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We illustrate the physics of two-frequency lasers by two examples. The
first example illustrates the fundamental consequences of the existence of two
eigenstates on the laser line width. We indeed show experimentally that the
non-orthogonality of these two eigenstates results in an increase in the laser
quantum noise. We also give a physical explanation of this vectorial excess
noise factor. The second example illustrates the capabilities of two-frequency
lasers in terms of applications. In the domain of RF frequency generation by
optical means, we show how a pulsed two-frequency source can be built for
lidar-radar applications and pulsed RF frequency generation.

PACS numbers: 42.55.Ah, 42.50.Ar, 42.50.Lc, 42.60.By, 42.60.Gd

1. Introduction

It is well known that the behavior of a laser can be described in terms of
modes. In particular, the concepts of longitudinal and transverse modes are, when
applicable, very helpful [1]. However, due to the fact that light is a transverse vi-
bration, the vectorial nature of light must, in general, also be taken into account in
the physics of lasers. In the case of quasi-monochromatic laser light, polarization
phenomena can be easily described in the framework of the Jones matrix formal-
ism [2]. The z-propagating light electric field is then described by a 2-vector E and
any linear element can then be represented by a 2 x 2-matrix. In particular, if M
is the Jones matrix for one round-trip inside the laser cavity starting from a given
location, the laser light electric field E at this point must satisfy the eigenequation

(7)
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MFE = M\E, where XA is the eigenvalue. This equation has two solutions: the so-called
laser eigenstates [3]. In the general case, these two eigenstates have two different
eigenvalues A; and As, two different eigenfrequencies 17 and vs, and two different
eigenpolarizations represented by complex unit vectors e; and e;. The existence
of these two eigenstates has already led us to develop many applications based,
e.g., on differential loss (JA1] # |A2]|) measurements (measurement of residual ab-
sorptions [4] or dichroisms [5]), on differential frequency (11 # v2) measurements
(polarimetry [6], magnetometry [7], or gyrometry [8] applications), or, for example,
to the appearance of new dynamical regimes, such as pulsed regimes [9] or new
mode-locking situations [10].

Here, we wish to illustrate two domains in which the existence of two different
laser eigenstates has played a major role. In the first part of this paper, we show
how the fact that the two laser eigenstates may be non-orthogonal ({e;]|es) # 0)
modifies the quantum noise of the laser itself. In the second part, we will present
one example illustrating the role that two-frequency lasers may, in the near future,
play in the domain of RF photonics: the optical generation of pulsed microwaves.

2. Vectorial excess noise factor

The quantum noise-limited spectrum of a monomode laser is Lorentzian with
a fundamental line width (FWHM) Av given by the famous Schawlow—Townes
formula [11]:

hv 2
_mwi- 1
47 P’ (1)

where h is Planck’s constant, v — the laser frequency, I" is the cold cavity decay

Av

rate, and P — the optical power dissipated by the laser. Equations (1) has been
obtained at the expense of many assumptions. One of them states that the gain
atoms, which are responsible for both the stimulated emission which provides for
gain and the spontaneous emission which adds the phase noise, obey the following

equation:
spontaneous emission rate 1 2)
stimulated emission rate ~ (n)’

where (n) is the average number of photons in the lasing mode. This is the fa-
mous “one photon per mode” paradigm, which is present in Einstein’s equations.
However, Eq. (2) is valid only if the lasing mode can be considered independently
of the other modes of the field. In other words, Eq. (2) holds only if the laser
modes constitute a complete set of orthogonal modes, upon which the laser field
can be expanded, as is usually done before quantizing the electromagnetic field in
a box [12]. However, this hypothesis is not always valid. This was pointed out by
Siegman in 1989 in the case of the non-orthogonal transverse modes of an unstable
cavity [13]. This has led to experimental demonstrations of increases in the laser
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line width of several orders of magnitude [14, 15]. This effect, which is similar to
Petermann’s K factor [16], has its counterpart in the case of the transverse modes
of a stable cavity containing a diffracting aperture [17-19]. Tt also exists in the
case of a cavity containing large losses, inducing a non-orthogonality of the lon-
gitudinal modes [20, 21]. Here, we focus on the two eigenstates of an anisotropic
cavity [22, 23].

2.1. Semi-classical derivation of the vectorial excess noise factor

Following Siegman [13] and van der Lee et al. [24], we derive here the excess
noise factor using a semi-classical approach. Let us suppose that the laser state
|#(¢)) can be expanded upon the two (normalized) cold cavity eigenstates |e;)

and |es):

(1)) = ax(t)]er) + az(t)]e2). (3)
The equation of evolution of the laser is given by

d

37| = Nlz()) + [1(1)). (4)

The first term on the left hand side of Eq. (4) is the deterministic evolution of the
laser field, where IV is related to the Jones matrix M for one round-trip inside the
cavity by
¢
N= E(M— 1), (5)
with ¢ the velocity of light and L the cavity length. N has the same eigenstates as
M, but with the eigenvalues y; (i = 1,2) related to those (A;) of M by

¢

pe= (- 1), (6)
The second term |{(¢)} in Eq. (4) is a é-correlated Langevin noise which holds
for spontaneous emission. In the general case where the two eigenstates are not
orthogonal, it is worth introducing the adjoints |f;) and |f,) of the eigenstates |e;1)
and |ez) defined by

<f1|é2>: <f2|é1>:0’ (7)
which we normalize so that
<f1|é1>:<f2|92>:1~ (8)

Equation (4) can then be projected on {f;], leading to

Cai(t) = peas(t) + (D), )

which has the following formal solution:

ai(t) = a;(0)e! + /t dt/ems =t (£ [1(1"). (10)

0
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Let us now suppose that for { — oo the laser oscillates in eigenstate 1 only. Then
the laser state reads

|z(t)) =a1(0)e“”|él>+/0 dt'e =) ). (11)

The first term of this expression is the noise-free laser evolution. The second term
is the laser quantum noise. To derive the power spectral density of this term, we
have to calculate the Fourier transform of its autocorrelation. If we suppose that
the Langevin noise |/(t)) is é-correlated and is also isotropic, then this noise power
is proportional to the following factor:

K =(filfi). (12)
The adjoint mode |f;) is then expanded upon the eigenstates |e;) and |ez2):

[fi) = azler) + Bifen). (13)
Equation (13) can be projected upon |e1) and |es), leading to

L= a; + fi{er]es), (14a)

0:a1<é2|é1>+61. (14b)
ay and B can then be eliminated, and (12) and (13) lead to

1
K= —— —. 15
T eilenP 1)

This expression shows that K > 1. This so-called excess noise factor is then pre-
dicted to enhance the laser line width as soon as the eigenstates are not orthogonal,
as 1s now going to be proved.

2.2. Observation of the vectorial excess noise factor

Let us consider the cavity of Fig. 1, built with an active medium and two
mirrors M; and M. It contains a phase anisotropy aligned with the « and y axes
(retardance ¢) and a loss anisotropy At . The axes of this partial polarizer are
aligned at +45° from # and y. We call o (0 < o < 1) the ratio between the field

() Gain Aty

M A\
I_I L ] “
X-y 45°

M; M»

Fig. 1. Non-Hermitian cavity. M1 and M, — mirrors, ¢ — x—y phase anisotropy,

Q—@N
Ny

At; — loss anisotropy oriented at 45° of the = and y axes.
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Fig. 2. Full line: variation of the eigenfrequencies v1 and vs of the laser cavity versus
loss anisotropy «. The corresponding polarization ellipses are also schematized. Dashed

line: evolution of the modulus of the scalar product of the two eigenstates versus a.

transmission coefficients along the high and low loss axes of A¢) . Then the Jones
matrix M for one round-trip inside this cavity reads

1| (a®+1)e? 2-1
L| (a”+1)e T (16)
2 a? —1 (a? +1)e1¢

This matrix 1s non-Hermitian. Two different situations must be considered, as can

be seen in Fig. 2. First, for a < ac = [(1 —sin?¢)/(1 + sin? ¢)]'/?, i.e., when
the loss anisotropy prevails over the phase anisotropy, the two eigenfrequencies

M=

of the laser cavity are degenerate. The corresponding eigenstates are elliptically
polarized, with their axes roughly aligned with the loss anisotropy axes. Of course,
one of these eigenstates experiences more losses than the other one, and may thus
not oscillate. On the contrary, for & > a., the phase anisotropy is large enough to
raise the degeneracy between the two eigenfrequencies 11 and vy (see Fig. 2). The
corresponding eigenstates are elliptically polarized, with their axes approximately
aligned with z and y, 1.e., the axes of the phase anisotropy, and have the same
losses. Figure 2 summarizes the variations of the eigenfrequencies 11 and v versus
the loss anisotropy «, together with the corresponding polarizations. One can
notice that the eigenstates are almost never orthogonal. This is also stressed by
the dashed curve of Fig. 2, which represents the variations of the modulus of
the scalar product of the two normalized eigenvectors e; and ey versus «. From
Eq. (15), the expected excess noise factor is then given by
(1 —a?)?

(1—a2)2—(1+a2)?sin’ ¢
in the region where both frequencies are degenerate (o < o), and by

(14 a?)?sin? ¢
(14 a2)?sin? ¢ — (1 — a?)2
in the region where the eigenfrequencies are different (o > o).

K= (17)

K=

(18)
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Fig. 3. Experimental (dots) and theoretical (full line) evolutions of the excess noise
factor K versus the beat frequency between the two eigenstates. The inserts reproduce
the spectra of the beat notes corresponding to several typical situations (logarithmic

vertical scale; horizontal axis: 0 to 16 MHz).

To measure this excess noise factor, we have built a 27 cm long He—Xe laser
oscillating at 3.51 pum. This transition exhibits a large gain, and allows the two
eigenstates to oscillate simultaneously for o > ac, i.e., when the two eigenstates
have the same losses. The laser line width can then simply be measured by record-
ing the spectrum of the beat note between these two eigenstates and by observing
its line width.

We choose a phase retardance ¢ corresponding to a beat note (¢/2L)¢/m =
16 MHz in the absence of any loss anisotropy. Some typical beat note spectra
obtained for different values of the loss anisotropy « are reproduced as inserts in
Fig. 3. Such spectra lead to the measurements of K summarized as black dots in
Fig. 3. The measured enhancement of the laser line width, reaching values as high
as 92, is in close agreement with Eq. (18) (full line in Fig. 3).

2.8. Adjoint coupling

The preceding results have been obtained only for the part of Fig. 2 where
o > g, l.e., where the two eigenstates can be made to oscillate simultaneously.
However, the opposite situation, i.e., when o < «. and |A1| > |A2|, can provide us
with some physical insight in the physics of non-Hermitian cavities. To this aim, we
built the experiment of Fig. 4, in which a monomode 633 nm laser beam is injected
inside a passive cavity similar to the one of Fig. 1. This cavity is now L = 48 cm
long. It also contains an aperture to get rid of high-order transverse modes. Mirror
M 1s mounted on a piezoelectric element, thus allowing us to modulate the phase
6 undergone by light during one round-trip inside this cavity. Let us consider the
reflection operator for this cavity
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633 nm
laser

Fig. 4. Injection of a monomode laser inside a non-Hermitian passive cavity. The values
of the experimental parameters are L =48 cm, ¢ = 7°, o = 0.854 < o, 12 = 0.897, r =
73 = 0.985, and ] = 3 = 0.012 (D denotes light detectors).

PRI 2 05 A" tirat?e M

R=—r +tirat7e an_%(mrzt [§] ]W) = —ry + m, (19)
where 71 and 75 (respectively t1 and t2) are the field reflection (respectively trans-
mission) coefficients of the cavity mirrors, ¢ holds for the isotropic losses for one
pass through the cavity (tilted plate and diffracting aperture), and M is given by
Eq. (16). The operator R has the same eigenvectors é; and ez as M, but with
different eigenvalues p; and ps. The half-wave and quarter-wave plates located
between the laser and the cavity can be rotated in order to create any incident
polarization state |«). To compute the intensity reflected by the cavity, we expand
this normalized arbitrary state upon the adjoint modes

[w) = (filu)ler) + (fs|w)|ea), (20)
leading to

(ul BT R|w) = [(f,[w)]*|p1|* + (£ |u) [P p2]?

F2R{(ulfi) (folw)pTp2(er]es)}. (21)

In the case where the two eigenstates are orthogonal ({e1]e2) = 0), the last term
of Eq. (21) vanishes, and the following inequality holds:

17 < (ul BT RJu) < |pa]?. (22)

This means that the output light cannot be coupled inside the cavity less efficiently
than the high-loss eigenstate and more efficiently than the low-loss eigenstate.
On the contrary, when the two eigenstates are not orthogonal, this inequality
is no longer valid, as shown in Fig. 5. In Fig. ba, the cavity reflection coefficient has
been computed versus é for ¢ = 7°, o = 0.854 < ., t? = 0.897, r? = r2 = 0.985,
and t? = t2 = 0.012. These parameters correspond to the experimental values.
The two curves labeled 1 and 2 in Fig. ba correspond to the low- and high-loss
eigenstates respectively. We then look for the input polarizations that minimize
and maximize the reflection coefficient of the cavity at resonance. This leads to
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Fig. 5. (a) Theoretical evolution of the cavity reflection coeflicients versus round-trip
phase 6 for injection of the eigenstates 1 and 2 and for the polarizations m and M
that maximize the reflection of the cavity at resonance. (b) Corresponding experimental
results. The input states of polarization are created according to the ones calculated

in (a).

the curves labeled M and m, respectively, in Fig. ba, which are actually obtained
for the polarizations f; and f;, of the adjoint modes, respectively.

These computed polarization states are then created experimentally using
the half-wave and quarter-wave plates located at the output of the laser. We then
obtain the corresponding experimental signals of Fig. bb, which clearly show that
the light coupled inside the cavity with the adjoint polarization labeled M is more
important than with the low-loss eigenstate labeled 1. Conversely, polarization m
is better reflected by the cavity than the low-loss eigenstate labeled 2.

This result is even more striking in the case of the transmission operator
(see Fig. 6). Here again, the input polarization can be tailored to reach coupling
efficiencies larger than for the low-loss eigenstate and smaller than for the low-loss
eigenstate, thus illustrating the non-Hermiticity of this cavity*.

The results of Figs. b and 6 show simply that, in non-Hermitian cavities, the

*The eigenstates of the transmission operator are slightly different from those of M and R,
hence leading to small deviations of the states of polarization which minimize and maximize the
transmission with respect to the adjoint modes.
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Fig. 6. Same as Fig. 5 for the transmission operator.

usual intuitive approach to photon problems fails. Indeed, they show that a one
photon state incident on this cavity can apparently lead to more than one photon
inside the cavity, provided that this photon is “adjoint coupled”, i.e., is polarized
along the adjoint mode of the low-loss state [25-27]. This explains physically how
the vacuum fluctuations are more efficiently coupled inside a non-Hermitian cavity
than stated by the usual “one photon per mode” rule, hence increasing the laser
quantum noise.

3. Pulsed RF lasers

Recently, there has been a great interest in the optical generation of mi-
crowaves, from the GHz to the THz range [28]. This interest has been triggered by
both the potential applications in the domains of telecommunications or remote
sensing, and simply by the fact that no sources are available in some of these spec-
tral regions. This has stimulated many developments, in particular in our group
where we use the two eigenstates of a laser with vy # va to create the beat note
V1 — V3. Since some applications of two-frequency lasers (such as lidar-radar de-
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vices) require to reach higher peak powers, we here focus on the realization of a
pulsed two-frequency laser [29].

3.1. Principle of pulsed two-frequency operation

Let us consider the laser cavity of Fig. 7, whose propagation axis is z. It
is closed with mirrors My and M» separated by L = 9.7 cm and contains an
isotropic active medium (a diode pumped Nd:YAG crystal) and a linear phase
anisotropy creating a retardance ¢ between the x and y polarizations. It also con-
tains a Cr*t:YAG saturable absorber (passive Q-switch) whose absorbing dipoles
are aligned along the [100], [010], and [001] crystallographic axes. In the linear
regime (small signal) the absorption is isotropic. Then a Jones matrix analysis for
the cold cavity yields two linearly polarized eigenstates aligned along the # and
y axes with a frequency difference Av = (¢/2L)¢/n. The saturable absorber aims
at turning this two-frequency laser into a pulsed two-frequency laser, i.e., into a
laser emitting pulses, each of them containing the two frequencies. Two particular

Active Saturable

X medi‘um absorber

z v
y

Diode
Pump

o
M, (X-Y)M,

Fig. 7. Pulsed two-frequency laser. The . = 4.7 cm long cavity contains a
diode-pumped Nd:YAG active medium. The saturable absorber is a Cr*t:YAG crys-
tal which aims at passively @Q-switching the laser. The phase retardance ¢ creates the

two eigenstates with their two frequencies.

[100] 010]
X y X
(04 (04
Z Z=[001] [100]

[010] (a) [001] (b)

Fig. 8. The absorbing dipoles are oriented along the [100], [010], and [001] direc-
tions and the laser eigenstates along the & and y directions. (a) [111]-cut Cr*t:YAG,

(b) [001]-cut Cr*t:YAG.
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situations must be emphasized, corresponding to two different orientations of the
Cr*:YAG samples (see Fig. 8): the z || [111] orientation (see Fig. 8a) and the z ||
[001] orientation (see Fig. 8b). The saturation of the three absorber species de-
pends strongly on the orientation of the z and y directions of the eigenstates with
respect to the crystallographic axes of the absorber. We thus expect the laser to
behave in different manners depending on the orientation of the absorbing dipoles
with respect to the polarizations « and y of the two eigenstates. Indeed, one can
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Fig. 9. Experimental results obtained with the [111]-cut sample. (a) Pulse train ob-

served through a linear polarizer: the two eigenstates are emitted successively. (b) Typ-

ical pulse.
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Fig. 10. Experimental results obtained with the [001]-cut sample with o = 45°.
(a) Pulse train observed through a linear polarizer oriented at 45° with respect to the
¢ and y directions: the two eigenstates are emitted simultaneously. (b) Typical pulse

containing the beat note between the two eigenstates. (c¢) Experimental evolution of the

beat frequency versus intracavity birefringence.
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see in Fig. 8a that in the case of the [L11]-cut crystal, the situation is always
non-symmetrical for any value of angle a. For example, in the case of Fig. 8a,
the az-polarized eigenstate interacts mostly with the [010]-oriented dipoles while
the y-polarized eigenstate interacts mostly with the [001]-oriented dipoles. This
means that the two eigenstates do not have to cooperate to saturate their ab-
sorptions. This results experimentally in the behavior of Fig. 9: the laser emits a
train of pulses which are alternatively emitted along the two eigenstates. Hence,
the laser light does not contain both eigenstates simultaneously and the pulsed
two-frequency regime is not obtained.

We hence turn to the other orientation of the Cr*t:YAG crystal, namely
z || [001]. Then, as can be seen from Fig. 8b, a symmetric situation can be reached
for o = 45°. In this case, the two eigenstates interact equally with the [100] and
[010] dipole classes. These two eigenstates then have to cooperate to saturate the
losses, leading to the result of Fig. 10: the pulses now contain the two frequencies
and the beat note at Av can be seen in Fig. 10b. This beat frequency can be tuned
between 0 and ¢/4L = 770 MHz, as can be seen in Fig. 10c.

3.2. Towards higher beat frequencies

Laser ranging and lidar-radar applications require the use of beat frequencies
higher than 1 GHz and longer pulse durations. Indeed, in these applications, the
measurement is based on the Doppler effect of the RF modulation of the retrore-
flected pulse. The beat note frequency should consequently be fast enough with

0.050

o
IS

Signal @ 1.064 pm

py i I} I I I I} I
] 20 40 60 80 100 120 140 160
Time (ns)

Signal @ 1.064 pm

aiesess fikk
[ jE2EEE)
50 100 150 200 250 300 350 400
Time (ns)

05 1 15
Frequency (GHz)

Fig. 11. Experimental (a), (c) pulses and (b), (d) beat note spectra obtained with a
2.8 cm long laser. The pulse duration can be adjusted without changing the beat note

frequency.
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a good spectral resolution (long pulse duration). We hence now turn to a shorter
cavity (L = 2.8 ¢cm) with a different pumping architecture. This laser allows us
to reach beat frequencies larger than 2 GHz. Figure 11a shows a typical pulse ob-
tained from this laser with a 1 GHz beat note. This pulse is 36 ns long (FWHM)
and its spectrum 1s reproduced in Fig. 11b. With a 800 mW pump power, the
repetition rate is 13 kHz and the pulse energy 0.2 pJ.

One particularly interesting aspect of the pulsed two-frequency laser that we
have built is that the pulse duration can be adjusted by changing the geometries
of the cavity and/or of the pumping without modifying the beat note frequency.
This can be seen in Fig. 11c, where the pulse duration is now as long as 150 ns
and where the 1 GHz beat note is still present. The corresponding spectrum is
displayed in Fig. 11d. The usefulness of such long two-frequency pulses in the
domain of lidar-radar applications is now under active investigation [30].

4. Conclusion

We have seen that the simple fact that light is a transverse vibration leads
in general to the existence of two eigenstates in lasers. Such eigenstates have
been used here (i) to reveal part of the physics underlying the appearance of
an excess quantum noise factor in the laser line width and (ii) to build pulsed
two-frequency lasers for lidar-radar applications. These examples are only a very
small part of the potentialities of such lasers. In particular, two-frequency lasers
are now actively investigated for telecommunications [31] and spatial heterodyne
spectroscopy applications.
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