ). At the end of the spli tti ng pro to col N parti es share the state
given by

a j 0 i 1 j 0 i 2 . . . j 0 i N + bj 1 i 1 j 1 i 2 . . . j 1 i N : (10)

T o recover the inform ati on Bob 2 , Bob3 , . . . , BobN perf orm Hadamard tra nsform a-
ti on and a m easurem ent on thei r qubi ts. Kno wi ng the results of al l measurements,
Bob 1 can tra nsform his qubi t to the state

a j 0 i 1 + bj 1 i 1 : (11)

No w we wi ll general ize thi s pro to col for qudi ts. W e wi ll need the fol lowi ng
uni ta ry operati ons. The Ùrst one is quantum Fouri er tra nsform QFT ñ whi ch acts
onl y on the ñ - th qudi t

QFT ñ j j i ñ =
1

p

d

d À 1X

=0

exp
i2¤ j k

d
j k i : (12)

For the case of qubi ts (d = 2 ) thi s is sim ply the Ha dam ard tra nsform . The next
one is a d -dimensional general izati on of XOR (perf orm ed on the ñ -th and ¡ -th
qudi t), given by the fol lowi ng deÙniti on:

XOR j j i j k i = j j i j k + j m odd i : (13)

Let N + 1 parti es share ini ti al ly the state of the form

j SO( N + 1 ) i =
1

p

d

1

=0

j j i 1 j j i 2 . . . j j i +1 ; (14)

whi ch is m axi ma lly enta ngled state of N + 1 qudi ts. Al ice also has a qudi t in the
state

j ˆ i 0 =

1

=0

˜ j j i 0 : (15)

Thus, the state of the who le system is

j ˆ i 0 j SO (N + 1 ) i =
1

p

d

1

=0

1

=0

˜ j k i 0 j j i 1 j j i 2 . . . j j i +1 : (16)

In order to tel eport the state j ˆ i , Al ice and Bob 1 , Bob2 , . . . , Bob have to perform
the fol lowing operati ons:

(Step 1.) Al ice appl ies XOR 0 +1 and then QFT 0 . The resulti ng state is

1

d

1

=0

1

=0

1

=0

˜ exp
i2¤ k l

d
j l i 0 j j i 1 j j i 2 . . . j j + k modd i +1 : (17)

W i th the use of the substi tuti on k + j m odd = m , Eq. (17) takes the form
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1

d

d À 1X

k =0

d À 1X

m =0

d À 1X

=0

˜ exp
i2 ¤ k l

d
l 0 m k m odd 1 m k m odd 2 . . .

m k m odd m +1 : (18)

(Step 2.) Al ice m easures her qudi ts (i n com puta ti onal basis). If the resul t of
thi s measurement is l 0 m +1 , then the remaini ng N qudi ts are in the state

1

=0

˜ exp
i2¤ k l

d
m k modd 1 m k m odd 2 . . . m k m odd : (19)

Steps 1 and 2 are equivalent to the measurement in the general ized Bel l basis.
(Step 3.) Al ice sends the results of her measurement l and m to Bob1 and

m to Bob2 , Bob3 , . . . , Bob .
(Step 4.) Bob1 perform s uni ta ry operati on

m k modd 1 exp
i2¤ k l

d
k 1 : (20)

Bob2 , Bob3 , . . . , Bob perform uni ta ry operati ons

m k modd k ( ñ = 2 ; . . . ; N ) : (21)

The Ùnal state shared by Bob 1 , Bob 2 , . . . , Bob is

QSS( N ) =

1

=0

˜ k 1 . . . k : (22)

Each party now possessesa qudi t, whi ch can be described by the f ollowi ng reduced
di agonal density operato r:

£ =

1

=0

˜ 2 k k ; (23)

whi ch m eans tha t each party alone does not have the inf orm atio n on phases be-
tween the states k .

One of the parti es (e.g. Bob 1 ) can reconstruct the ori gina l sta te i f al l parti es
cooperate in the pro cess of the subsequent tra nsform s

QSS( N ) QSS( N 1 ) . . . QSS(1 ) = ˆ 1 : (24)

Below, we present how the tra nsform QSS( K ) QSS( K 1 ) ( K = 2 . . . ; N )
can be perform ed wi th the use of local operati ons and classical com muni cati on.

(Step 1.) Bob appl ies quantum Fouri er tra nsform (QFT ) to hi s qudi t

QFT QSS( K ) =
1

d

1

=0

1

=0

˜ exp
i2¤ j k

d
j 1 j 2 . . . k : (25)

(Step 2.) Bob m easures hi s qudi t in the computa ti onal basis. If he obta ins
the result k , the state of the rem aining qudi ts is
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j QSS( K À 1 ) i =

d À 1X

j =0

˜ j exp

˚
i2¤ j k K

d

Ç

j j i 1 j j i 2 . . . j j i K À 1 : (26)

(Step 3.) Bob sends the resul t of hi s measurement to Bob1 .
(Step 4.) Bob1 changes phase of his qudi t in the fol lowing way:

j j i 1 ! exp
À i2¤ j k

d
j j i 1 : (27)

Af ter these steps the Ùrst K À 1 parti es share the fol lowing state:

j QSS( K À 1 ) i =

1

=0

˜ j j i 1 j j i 2 . . . j j i 1 : (28)

It is cl ear tha t i f Bob 2 , Bob3 , . . . , Bob perf orm the above proto col (step 1 to
step 4) then Bob 1 wi l l obta in the desired state of his qudi t, i .e. j ˆ i 1 = j QSS(1 ) i =

1
=0 ˜ j j i 1 . It is worth noti ng tha t the tra nsform j QSS( N ) i ! j ˆ i 1 al tho ugh

wri tten as a recursive form ula (Eq. (24)) can be perform ed in para l lel. In thi s
case, Bob1 can perf orm al l necessary phase changes in one step (instead of N À 1 ).
The appro pri ate uni ta ry tra nsform is

j j i 1 ! exp
À i2 ¤ j ( k 2 + k 3 + . . . + k )

d
j j i 1 : (29)

In conclusi on, we have presented a proto col al lowi ng to spli t the inf orm ati on
on the quantum state of a qudi t am ong N parti es.
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