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Two-dimensional (d = 2) Penson—Kolb model, i.e. the tight-binding
model with the pair-hopping (intersite charge exchange) interaction, is con-
sidered and the effects of phase fluctuations on the s-wave superconductivity
of this system are discussed within the Kosterlitz—Thouless scenario. The
London penetration depth A at 7' = 0, the Kosterlitz-Thouless critical tem-
perature 1¢, and the Hartree-Fock approximation critical temperature 7,
are determined as a function of particle concentration and interaction. The
Uemura type plots (7. vs. A™2(0)) are derived. Beyond weak coupling and for
low concentrations they show the existence of universal scaling: Tc ~ 1/A%(0),
as it was previously found for the attractive Hubbard model and for the mod-
els with intersite electron pairing.

PACS numbers: 74.20.—z, 71.28.+d, 74.25.Ha

1. Introduction

The Penson-Kolb (PK) model is one of the conceptually simplest models
for studying superconductivity of the narrow band systems with short coherence
length [1-8]. The model Hamiltonian has the form

H=—t Z (e@’j c;»l;cja + h.C.) — Z/Jnia
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where n;, = c;';cw, t 18 the single electron hopping integral, J is the pair-hopping
(intersite charge exchange) interaction, y is the chemical potential, the limit (i)
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restricts the sum to nearest neighbors (nn). The Peierls factors in Eq. (1) account
for the coupling of electrons to the magnetic field via its vector potential A(r):
Qi = —= f]f,j drA(r), and e is the electron charge.

The model includes a nonlocal pairing mechanism (the pair-hopping term
J) which is distinct from the on-site interaction in the attractive Hubbard (AH)
model and which is the driving force of pair formation and also of their conden-
sation. Thus, the superconducting properties and the evolution from the Cooper
pair regime to the strong coupling local pair regime can be essentially different
in these two models [2]. Till now the PK model has been investigated only in
a few particular limits [1-8]. The main efforts concerned the ground state prop-
erties of the model in one dimension (d = 1) at half filling (n = 1) [3-7]. For
higher-dimensional lattices (1 < d < oo0) and arbitrary electron concentration
(0 < n < 2), where n = (1/N) >, (nis), the model has been analysed only at
T = 0 in Refs. [2, 8] within broken symmetry Hartree—Fock approximation (HFA).

The ground state phase diagram of the half-filled d = 1 PK model derived
within the HFA [2] is in agreement with that obtained by the density matrix
renormalization group method [3-5], exact Lanczos diagonalizations [6], as well as
with the continuum limit field theory approaches [7]. For J > 0 all these approaches
predict a continuous second-order transition to s-wave pairing state at J = 0%
with no additional transition for any J > 0. The results of Refs. [2, 8] indicate
that for hypercubic lattices such behavior remains unchanged in higher dimensions
(including the exactly solvable case of d = c0) and does not depend on the band
filling.

In Ref. [8] we analyzed the ground state superfluid characteristics of the PK
model (critical fields, coherence length, Ginzburg ratio) for d-dimensional hyper-
cubic lattices: d = 2 (SQ) and d = 3 (SC) and showed that at T = 0 there is a
gradual crossover from the BCS-like superconductivity of extended Cooper pairs,
to the superfluidity of tightly bound local pairs with increasing J (J > 0).

In the present paper we will extend our investigations to the case of finite
temperatures. We will focus on the two-dimensional PK model with arbitrary
particle concentration and discuss its superfluid characteristics and the effects of
phase fluctuations, which have not been considered up to now for this model.

In the analysis we have used a linear response theory [9, 10] and the elec-
tromagnetic kernel has been evaluated within HFA-random phase approximation
(HFA-RPA) scheme. Going beyond the HFA we will determine Tt for d = 2 PK
model on an SQ lattice taking into account the phase fluctuations within the frame-
work of the Kosterlitz—Thouless (K-T) scenario [11, 12]. The critical temperature
Te for the K-T transition is obtained by calculating the superfluid stiffness ps (he-
licity modulus) as a function of temperature and subsequent comparison with the
K-T relation between 7. and ps. This type of approach has been already applied
for the d = 2 AH model [12, 13] and also for the models with intersite electron
pairing [14-16]. In the former case a correct behavior of T. vs. |U|/B, being in
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agreement with available quantum Monte Carlo (QMC) data, was found [13].

2. General formulation

Within the framework of the broken-symmetry Hartree-Fock approximation
(HFA) the free energy of the model (1) and self-consistent equations for electron
thermal averages can be determined by the standard methods with either the
Green function or the equation of motion approach [2].

For A = 0 the free energy of the superconducting (S) phase Fy is calculated
to be

%:u(n—l)+%Jp2+Joxsz—ﬁiNzk:ln [QCOSh (@ﬂ)] , (2)

and the superconducting order parameter z; = (1/N) Y, (¢ cit), the Fock term
p=(1/4N)> ", 7k <czackg> and p are determined by the equations

A 1
A= 2 —— tanh (ﬁﬂ) , D= 1 ZEk'yk—tanh (ﬁﬂ) ,
k

N &= 2L} 2 N 2E}, 2
2 _ 1 BE}
—1=—-= —— tanh [ —— 3
n v Zk:EkQEk an ( 5 ) , (3)
where & = e, —pu, By = \Jer + A2, A = Joxs, Jo = 2J, & = —ty, t =
t4+2pJ/z, v =2 ,c08ka, @ =a,y,..., zis the number of nearest neighbors,

B =1/ksT. For SQ lattice z = 4 and the electronic band width B = 2zt = 8.
From the linear response theory [9, 10] the expectation value of the Fourier
transform of the total current operator for the Hamiltonian (1) is

— ¢ ~dia, -para
Ja(g,w) = NE ;[&mzha + K27 (q,w)]Aar(g,w). (4)
The diamagnetic part of kernel evaluated within HFA-RPA scheme has the form

[(&ha — 871—6 |t| i Z |:1 _ E_ktanh (@)] COS(]CQ) — ?ﬂiﬁl‘g (5)
k

hic?a N By, 2 hc2q z
In the static limit and for ¢ — 0 for the transverse part of the paramagnetic
kernel we obtain
8ret? 1 sin? ks

: il
hic?a N x /cBTcosh2 @

KB (w =0) =

(6)
In the local approximation (London limit) the magnetic penetration depth is
determined in terms of the transverse part of the total kernel as
3= R REw = 0] ™)
From Egs. (3) one can calculate the HFA transition temperature 7, at

which the gap amplitude vanishes (A — 0) and which gives the estimation of
the pair-formation temperature.
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Except of the case of infinite-dimensional lattice (d — o) the superconduct-
ing phase transition will occur at the critical temperature 7 being lower than T,
due to the phase fluctuation effects. For d = 2 lattice the 7. can be derived within
the Kosterlitz—Thouless theory [11, 12], which describes the transition in terms of
vortex pair unbinding transition, using the K-T relation for the universal jump of
the superfluid stiffness at 7.:

2

;kBTc = ps(Tc)a (8)
where pg is the superfluid stiffness (helicity modulus), being directly related to the
London penetration depth (Eq. (7)):
_ R%e ., _ —h?e?
T 16me? T 16me?

ps(T) [+ KB (w = 0)] . (9)

3. Results

The asymptotic forms of the London penetration depth at 7" = 0 derived
in the weak (Jo/B <« 1) and strong (Jo/B > 1) coupling limits are given in
Appendix A (Eqgs. (A2), (A4), (A6), (A8)), whereas the numerical plots of this
quantity as a function of Jo/B and as a function of n are presented in Figs. 1
and 2, respectively. For a comparison, in Fig. 1 the corresponding plots (1/A? vs.
|U|/B) calculated for the AH model [10a] are also shown by dashed lines.

03 n=1
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0.0 0.0 1.0 n 20
Fig. 1 Fig. 2

Fig. 1. The inverse square penetration depth 1/A% at T' = 0 as a function of Jo/B
for n = 1 and » = 0.1. Dashed lines show the corresponding plots for the AH model.
Ao =28/, B=8L

Fig. 2. Concentration dependence of 1/A? at T = 0 for two different values of

Jo/B, Jo/B =0.25 and Jo/B =1.0.

Let us notice the increase in A=2? as a function of J (cf. Fig. 1), i.e. the
behavior being qualitatively different than that found for the AH model, where
A~2 continuously decreases with increasing |U|/B (cf. Fig. 1 and Ref. [10]).
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In Fig. 3 the plots of T}, and T versus n for fixed values of Jy/B are presented,
whereas the evolution of the transition temperatures with increasing Jo/B for
fixed n is shown in Fig. 4. Except of the weak coupling regime J/t < 1 there
is a strong influence of the phase fluctuations on the superconducting pairing.
The K-T transition temperature 7. can be much lower than 7}, and the highest
reduction is observed at small electron concentrations. The expressions for 7, and
T, derived in the asymptotic limits of weak and strong coupling are summarized

in Appendix B (Egs. (B2)-(B9)).

0.06

Fig. 3. Transition temperatures versus n for two fixed values of Jo/B: (a) 0.25, (b) 1.

Solid and dashed lines denote Tt and T}, critical temperatures, respectively.

ofarn=1 .7
,

Fig. 4. Transition temperatures versus Jo/B for n = 1 (curves with circles) and

n = 0.05 (curves with crosses). Denotations as in Fig. 3.

With decreasing temperature, at 7}, the gap in quasiparticle energy spectrum
opens up, but there is no real phase transition to a superconducting state yet.
Only at 7%, the phase coherence sets in and the transition to a phase with bound
vortex—antivortex pairs occurs. Thus in the region between 7}, and 7t one has a
phase of incoherent s-wave pairs. T, appears to be a rather reliable estimate for
the pair formation temperature and the appearance of the pseudogap [13, 15, 16].
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Fig. 5. The gap to critical temperature ratio £/4(0)/2kpT,, plotted as a function of
Jo/B for n = 1. Solid and dashed lines correspond to Tc and T}, respectively.

However, it is by no means a rigorous border line, since some pairing correlations
are present at all temperatures.

The phase fluctuations enhance the ratio of the gap (Fy = min(Ey) —
max(—FEy)) at T'= 0 to the critical temperature in comparison to the BCS value.
The ratio Eg(0)/2ksT:/p evaluated as a function of Jo/B for n = 1 is shown in
Fig. 5. Notice that this ratio can be substantially higher for 7t than for 7,. As we
found, the enhancement of the ratio is strongest at low concentrations even by a
factor 10 (cf. also Eqgs. (B6), (B9) in Appendix B). Only for J/t — 0 we recover
the BCS ratio for s-wave pairing: Eg(0)/2kTc = 1.76.

In Fig. 6 we have shown the Uemura type plots T vs. 1/A? [17, 18] for the
d = 2 PK model, calculated for several fixed values of Jo/B with the controling
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0.00

0.20

\
0.40

0.60

2,2

/X
Fig. 6. The Uemura-type plots: 2ksT./B vs. A\3/A\? with the controling variable n,
derived for several fixed values of Jo/B. SQ lattice, A3/A%> = 4p,(0)/B. Dashed lines

denote the corresponding plots with 7 replaced by 1. The straight dotted line gives
an upper bound for the phase ordering temperature wps(0)/2.
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variable n. The straight dotted line wpg(0)/2 gives an upper bound for the phase
ordering temperature. Except for weak coupling limit the T vs. 1/A? curves have
a shape similar to the experimental Uemura plots [17] and for small n the points
follow the universal mps(0)/2 line. Also, we see that analogous plots with 7}, cannot
account for the scaling (Fig. 6, dashed lines).

4. Conclusions

We have studied here the superconducting properties of the two-dimensional
PK model for arbitrary electron density and coupling strength J > 0, taking into
account the effects of phase fluctuations within the framework of K—T scenario.
Our results indicate a possibility of a new disordered phase, between 7}, and T,
in which pairs are incoherent, but the single-electron excitation spectrum has a
gap. Transition to the superconducting state takes place at T¢, at which the phase
coherence sets in.

We have shown that in the d = 2 PK model the Uemura-type plots can be
obtained, as it was previously deduced for the AH model [13] and most recently
also for the extended Hubbard model with intersite attraction [15, 16]. Our results
support the conclusion [15, 16] that the reason for the Uemura scaling in the short
coherence length superconductors including the cuprates, bismuthates, and the
organic materials is connected with a separation of the energy scales for pairing
and for the phase coherence in the low concentration (underdoped) regime or in
the strong coupling.

Comparing the PK model with the attractive Hubbard model one finds in
both cases gradual evolution from the BCS-like limit to the tightly bound pairs
regime. Also in both models the interaction stabilizes the on-site s-wave super-
conductivity for any coupling strength. Due to the nonlocal pairing mechanism
(intersite charge exchange) the dynamics of electron pairs in the PK model is
qualitatively different from that in the AH model [2, 10]. Tt results in different ther-
modynamic and electrodynamic properties of both models. In the AH model with
increasing |U| the Tt increases exponentially for small |U], then it goes through a
round maximum and it decreases as t?/|U| for large coupling [10, 12, 13]. Anal-
ogous behavior is also found for the thermodynamic critical field H. at T = 0
[10, 13b]. On the contrary, in the PK model there is no maximum of T, and H2
at intermediate J/¢ and both these quantities increase linearly with J for large
coupling (cf. Fig. 4, Appendix B and Refs. [2, 8]). Also the behavior of the pene-
tration depth A and the pair mobility ¢, is different (cp. Fig. 1). The pair mobility
tp ~ 1/A% increases with J in PK model (1/A% ~ J for ¢ — 0), while it decreases
with |U] in the AH model (1/A% ~ 2/ |U] for t — 0). It is in agreement with studies
of collective excitations performed using a generalized random-phase approxima-
tion [19, 20]. The collective mode velocity increases with J in the PK model [19],
in contrast to the AH model where it decreases with the coupling |U| [20].
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Appendix A

In the limits of weak and strong coupling the system of self-consistent Eqgs. (3)
at 7' = 0 can be analytically solved and one can derive explicit expressions for
various superfluid characteristics.

Below we summarize the asymptotic expressions determining the gap param-
eter Fg(0) and the superfluid stiffness pg(0) = 17162;;/\_2(0), derived for (a) n = 1

in the case of d = 2 SQ lattice and for (b) 0 < n < 2 in the case of rectangular
DOS:

L _ B g B
D(E):{g’ or TR E<y

, otherwise, B = 2zt.

A.1. The weak-J case

Case (a)

Eg(0) = 2A = 2zt exp (—ﬂ' 3) , (A1)
he? 2 1Y\ 2 t

Case (b)

A=BVa—new (-2}, (A3)

ps(0) = %|t|n(2 _n) [1 + ldexp (-?]_F)] , (A4)

0

where B = 221 [1 + %n(? - n)%] .

A.2. The strong-J case

Case (a)

2t \*
By =2A=2Joxs =4J [1 —~ (5) ] : (AD)



Superconductivity of the Two-Dimensional . .. 893

Vn(2 =n), (A7)

— .2
Jo 1 (B
A=2_2 (2
2[ 6(Jo)
1/B\

po(0) = %n(? .y [1 -z (J_O)

where B = 221 [1 + %n(? — n)] .

, (A8)

Appendix B

The T, is determined by three self-consistent Eqs. (3) taken in the limit
A — 0, whereas the T¢ is given by the set of four equations (8) and (3). Obviously,
T. <Tp.

In the limits of weak and strong coupling one can derive several analytical
expressions for both these quantities. As in Appendix A we will focus on the case
of d = 2 5Q lattice and that of rectangular DOS.

B.1. The weak-J case

Close to Ty Eq. (7) reduces to
2
M) _ps(D) (1 _ Z) . (B1)
1y
For Te < Tp Egs. (8) and (10) yield

~

kpTp
{4 FnTp

Tps(0

which determines Tt in the weak coupling limit and shows that for J/t — 0 we

/CBTC ~ (BQ)

recover asymptotically the HFA transition temperature (7c/7p — 1).

Explicit form of Tz (Eq. (10)) can be found taking into account analytical
expressions for T, and ps(0) for J/t < 1. In the case of SQ lattice for n = 1 the
T, determined from Eqgs. (3) and ps(0) taken from (10) are

t

kpTp ~ 2.28t exp (—ﬂ' 7) , (B3)

2
ps(0) ~ Ft,
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whereas in the case of rectangular DOS and 0 < n < 2 one obtains

kpTp ~ 0.57By/n(2 — n)exp (—J%) , (B4)

1
pal0) = Sitin(2 = m),
where B = 2zt + 4pJ, p ~ Zn(2 —n).

B.2. The strong-J case

As it follows from numerical solutions of Eq. (8) (cf. Fig. 6), for J/t >> 1 the
T. for d = 2 is well approximated by ps(0), i.e.

kpT . ~ gps(()). (B5)

Using the results for ps(0) derived in Appendix A and calculating asymptotic
expressions for T, from Egs. (3), one obtains:

a)t=0, 0<n<2

kpTp = d7 =L
ln —n
kpT. = %gjn(Q —n), (B6)

Eg(0) = 20/52 + A2 = 2dJ,
b)t/J < 1, n=1, SQ lattice

2
kBTp:J[1—<32—3) ]

2
17 2 (1

¢) t/J < 1, rectangular DOS, 0 < n < 2
2
2 (1 n—1
=y [1‘5 (5) ] e

17 2/t\°
kpTe = 5 3n(2 = n)J [1 -3 (7) ] . (B8)

As we can see, in the strong coupling limit the ratio T./T, substantially
depends on the band filling. It is maximal for n = 1
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T T
— =1 = —,
7, n=D=7

and decreases towards zero with the increase in [n — 1]:

%(n) . (ln #) n(2 —n)

T
b n—1 8

(B9)
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