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D eÙniti ons of the moment um densit y, energy density , and densitie s of
some other physi cal quantities are added to the standard K lein { Gordon the -

ory . T he densiti es intro duced allo w calcula tion of momentum and energy
and their uncertainties of a locali sed K lein{Gordo n Ùeld. I t is show n that at
certain conditio ns the momentum, energy , and potential energy of a localised

K lein{Gord on Ùeld satisf y the relati vi stic H amilton{ Jacob i equation.

PAC S numb ers: 03.65.{w

1. I n t rod uct io n

The cl assical l imi t of non-relati vi stic quantum m echanics can be demon-
stra ted by a num ber of di ˜erent appro aches. The m ost comm on way from non-
- relati vi stic quantum m echani cs to classical mechanics is to ta ke the Ehrenf est
theo rem

d2

dt 2 h r i =
1

m 0

h À r U ( r ) i (1.1)

and turn i t into the Newto n law of force for the centro id of a smal l wave packet

d2

dt 2 h r i = À

1

m 0

r h r i U ( h r i ) ; (1 .2)

see for instance Ref. [1], p. 50. Ano ther com mon opti on is to use an appro pri ate
exp onenti al substi tuti on for the wave functi on such as
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ê = exp

˚

i
S

ñh

Ç

: (1 .3)

W hen the substi tuti on (1.3) is appl ied in the Schr�odinger equati on

iñh
@

@t
ê =

1

2 m 0

( À iñh r ) 2 ê + U ê ; (1 .4)

i t yi elds the relati on

À

@S

@t
=

1

2 m 0

( r S )2 + U À

iñh
2 m 0

r
2 S; (1 .5)

seef or insta nce R ef. [1], p. 69. If the wave functi on has the form of a wave packet
tha t is di ˜erent from zero only in a smal l region around the centre of wa ve packet,
h r i , then the mean value of the gradi ent of the potenti al functi on can be expanded
as

§

À

@U

@x i

ƒ

= À

@U ( h x i i )

@h x i i

À

1

2

@3 U ( h x i i )

@h x i i
3

h ( Â x )2
i + . . . ; i = 1 ; 2 ; 3 ; (1 .6)

see Ref. [1], p. 50.
The purp ose of the classical l imit of quantum m echanics is to show tha t at

certa in appro pri ate condi ti ons such as

h (Â r ) 2
i ¤ 0 (1 .7)

and

h (Â p ) 2
i ¤ 0 ; (1 .8)

or

( r S ) 2
ƒ ñh j r

2 S j ; (1 .9)

the quantum equati ons can be appro xi mated and thus become classical equati ons.
Indeed, Eq. (1.2) can be obta ined from Eq. (1.1) assuming a smooth potenti al
and then usi ng expansi on (1.6) and condi ti on (1.7). Ho wever, for the ri ght tra nsi-
ti on to classical m echanics condi ti ons (1.7) and (1.8) have to be appl ied to gether.
The sim ulta neous val idit y of (1 .7) and (1.8) is possibl e for the moti on of a par-
ti cle wi th a large m omentum in a smoothl y varyi ng externa l Ùeld. The classical
Ha mi l to n{ Jacobi equati on can be obta ined from Eq. (1.5) using condi ti on (1.9).

Because of the simpl icity of the m athem ati cal apparatus of non-relati vi stic
quantum m echani cs, i ts classical l im it was obta ined at the ti m e when quantum
m echani cswa s born [2{ 7]. Neverthel ess, certa in aspects and deta i ls of the classical
l im it of non-relati vi sti c quantum m echanics are discussed unti l thi s day [8{ 17].

The tw o importa nt equati ons of relati vi sti c quantum mechani csare the D irac
equati on (e.g. Ref. [1], p. 218) describing hal f-spin parti cles, and the Kl ein{ Gordo n
equati on [18, 19] describi ng zero-spi n parti cles. Breen and Ski˜ [20] and
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Hestenes [21] have shown tha t the D irac equati on

iñh
@ê

@t
=

h
c˜ Â

±
À iñh r À

e

c
A

²
+ m 0 c2 Ù + e¢

i
ê (1 .10)

can be mani pul ated to give the relati vi sti c Ham i lto n{ Jacobi equati on

˚
@̊

@t
+ e¢

Ç 2

= c2
±

r ˚ À

e

c
A

² 2

+ m 2
0 c4 (1 .11)

whi le no condi ti ons l ike (1.7), (1 .8), (1 .9) or

ñh ! 0 (1 .12)

are requi red. (Equa ti on (1.11) is obta ined from Eq. (1.10) using substi tuti on

ê = R exp

˚
i

ñh
˚ ; (1 .13)

where R i s a com plex four com ponent colum n m atri x, and ˚ i s a real functi on. )
The deri vati on of the relati vi sti c Ham i lto n{ Jacobi equati on from the D irac

equati on impl ies the exi stence of the classical (understa nd non-quantum relati vi s-
ti c) soluti ons to the Dirac equati on (1.10). Thi s situa ti on is qui te di ˜erent f rom
tha t in the non-relati vi sti c quantum m echanics where the equati ons of classical
m echani cs are obta ined only i f appro pri ate condi ti ons, such as (1.7), (1 .8), (1 .9)
or (1.12), are used.

Breen and Ski ˜ have also shown tha t the Kl ein{ Gordon equati on for the
stati onary state of a charged parti cle

( E À e¢ ) 2 ê = c 2 ( À iñh r )2 ê + m 2
0 c4 ê (1 .14)

and substi tuti on (1.13) where R and ˚ are real functi ons give equati on

( E À e¢ ) 2 ê = c 2 ( r ˚ ) 2 ê + m 2
0

c4 ê À ñh 2 c2
r

2 R =R : (1 .15)

Accordi ng to Breen and Ski ˜ [20], p. 591, Eq. (1.15) turns into the relati vi stic
Ha mi l to n À Jacobi equati on for the stati onary states if the quantum term there is
set to zero

ñh
2

c2
r

2 R =R = 0 ; (1 .16)

or, the potenti al ¢ incl udes a term contri buti ng a constant to Eq. (1.15) of the
form

V = À ñh
2

c2
r

2 R =R = const : (1 .17)

Equati ons (1.16) and (1.17) give a cl ass of potenti als for whi ch the relati vi stic
Ha mi l to n{ Jacobi equati on for the stati onary states is exactl y obta ined. Ho wever,
wha t happens for al l the other potenti als tha t are not speciÙed wi th condi ti ons
(1.16) and (1.17)? The Schr�odinger equati on (1.4) gives the classical equati ons at
certa in condi ti ons, such as (1.7) and (1.8), or (1 .9). Equa ti on (1.4) gives the cl as-
sical Ha mi lto n{ Jacobi equati on preci sely i f the quantum term in Eq. (1 : 5 ) i s set
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to zero. (Thi s woul d be sim i lar to the appro ach of Breen and Ski˜, see the condi -
ti ons (1.16) and (1.17). ) The D irac equati on gives the relati vi stic Ha mi lto n{ Ja cobi
equati on wi tho ut any condi ti ons l ike (1.7) À (1 : 9 ) . W hat about the Kl ein{ Gordo n
equati on? D oes the Kl ein{ Gordo n equati on give the relati vi stic Ha mi lto n{ Ja cobi
equati on? If yes, then at wha t condi ti ons?

The concern of thi s paper is to Ùnd out wha t happ ens when the Kl ein{ Gordo n
equati on is appl ied to the descripti on of a charged parti cle in an externa l elec-
tro m agneti c Ùeld at condi ti ons when the quantum (or m atter wa ve) phenom -
ena are insigni Ùcant, and the externa l potenti al is arbi tra ry. It is shown tha t i f
we assume certa in condi ti ons, the Kl ein{ Gordo n equati on yi elds the relati vi stic
Ha mi l to n{ Jacobi equati on. In thi s way i t is demonstra ted tha t the Kl ein{ Gordo n
equati on has the same property as the Schr�odinger and the D irac equati ons, nam ely
to describe both quantum and non-quantum phenom ena whi le no restri cti ons on
externa l potenti als need to be imposed.

2. P rop er t ies of t h e K lei n{ G ord on equ at ion

The Kl ein{ Gordon equati on f or a free parti cle is obta ined from the relati vi stic
relati on between the ki neti c energy and m omentum

E 2

c 2
= p 2 + m 2

0
c2 (2 .1)

in a manner tha t the physi cal quanti ti es E and p in (2.1) are replaced by thei r
operato rs

Ê = iñh
@

@t
(2 .2)

and

p̂ = À iñh r ; (2 .3)

tha t act on a functi on ê

À

ñh 2

c2

@2

@t 2
ê = À ñh

2
Â ê + m 2

0 c 2 ê : (2 .4)

Co nsidering a charged parti cle in an externa l electrom agneti c Ùeld, Eq. (2.4)
is general ised to

˚

iñh
@

@t
À e¢

Ç
2

ê = c 2 ( À iñh r À eA ) 2 ê + m 2
0 c 4 ê ; (2 .5)

e.g. R ef. [1], p. 209.
If the Kl ein{ Gordo n equati on (2.5) is mul ti pli ed from left by ê Ê and sub-

tra cted wi th the conjugate of (2 .5) tha t was m ulti pl ied from the left by ê , i t gives
the conti nui ty equati on
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@£

@t
+ r Â j = 0 ; (2 .6)

where density £ and density current j are deÙned wi th form ulae

£ =
iñh

2 m 0 c 2

˚

ê Ê
@ê

@t
À ê

@ê Ê

@t

Ç

À

e¢

m 0 c 2
ê Ê ê (2 .7)

and

j =
ñh

2im 0

( ê Ê
r ê À ê r ê Ê ) À

eA
m 0

ê Ê ê : (2 .8)

D ensity £ deÙned by (2.7) is not deÙnite positi ve. For thi s reason i t is im possibl e
to interpret £ as the parti cle pro babi l it y density , Ref. [1 ], p. 194. Paul i and W eiss-
ko pf [22] suggested the quanti ties (2.7) and (2.8) be considered as the electri c
charge density and the charge densi ty current. W ith thi s assumpti on the num ber
of the parti cl es does not need to be conserved, only the electri c charge is conserved.
Theref ore, the Kl ein À Gordon equati on can be ta ken as a funda m ental equati on of
a one-charge theo ry .

T o obta in the charge density and the charge density current wi th pro per
physi cal dim ensions, each of the tw o deÙniti ons above is mul ti pli ed by e. In thi s
wa y we get

£ e =
iñhe

2 m 0 c 2

˚

ê Ê
@ê

@t
À ê

@ê Ê

@t

Ç

À

e2 ¢

m 0 c2
ê Ê ê (2 .9)

and

j e =
ñhe

2im 0

( ê Ê
r ê À ê r ê Ê ) À

e2 A
m 0

ê Ê ê : (2 .10)

The fact tha t the num ber of the parti cl esis not conserved whi le the charge is,
can be interpreted by anni hi lati on and creati on of pai rs of parti cles wi th opp osite
signs. Thi s interpreta ti on, however, can be consistentl y im plemented onl y using
Ùeld theo ri es. If there is only one parti cle, the charge density £ e i s ei ther positi ve or
negati ve in dependence on the sign of the charge of the parti cl e, R ef. [1], p. 195. For
the neutra l parti cles £ e = 0 . In thi s paper we wi l l consi der only charged parti cles.

Substi tuti on (1.13) where R and ˚ are real functi ons appl ied in form ul a for
the charge density (2.9) turns the latter into equati on

£ =
e

m 0 c 2
À R 2

@̊

@t
À R 2 e¢ : (2 .11)

Further we wi ll consider onl y casessati sfyi ng condi ti on

À

@̊

@t
À e¢ > 0 ; (2 .12)

so the charge density (2.9) becom es deÙnite positi ve. (W e supp ose tha t the ele-
m enta ry electri c charge e i s positi ve. In the case of a negati vely charged parti cle
the charge is À e and the charge density given by (2.9) and (2.11) becomes deÙnite
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negati ve.) The charge density tha t is deÙnite positi ve (or deÙnite negati ve) al lows
tha t the one-charge theo ry becomes also a one-parti cle theory . At these condi ti ons
the charge density can be norm al ised as

e =

Z

£ e d3r (2 .13)

and

1 =

Z
£d3r : (2 .14)

In further text we wi ll consi der a sing le parti cle wi th charge e in an externa l
electrom agneti c Ùeld at condi ti on (2.12). Addi ti onal ly, we wi l l assume tha t the
parti cl e is described wi th a local ised Kl ein-Gordon Ùeld. Such Ùeld is form ed by
superpositi on of relati vi stic wa ves wi th m omenta from a narro w band, and is a
relati vi sti c analogue of non-relati vi sti c wa ve packets. The local ised Kl ein{ Gordo n
Ùeld, or a relati vi sti c wave packet, m oves wi th a velocity , can be ascribed physi cal
quanti ti es such as energy and m omentum , and i t has to obey certa in rul es.

The intentio n of thi s paper is to Ùnd these rul es, or the equati ons of m oti on
of a local ised Kl ein{ Gordo n Ùeld for a stati onary externa l electro magneti c Ùeld
speciÙed wi th condi ti ons

A = 0 (2 .15)

and

¢ ( r ; t ) ² ¢ ( r ) : (2 .16)

T o achi eve thi s goal we wi l l intro duce the density of m omentum , the density of
energy, and densiti es of som e other physi cal quanti ti es. Integ rati on of the density of
m omentum over the local ised Kl ein{ Gordon Ùeld givesthe mom entum of tha t Ùeld.
The sam ecan bedone for densiti es of other physi cal quanti ti es.Expressi ons f or the
physi cal quanti ti esof a local ised Kl ein{ Gordon Ùeld are derived in Secs. 3{ 7. These
incl ude the veloci ty, charge current, m om entum, m om entum squared, uncerta inty
of m omentum , energy, energy squared, and uncerta inty of energy. Ha vi ng obta ined
the expressions for the quanti ti es l isted, the equati on of m oti on of the local ised
Kl ein{ Gordon Ùeld is found in Sec. 8.

3. V el oci t y of t h e local ised Kl ei n{ G or do n Ùeld

A localised Kl ein{ Gordon Ùeld and a smal l vari ati on in @̊ =@t and ¢ wi thi n
tha t Ùeld facil i ta te appro xi mati ons

Z

R 2
@̊

@t
d 3 r =

@̊ ( h r i )

@t

Z

R 2 d3 r (3 .1)

and
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Z

R 2 ¢ d 3 r = ¢ ( h r i )

Z

R 2 d3 r : (3 .2)

Appro xi mati ons (3.1) and (3.2) are obta ined from the expansions of functi ons
@̊ =@t and ¢ in a sim i lar way as the appro xi mati on

hr U ( r ) i = r
h rr i

U ( h r i )

i s obta ined f rom the expansi on (1.6). Appro xi mati ons (3.1) and (3.2) al low tha t
appl yi ng (2.11) in (2.13) gives

m 0 c 2 =

˚

À

@̊ ( h r i )

@t
À e¢ ( h r i )

Ç Z

R 2 d3r : (3 .3)

Substi tuti on (1.13) in the charge density current (2 .10) leads to equati on

j e =
e

m 0

R 2 ( r ˚ À eA ) : (3 .4)

Assum ing a local ised Kl ein{ Gordon Ùeld, and a smal l vari atio n of r ˚ wi thi n tha t
Ùeld al low appro xi mati on

Z

R 2
r ˚ d 3 r = r

h i
˚ ( h r i ) R 2 d3r : (3 .5)

Assum ing a stati onary externa l Ùeld, see condi ti ons (2.15) and (2.16), and using
appro xi m atio n (3.5) the integra l of j is

j d3 r =
e

m 0

r h i ˚ ( h r i ) R 2 d3 r : (3 .6)

Let us consider now the form ula for the current created by the tra nslati onal m ove-
m ent of a vo lum e element of charge density £ and vel ocity v :

j = £ v: (3 .7)

Formul a (3.7) can be also appl ied to the who le body of the localised Kl ein{ Gordo n
Ùeld, whi ch we wri te as

j d3 r = h v i £ d3 r ; (3 .8)

where

h v i =
d
dt

h r i (3 .9)

is the velocit y and

h r i = £ r d3r

is the centro id of the local ised Kl ein{ Gordo n Ùeld. Using (3.6) and (2.13) in (3.8)
gives

r
h i

˚ ( h r i ) R 2 d 3 r = m 0 hv i : (3 .10)
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4. D en si t y of m om en t um an d m om ent um

The charge density £ e i s deÙned as

£ e = £e; (4 .1)

com pare wi th Eqs. (2.7) and (2.9). Ana logically to the deÙniti on of the charge
density (4.1) we deÙne the m omentum density of a local ised Kl ein{ Gordon Ùeld
as

£ pp = £ê À 1 p̂ê ; (4 .2)

where the mom entum operato r is given by (2.3). Substi tuti on (1.13) and Eqs. (2.11)
and (4.1) appl ied in (4.2) change the ri ght side of (4.2)

£ pp =
R 2

m 0 c2

˚

À

@̊

@t
À e¢

Ç ˚

À iñh
r R

R
+ r ˚

Ç

: (4 .3)

Since the m omentum density is deÙned wi th (4.2), the m omentum of the local ised
Kl ein{ Gordon Ùeld has to be deÙned wi th integra l

h p i = £ d r : (4 .4)

The m ean valueof the m omentum of the local ised Kl ein{ Gordo n Ùeld is also deÙned
wi th Eq. (4.4). The expression for the m omentum density given by (4.3) appl ied
in Eq. (4.4) spli ts the ri ght side of Eq. (4.4) into tw o integ ra ls

h p i = À

iñh

m 0 c2
À

@̊

@t
À e¢ R r R d3 r +

1

m 0 c2
À

@̊

@t
À e¢ R 2

r ˚ d r : (4 .5)

Tha nk to appro xi mati ons (3.1) and (3.2) the term in the brackets of the Ùrst
integ ra l can be moved in front of the integra l sign. The Ùrst integ ra l in (4.5) is
then zero. Thi s happens because f uncti on R r R can be wri tten as r ( R 2 ) =2 and
the integ ra l of functi on r ( R 2 )=2 is zero. In the second integ ra l above we could
m ove the expression in the bra ckets in front of the integ ra l sign as wel l , but we do
i t onl y wi th functi on r ˚ :

h p i = r
h i

˚ ( h r i )
1

m 0 c2
À

@̊

@t
À e¢ R 2 d r : (4 .6)

From (2.11) and (2.13) i t fol lows tha t the value of integra l in (4.6) incl udi ng the
constant in front of i t is 1. Hence

h p i = r
h i

˚ ( h r i ) : (4 .7)

Equati ons (4.7) and (3.10) give

h p i = m 0 h v i R 2 d r
À 1

: (4 .8)

Since the value of the integ ra l in Eq. (4.8) is conta ined in Eq. (3.3), the ri ght side
of Eq. (4.8) can be rewri tten in term s of h v i ; ˚ , and ¢ :
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h p i = m 0 h v i

1

m 0 c2

˚

À

@̊ ( h r i )

@t
À e¢ ( h r i )

Ç

: (4 .9)

It is tem pti ng to express the functi on in the bra ckets on the right side of (4.9) in
term s of the veloci ty of the localised Kl ein{ Gordon Ùeld h v i . Thi s wi l l be done in
Sec. 8.

5. D en si ty of m om en tu m squ ar ed , m om en t um squ ar ed
an d disp er si on of m om en tu m

D ensity of m omentum squared of a local ised Kl ein{ Gordo n Ùeld is deÙned
wi th form ula

£ pp 2 = £ê À 1 ( p̂ ) 2 ê : (5 .1)

Substi tuti on (1.13) to gether wi th Eqs. (2.11) and (4.1) expand the ri ght side of
(5.1) into three term s

£ pp 2 =
À ñh À 2

m 0 c2

˚

À

@̊

@t
À e¢ R Â R À

iñh

m 0 c2
À

@̊

@t
À e¢ r ( R 2

r ˚ )

+
R 2

m 0 c 2
À

@̊

@t
À e¢ ( r ˚ ) 2 : (5 .2)

The m omentum squared of a local ised Kl ein{ Gordo n Ùeld is deÙned wi th integra l

h p 2
i = £ d r : (5 .3)

The m ean value of the mom entum squared of a local ised Kl ein{ Gordon Ùeld is
also given wi th (5.3). T o determ ine the integ ra l (5 .3) we have to evaluate the
integ ra ls of the three term s on the ri ght side of (5.2). The integra l of the Ùrst term
on the ri ght side of Eq. (5.2) cannot be m anipula ted, so i t wi l l be left uncha nged.
Co nsidering the integ ra l of the second term on the ri ght side of Eq. (5.2), expression
(@̊ =@t À e¢ ) can be m oved in front of the integ ra l sign because the appreci able
values of R 2 occur onl y around h r i and functi ons @̊ =@t; r ˚ , and ¢ do not vary
signiÙcantl y wi thi n the body of the wa ve packet. The integra l of the rest, nam ely
of the functi on r (R 2

r ˚ ) i s zero, so the integ ral of the who le second term on the
ri ght side of (5.2) is zero. T aki ng the integ ra l of the thi rd term on the ri ght side of
(5.2), functi on ( r ˚ ) 2 can be m oved in front of the integ ra l sign. The integ ra l of the
rem aining part o f the thi rd term in (5.2) is then 1. Thi s fol lows from Eqs. (2.11),
(2 .13) and (2.14). Hence

h p 2
i =

À ñh À 2

m 0 c2
R Â R À

@̊

@t
À e¢ d r + [ r ˚ ( h r i ) ] : (5 .4)

The dispersion of mom entum of a local ised Kl ein{ Gordon Ùeld is deÙned
wi th form ula

h (Â p ) 2
i = Àh p i

2 + h p 2
i : (5 .5)
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The Ùrst term on the ri ght side of Eq. (5.5) can be substi tuted wi th (4.7) and
the second term on the right side of (5.5) equals to (5.4). Hence the dispersion of
m omentum of a local ised Kl ein{ Gordon Ùeld is

h (Â p ) 2
i =

À ñh À 2

m 0 c2

Z
R Â R

˚

À

@̊

@t
À e¢

Ç

d3 r : (5 .6)

6. D en si t y of en er gy an d en er gy

For stati onary externa l Ùelds (see condi ti ons (2.15) and (2.16)) the energy
density of a local ised Kl ein{ Gordon Ùeld is deÙned wi th form ula

£ E = £ê À 1 Ê ê : (6 .1)

Expressi on (2.11), substi tuti on (1.13) and operato r (2.2) al low to express the ri ght
side of Eq. (6.1)

£ E =
1

m 0 c2

˚

À

@̊

@t
À e¢ iñhR

@R

@t
À R 2

@̊

@t
: (6 .2)

The energy of a local ised Kl ein{ Gordo n Ùeld is the integ ral of (6 .1),

h E i = £ d3 r ; (6 .3)

so we get

h E i =
iñh

m 0 c2
À

@̊

@t
À e¢ R

@R

@t
d3r

+
1

m 0 c 2
À

@̊

@t
À e¢ À R 2

@̊

@t
d3r : (6 .4)

Equa ti ons (6.3) and (6.4) also deÙne the m ean energy of a local ised Kl ein{ Gordo n
Ùeld. In order to evaluate the Ùrst integ ra l in (6.4) we rewri te Eq. (2.14) as

1 =
1

m 0 c2
R 2

À

@̊

@t
À e¢ d3r : (6 .5)

The parti al ti m e deri vati ve of Eq. (6.5) gives

2 À

@̊

@t
À e¢ R

@R

@t
d 3 r = À À

@2 ˚

@t 2
À e

@¢

@t
R 2 d3r : (6 .6)

The parti al ti me deri vati v e of the potenti al functi on on the right side of (6.6) is
zero because of condi ti on (2.16). The second parti al ti m e deri vati ve of functi on
˚ can be neglected because the Ùrst parti al ti m e deri vati ve of ˚ does not vary
appreci ably wi thi n the local ised Kl ein{ Gordon Ùeld. La ter i t wi l l be shown tha t
the second parti al ti m e derivati ve of functi on ˚ i s zero because for stati c Ùelds (see
condi ti ons (2.15) and (2.16)) the Ùrst parti al ti me derivati ve of ˚ i s a constant.
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No w i f the ri ght side of (6.6) is zero, then the left side of (6 .6) is zero, and so is the
Ùrst integ ra l on the ri ght side of (6.4). Functi on @̊ =@t in the second brackets of
the second integ ra l on the ri ght side of (6.4) can be m oved in front of the integra l
sign, so we get

h E i = À

@̊ ( hr i )

@t

1

m 0 c2

Z ˚

À

@̊

@t
À e¢

Ç

R 2 d3 r : (6 .7)

Equati ons (2.11), (2 .13), and (2.14) im ply tha t the value of the integ ra l on the
ri ght side of (6.7) is 1. Theref ore Eq. (6.7) sim pl iÙesto

h E i = À

@̊ ( hr i )

@t
: (6 .8)

7. D en si t y of en er gy squ ar ed , en er gy squ ar ed ,
an d d isper sion of ener gy

D ensity of energy squared of a local ised Kl ein{ Gordo n Ùeld is deÙned wi th
form ula

£ E 2 = £ê À 1 ( Ê ) 2 ê : (7 .1)

Substi tuti on (1.13) and the form ula for density (2.11) appl ied in Eq. (7.1) give

£ E 2 =
1

m 0 c2
À

@̊

@t
À e¢

È À ñh 2 R
@2 R

@t 2
À 2iñhR

@R

@t

@̊

@t
À iñhR 2 @2 ˚

@t 2
+ R 2 @̊

@t

2

: (7 .2)

The integ ra l o f (7 .2) is the energy squared and the average of the energy squared
of the Kl ein{ Gordo n Ùeld

h E 2
i = £ d 3 r =

À ñh 2

m 0 c2
À

@̊

@t
À e¢ R

@2 R

@t 2
d3r

À

2iñh
m 0 c 2

À

@̊

@t
À e¢ R

@R

@t

@̊

@t
d3r À

iñh
m 0 c2

À

@̊

@t
À e¢ R 2 @2 ˚

@t 2
d3r

+
1

m 0 c 2
À

@̊

@t
À e¢ R 2

@̊

@t

2

d3r : (7 .3)

The Ùrst integ ral on the ri ght side of (7.3) wi l l be left wi tho ut m anipula ti ons. The
deri vati ve @̊ =@t in the second integ ra l on the ri ght side of (7.3) tha t is not in
bra ckets can be moved in front of the integ ra l sign. The second integ ra l on the
ri ght side of (7.3) is then the sam e as tha t on the left side of Eq. (6.6), whi ch is
zero. Theref ore the second integ ra l on the ri ght side of (7.3) is zero. The second
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parti al ti m e derivati ve of ˚ in the thi rd integ ra l on the right side of Eq. (7.3)
is appro xi m ated as zero because @̊ =@t does not change appreci ably wi thi n the
local ised Kl ein{ Gordo n Ùeld. Al so, as i t was al ready m enti oned in reference to
Eq. (6.6), later i t wi l l be shown tha t the second parti al ti m e derivati ve of ˚ is zero.
Thus the thi rd integ ra l on the right side of Eq. (7.3) is zero. In the fourth integra l
on the ri ght side of Eq. (7.3) term ( @̊ =@t ) 2 can be extra cted from the integ ra l . The
integ ra l of the rem aining term s is then 1, whi ch fol lows from Eqs. (2.11), (2 .13),
and (2.14). In thi s way Eq. (7.3) sim pl iÙesto

h E 2
i =

À ñh 2

m 0 c2

Z ˚

À

@̊

@t
À e¢

Ç

R
@2 R

@t 2
d 3 r +

˚
@̊ ( hr i )

@t

Ç2

: (7 .4)

The energy di spersion of a local ised Kl ein{ Gordon Ùeld is deÙned as

h (Â E ) 2
i = Àh E i

2 + h E 2
i : (7 .5)

Equati ons (6.8) and (7.4) appl ied in the ri ght side of (7.5) give

h (Â E 2 ) i =
À ñh 2

m 0 c2

Z ˚

À

@̊

@t
À e¢

Ç

R
@2 R

@t 2
d3 r : (7 .6)

8. T ran si t io n t o t he r el at ivi st ic Ham i l t on{ J aco b i equ at i on
for a st at i onar y ext er n al Ùel d

Substi tuti on (1.13) and condi ti on (2.15) appl ied in the Kl ein{ Gordo n equa-
ti on (2.5) parti ti on thi s equati on into i ts rea l and im aginary parts tha t are

À ñh 2 @2 R

@t 2
+

˚
@̊

@t
+ e¢

2

R = À c2 ñh 2 Â R + c 2 ( r ˚ ) 2 R + m 2
0

c4 R (8 .1)

and

2
@R

@t

@̊

@t
+ R

@2 ˚

@t 2
+ 2 e¢

@R

@t
= 2 c2

r Â ( R r ˚ ) : (8 .2)

Equa ti ons (8.1) and (8.2) were Ùrstl y deri ved by T akabayasi [23]. They are also
given by Breen and Ski ˜ [20]. Equati on (8.1) is the relati vi stic Ha mi lto n{ Ja cobi
equati on wi th tw o addi ti onal quantum term s. These are the Ùrst term on the left
side of (8.1) conta ining the second parti al ti m e deri vati ve of R , and the Ùrst term
on the ri ght side of (8.1) conta ining the second parti a l spacial derivati ves of R .
Equa ti on (8.2) is equivalent to the relati vi stic conti nui t y equati on (2.6). Thi s can
be dem onstra ted i f the substi tuti on (1.13) is appl ied in (2.7) and (2.8), and then
these are used in Eq. (2.6).

Equa ti on (8.1) is now mul tipl ied from the left by

1

m 0 c2
À

@̊

@t
À e¢ R

and integrated over the who le space, or, j ust over the vo lume of the local ised
Kl ein{ Gordon Ùeld, to give
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À
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1

m 0 c 2
À

@̊

@t
À e¢ R 2 ( r ˚ )2 d3r

+ m 2
0 c4

1

m 0 c 2
À

@̊

@t
À e¢ R 2 d3 r : (8 .3)

The Ùrst integ ra l on the left side of Eq. (8.3) is the di spersion of energy, see
Eq. (7.6), and the Ùrst integ ra l on the right side of the sam e equati on is the di s-
persion of m omentum m ul tipl ied by the velocity of l ight squared, see Eq. (5.6).
In the second integ ral on the left side of Eq. (8.3) expression ( À @̊ =@t À e¢ ) 2 i s
appro xi m ated as [ À @̊ ( hr i )=@t À e¢ ( h r i )]

2 and m oved in front of the integ ra l. In
the second integ ra l on the right side of Eq. (8.3) functi on ( r ˚ ) 2 can be appro xi -

m ated as r ˚ ( h r i )
2
, and m oved in f ront of the integ ra l sign. These steps are

autho ri sed by the properti es of f uncti ons @̊ =@t; ¢ , and r ˚ whi ch, as al ready stated
previ ously, do not vary appreci ably wi thi n the local ised Kl ein{ Gordon Ùeld. The
appro xi m atio ns just menti oned and Eqs. (2.11), (2 .13), and (2.14) al low tha t the
second integ ral on the left side of Eq. (8.3) is [ À @̊ ( h r i ) =@t À e¢ ( h r i )] 2 and the sec-

ond integ ra l on the ri ght side of Eq. (8.3) becom es c2
r ˚ ( h r i )

2
. Use of (2.11),

(2 .13), and (2.14) in the thi rd integra l on the ri ght side of Eq. (8.3) gives constant
m 2

0
c4 . Hence Eq. (8.3) can be rewri tten as

h (Â E ) 2
i + À

@̊ ( h r i )

@t
À e¢ ( h r i )

2

= c2
h (Â p )2

i + c2
r ˚ ( h r i )

2
+ m 2

0 c4 : (8 .4)

Equa ti on (8.4) is the relati vi sti c Ha mi lto n{ Jacobi equati on wri tten for the
centro id of a local ised Kl ein{ Gordon Ùeld wi th tw o addi ti onal \ error" term s,
nam ely the dispersion of energy and the dispersion of the m omentum multi pl ied
by the velocity of l ight squared. Note tha t the tw o \ error" term s in Eq. (8.4) are
always positi ve and thus they tend to cancel each other. Theref ore when they
do so, or, when they are smal l in com pari son wi th the other term s in Eq. (8.4),
Eq. (8.4) reduces to

À

@̊ ( h r i )

@t
À e¢ ( hr i )

2

= c 2
r ˚ ( hr i )

2
+ m 2

0 c 4 ; (8 .5)

whi ch is exactl y the relati vi stic Ham i lto n{ Jacobi equati on wri tten for the centro id
of a localised Kl ein{ Gordon Ùeld.

The physi cal m eani ng of functi on ˚ in Eqs. (8 .4) and (8.5) is conÙrm ed wi th
Eqs. (4.7) and (6.8). If the externa l Ùelds sati sfy condi ti ons (2.15) and (2.16) energy
is conserved. Theref ore h E i is a consta nt and accordi ng to Eq. (6.8) the deri vati ve
@̊ =@t i s also constant. It fol lows tha t the second ti m e parti al deri vati ve of ˚ i s
zero and the integ ral on the ri ght side of Eq. (6.6) is zero as well .
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Equa ti on (4.9) attem pti ng to rel ate the mean value of the m omentum h p i

and velocity h v i can be impro ved using (8.5). To do i t, Eq. (4 .9) is squared

h p i
2 = m 2

0 h v i
2

1

m 2
0 c4

˚

À

@̊ ( h r i )

@t
À e¢ ( h r i )

Ç2

: (8 .6)

Appl yi ng (4.7) in (8.5) and then appl yi ng the latter in (8.6) gives

h p i
2 = m 2

0 h v i
2

1

m 2
0

c4

À
c2

h p i
2 + m 2

0 c 4
Â

: (8 .7)

Equati on (8.7) can be solved for hp i to give

h p i = Ï

m 0 hv i

p
1 À h v i

2 =c2
: (8 .8)

The negati ve sign in (8.8) has no physi cal interpreta ti on. The mom entum vecto r
and the velocity vecto r have to have the sam e di recti on. Theref ore we choose

h p i =
m 0 hv i

p
1 À h v i

2 =c2
: (8 .9)

Ob vi ously, Eq. (8.9) relati ng the m omentum and the vel ocity of the centro id of a
local ised Kl ein{ Gordo n Ùeld is subj ect to a small , or equal values of the di spersion
of energy and the dispersion of m omentum , see Eqs. (8.4) and (8.5). In the case
when the dispersion of energy and the dispersion of m om entum are not negl igibl e,
or they do not cancel each other, relati on (8.9) has to be repl aced by i ts m ore
general form , namely

h p i =

p
m 2

0
+ cÀ 4 h (Â E ) 2 i À c À 2 h (Â p ) 2 i

p
1 À h v i 2 =c2

h v i : (8 .10)

Equati on (8.10) can be obta ined from Eqs. (4.7), (4.9), and (8.4).

The m eani ng of the classical l imit of the Kl ein{ Gordon equati on discussed
here and thro ughout the paper is the appl icati on of the Kl ein{ Gordon equati on
to cases where the quantum , or m atter wa ve phenomena becom e insi gniÙcant.
The cl assical l im i t of the Kl ein{ Gordo n equati on di scussedhere has nothi ng to do
wi th the classical l im i t of the Kl ein{ Gordon equati on demonstra ted by D avydo v,
where the Kl ein{ Gordon equati on reduces to the Schr�odinger equati on, seeR ef. [1],
p. 193.

The form alism of the Kl ein{ Gordon equati on al lows a colum n m atri x wa ve
functi on wi th tw o com ponents, see e.g. Ref. [1], p. 197 and Refs. [24, 25]. In thi s
appro ach the electro magneti c intera cti on com bines the positi ve and negati ve fre-
quency parts of the Kl ein{ Gordon scalar Ùeld, so we cannot deal wi th parti cles
and anti parti cles separatel y. Besides tha t, the norm al isatio n of the wa ve func-
ti on is to a Ùxed volum e V tha t is not in movement. No rm al isati on of the wa ve
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functi on to a m ovi ng wa ve packet wi th a narrow spectrum of energies would in-
tro duce inconsistency because the vel ocity of the wa vepacket does not correspond
to the vel ocity deri ved from the relati ons between operato rs. Note tha t in the
Kl ein{ Gordon theory wi th the com ponent wave functi on the eigenvalues of the
vel ocity operator com e out wi th wro ng values. (See for insta nce R ef. [1], p. 206.)
No w if there was a wa y to Ùx these pro blems, then the smal l wave packet in an
externa l electro magneti c Ùeld wi l l imm ediatel y spli t into a part conta ining the
parti cl e and a part conta ini ng the anti parti cle because the electrom agneti c forces
acti ng on the parti cle and the anti parti cle are of opposite di recti ons. Theref ore,
the who le theory would be probl emati c again because i ts intera cti on mechanism
requi res the presence of both the parti cle and the anti parti cle. Sim i lar di £ cul ti es
wo uld occur in the appro ach developed by Horwi tz, see Refs. [26, 27]. Thi s indi cates
tha t the classical l imit of the Kl ein{ Gordon theo ry wi th the two- component wa ve
functi on can be scarcel y achieved. On the other hand, the Kl ein{ Gordo n equa-
ti on for one-component wave functi on (2.5) at condi ti on (2.12) is a one-charge
and one-parti cl e theo ry , whi ch for a smal l packet, or a local ised Kl ein{ Gordo n
Ùeld and smooth externa l potenti al gives exactl y the relati vi sti c Ha mi lto n{ Ja cobi
equati on.

The derivati ons presented in Secs. 3{ 8 are val id for any smooth potenti al
and the class of energies sati sfyi ng inequal i ty (2 .12).

The resul ts obta ined can be ta ken as appro xi m atel y valid also for potenti als
where inequal i ty (2 .12) is sati sÙed in m ost parts of the space, whi le the rest of the
space is Ùlled wi th potenti al barri ers signiÙcantl y larger tha n h E i , the energy of
the parti cle. These potenti al barri ers are assumed to be su£ cientl y wi de, so tha t
the probabi l i ty of quantum tunnel ing is di minishi ngly smal l . W hen a local ised
Kl ein{ Gordon Ùeld appro aches such a high and large potenti al wal l , i ts f orwa rd
ta i l wi l l penetra te into the region where (2.12) is not sati sÙed. Ho wever, at the
sam e ti m e, the am pl i tude of the forwa rd ta i l is signiÙcantl y suppressed by the
large potenti al o f the barri er. Hence the contri buti on of the Kl ein{ Gordon Ùeld
from the region where h E i < e¢ to the integ ral in (2.13) is negl igibl e.

The derivati on of the relati vi sti c Ha m ilto n{ Jacobi equati on (8.5) can be com -
pared to the tra nsi ti on from quantum m echanics to classical m echanicstha t is done
by m eans of the Ehrenf est theorem (1.1). Equati on (1.1) is a part of the form al -
ism of non-relati vi stic quantum mechani cs. It can be deri ved from the Schr�odinger
equati on wi tho ut neglecti ng anythi ng. Co nsidering a smal l non-relati vi sti c wa ve
packet tha t does not spread to o rapidly, see condi ti ons (1.7) and (1.8), the ri ght
side of (1.1) can be appro xi m ated as (1.6), so we get im mediatel y the Newto n law
of force wri tten for the centro id of the wave packet (1.2). The analogy between
(1.2) and (8.5) is obvi ous. Both of them are equati ons of moti on for the centro id
of a small Ùeld representi ng a sing le parti cle.

Accordi ng to D avydo v (see R ef. [1]) the tra nsiti on from the Schr�odinger
equati on to classical m echanics occurs i f the uncerta inti es of the coordi nates and
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m omentum go to zero. The tra nsi ti on from the Kl ein{ Gordon equati on to classical
m echani cs is simi lar. The smal l uncerta inty of the coordi nates impl ies appro xi -
m ati ons (3.1), (3 .2), and a sim ilar appro xi m atio n for r ˚ , see the text between
Eqs. (8.3) and (8.4). W hen the uncerta inti es of the coordi nates and momentum
go to zero, the Heisenberg uncerta inty relati on im pli es tha t the Pl anck constant
goes to zero as wel l . Thi s signi Ùesthe classical l imit o f the Kl ein{ Gordon equa-
ti on. In thi s l imi t the coordi nates of the centre of a very smal l wa ve packet can
be repl aced by the parti cle coordi nates and Eq. (8.5) becom es the classical (un-
dersta nd relati vi stic) Ha m il to n{Ja cobi equati on kno wn from cl assical (understa nd
\ non-quantum " ) physi cs.

The form al ism presented should be wel l appl icabl e also to the Schr�odinger
equati on, some representa ti ons of the Kl ein{ Gordon equati on, to certa in tra ns-
form ati ons of the Dirac equati ons, and to equati ons sim i lar to the D irac and
Kl ein{ Gordon equati ons such as tho se suggested by Kem mer [28] and Dura nd [29].
The autho r is presentl y pursui ng these pro blems.
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