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Tw o-dim ension al ( d = 2 ) Penson À K olb model , i .e. t he ti ght- bindin g
mo del with the pai r- hopp in g (intersite charge exchange ) interaction, is con-

sidered and the e˜ects of phase Ûuctuation s on the s - wave superconducti vi t y
of this system are discussed w ithin the K osterlit z{T houl ess scenario. T he
London penetration depth Ñ at T = 0 ; the K osterlitz- Thoule ss critical tem-

p erature T c , and the H artree{ Fock approximation critical temp erature T p

are determined as a function of particle concentration and interaction. T he
U emura typ e plots ( T c vs: Ñ À 2 ( 0) ) are derived. Beyond w eak coupli ng and for
low concentrations they show the existence of universal scaling : T c ¿ 1=Ñ 2 ( 0) ,

as it w as previousl y found for the attractive H ubbard model and for the mod-
els with intersite electron pairing.

PAC S numb ers: 74.20. {z, 71.28.+ d, 74.25.H a

1. I n t rod uct io n

The Penson{ Kolb (PK) m odel is one of the conceptua l ly sim plest models
for studyi ng superconduct ivi ty of the narro w band system s wi th short coherence
length [1{ 8]. The model Ham i lto ni an has the form
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where n = c c ; t i s the sing le electron hoppi ng integ ra l , J i s the pai r-hopping
(i ntersi te charge exchange) intera cti on, ñ i s the chemical potenti al, the l imi t h i j i
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restri cts the sum to nearest neighb ors (nn). The Peierls factors in Eq. (1) account
for the coupl ing of electrons to the m agneti c Ùeld vi a i ts vecto r potenti al A (r ) :
` i j = À

e

ñh c

R
R j

R i
d ( ) , and e i s the electro n charge.

The model incl udes a nonlocal pai ri ng m echani sm (the pai r-hoppi ng term
J ) whi ch is disti nct from the on-site intera cti on in the attra cti ve Hubba rd (AH)
m odel and whi ch is the dri vi ng f orce of pai r form atio n and also of thei r conden-
sati on. Thus, the superconducti ng properti es and the evoluti on from the Co oper
pai r regime to the strong coupl ing local pa i r regime can be essential ly di ˜erent
in these two m odels [2]. Ti l l now the PK m odel has been investigated onl y in
a few parti cul ar l im i ts [1{ 8]. The m ain e˜o rts concerned the ground state prop-
erti es of the m odel in one dim ension (d = 1 ) at hal f Ùll ing (n = 1 ) [3{ 7]. For
hi gher-dim ensional latti ces (1 < d ç 1 ) and arbi tra ry electron concentra ti on
(0 < n < 2 ), where n = (1 =N )

P
h n i , the model has been analysed onl y at

T = 0 in Refs. [2, 8] wi thi n broken sym metry Hartree{ Fock appro xi mati on (HF A).
The ground state phase di agram of the hal f-Ùlled d = 1 PK m odel deri ved

wi thi n the HFA [2] is in agreement wi th tha t obta ined by the density matri x
renorm alizati on group m etho d [3{ 5], exact Lanczos diagonal izati ons [6], as well as
wi th the conti nuum l im i t Ùeld theory appro aches[7]. For J > 0 al l these appro aches
predi ct a conti nuous second- order tra nsiti on to s -wa ve pai ri ng state at J = 0

wi th no addi ti onal tra nsiti on for any J > 0 : The results of R efs. [2, 8 ] indi cate
tha t for hyp ercubi c latti cessuch behavi or remains uncha nged in hi gher dim ensions
(i ncl udi ng the exactl y solvable case of d = 1 ) and does not depend on the band
Ùll ing.

In Ref. [8] we analyzed the ground state sup erÛuid characteri sti cs of the PK
m odel (cri ti cal Ùelds, coherence length, Ginzburg rati o) for d -dim ensional hyp er-
cubi c latti ces: d = 2 (SQ) and d = 3 (SC) and showed tha t at T = 0 there is a
gradual cro ssover from the BCS- l ike superconducti vi ty of extended Cooper pai rs,
to the superÛuidi ty of ti ghtl y bound local pa i rs wi th increasing J ( J > 0 ).

In the present paper we wi l l extend our investi gatio ns to the case of Ùnite
tem peratures. W e wi l l f ocus on the two- dimensional PK m odel wi th arbi tra ry
parti cl e concentra ti on and discuss i ts superÛuid characteri sti cs and the e˜ects of
phase Ûuctua ti ons, whi ch have not been considered up to now for thi s m odel .

In the analysis we have used a l inear response theo ry [9, 10] and the elec-
tro m agneti c kernel has been evaluated wi thi n HFA{ random phase appro xi mati on
(HF A- RPA) scheme. Going beyond the HFA we wi l l determ ine T for d = 2 PK
m odel on an SQ latti ce ta ki ng into account the pha seÛuctua ti ons wi thi n the frame-
wo rk of the Kosterl i tz{ Tho uless (K{ T) scenario [11, 12]. The cri ti cal tem perature
T for the K{ T tra nsiti on is obta ined by calcul ati ng the superÛuid sti ˜ness £ (he-
l icity m odul us) as a functi on of tem perature and subsequent com pari son wi th the
K{ T relati on between T and £ . Thi s typ e of appro ach has been al ready appl ied
for the d = 2 AH model [12, 13] and also for the models wi th intersi te electron
pai ring [14{ 16]. In the form er case a correct behavi or of T vs. j U j =B ; being in
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agreem ent wi th avai lable quantum Mo nte Carl o (QMC) data , was found [13].

2. G en er a l f or m ulat io n

W ithi n the f ram ework of the broken- symmetry Ha rtree{ Fock appro xi mati on
(HF A) the free energy of the m odel (1) and self-consistent equati ons for electron
therm al avera ges can be determ ined by the standard metho ds wi th either the
Green functi on or the equati on of m oti on appro ach [2].

For A = 0 the free energy of the superconduct ing (S) phase F S i s calcul ated
to be
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N
= ñ (n À 1 ) +

4

z
J p 2 + J 0 x s

2
À

2

ÙN

X

k

ln

ç

2 cosh

˚
ÙE k

2

Ç Ñ

; (2)

and the superconduc ti ng order param eter x = (1 =N )
P
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where ¯ = ¯ À ñ; E =
p

¯ + Â ; Â = J x ; J = z J; ¯ = À et Û ; et =

t + 2 pJ =z ; Û = 2
P

cos k ; ˜ = x ; y ; . . . ; z i s the num ber of nearest neighbors,
Ù = 1 =k T . For SQ latti ce z = 4 and the electroni c band wi dth B = 2 z t = 8 t:

From the l inear response theo ry [9, 10] the exp ectati on value of the Fouri er
tra nsform of the total cur rent operator f or the Ham i lto ni an (1) is

J ( ; ! ) = N
c

4 ¤

X
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The diama gnetic par t of ker nel evaluated wi thi n HFA- R PA scheme has the form
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In the stati c l im it and for ! 0 for the tra nsverse part of the param agneti c
kernel we obta in

K ( ! = 0 ) =
8 ¤ e t
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In the local appro xi mati on (Lo ndon l im i t) t he magnet ic penetrat ion depth is
determ ined in term s of the tra nsverse part of the to ta l kernel as

Ñ = [ À K À K ( ! = 0 )] : (7)

From Eqs. (3) one can calcul ate the HFA tra nsi ti on tem perature T at
whi ch the gap ampl itude vanishes (Â ! 0 ) and whi ch gives the estimati on of
the pai r- form ati on tem perature.
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Except of the case of inÙni te-di mensional latti ce (d ! 1 ) the superconduc t-
ing phase tra nsi ti on wi l l occur at the cri ti cal tem perature T c being lower tha n T p

due to the phase Ûuctua ti on e˜ects. For d = 2 latti ce the T c can be deri ved wi thi n
the Ko sterl i tz{ Tho ulesstheo ry [11, 12], whi ch describes the tra nsiti on in term s of
vo rtex pai r unbi ndi ng tra nsiti on, using the K{ T relati on for the uni versa l jum p of
the superÛuid sti ˜ness at Tc :

2

¤
k B T c = £ s ( Tc ) ; (8)

where £ s i s the superÛuid sti ˜ness (hel icity m odul us), being di rectl y related to the
Lo ndon penetra ti on depth (Eq. (7)):

£ s ( T ) =
ñh

2
c

1 6 ¤ e
Ñ =

À ñh c

1 6 ¤ e
K + K ( ! = 0 ) : (9)

The asympto ti c form s of the Lo ndon penetra ti on depth at T = 0 deri ved
in the weak (J =B § 1 ) and strong (J =B ƒ 1 ) coupl ing l imi ts are given in
App endix A (Eqs. (A2 ), (A4 ), (A6 ), (A8 )), whereas the num erical plots of thi s
quanti ty as a functi on of J =B and as a functi on of n are presented in Fi gs. 1
and 2, respectivel y. For a com pari son, in Fi g. 1 the corresp ondi ng plots (1 =Ñ vs.
j U j =B ) calcul ated for the AH model [10a] are also shown by dashed l ines.

Let us noti ce the inc r ease in Ñ as a functi on of J (cf . Fi g. 1), i .e. the
behavi or being qual i ta ti vely di ˜erent tha n tha t found f or the AH m odel , where
Ñ conti nuousl y d ecr eases wi th increasing j U j =B (cf . Fi g. 1 and Ref. [10]).
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In Fi g. 3 the pl ots of T p and T c versus n for Ùxed values of J 0 =B are presented,
wherea s the evoluti on of the tra nsiti on tem peratures wi th increasing J 0 =B for
Ùxed n i s shown in Fi g. 4. Except of the weak coupl ing regim e J = t § 1 there
is a stro ng inÛuence of the phase Ûuctua ti ons on the superconducti ng pai ri ng.
The K{ T tra nsiti on tem perature T c can be m uch lower tha n T p and the highest
reducti on is observed at smal l electron concentra ti ons. The expressions for T p and
T c deri ved in the asympto ti c l imi ts of weak and strong coupl ing are summari zed
in App endix B (Eqs. (B2 ){ (B9)).

Fig. 3. T ransition temp eratures versus n for tw o Ùxed values of J =B : (a) 0.25, (b) 1.

Solid and dashed lines denote T and T critical temp eratures, resp ectively .

Fig. 4. T ransition temp eratures versus J =B for n (curves w ith circles) and

n : (curves w ith crosses). Denotations as in Fig. 3.

W ith decreasing temperature, at T the gap in quasiparti cle energy spectrum
opens up, but there is no real phase tra nsi ti on to a superconducti ng state yet.
Onl y at T , the phase coherence sets in and the tra nsiti on to a phase wi th bound
vo rtex{ anti vortex pairs occurs. Thus in the region between T and T one has a
phase of incoherent s -wa ve pai rs. T appears to be a rather rel iabl e estim ate for
the pai r form atio n tem perature and the appearance of the pseudogap [13, 15, 16].
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Fig. 5. T he gap to critical temp erature ratio E g (0) =2 k B T c= p plotted as a function of

J 0 =B for n = 1. Solid and dashed lines corresp ond to T c and T p , respectively .

Ho wever, i t is by no means a ri gorous border line, since som e pai ri ng correlati ons
are present at al l temperatures.

The phase Ûuctua ti ons enhance the rati o of the gap (E g = min (E k ) À

m ax( À E k ) ) at T = 0 to the cri ti cal tem perature in com parison to the BCS value.
The rati o E g(0 ) =2 k T evaluated as a functi on of J =B for n = 1 i s shown in
Fi g. 5. No ti ce tha t thi s rati o can be substanti al ly hi gher for T tha n f or T . As we
found, the enhancement of the rati o is stro ngest at low concentra ti ons even by a
facto r 10 (cf . also Eqs. (B6 ), (B9 ) in App endi x B). Onl y for J = t ! 0 we recover
the BCS rati o f or s-wave pai ri ng: E (0 ) =2 k T ¤ 1:76:

In Fi g. 6 we have shown the Uem ura typ e pl ots T vs. 1 =Ñ [17, 18] for the
d = 2 PK model, calculated for several Ùxed values of J =B wi th the contro l ing

Fig. 6. The U emura- typ e plots: 2k B T c =B vs. Ñ =Ñ w ith the controling variable n ,

derived for several Ùxed values of J =B : SQ lattice, Ñ =Ñ = 4£ s(0) =B . Dashed lines

denote the corresp ondi ng plots with T c replaced by T p . T he straight dotted line gives

an upp er bound for the phase ordering temp erature ¤ £ s( 0) = 2.
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vari abl e n . The stra ight dotted line ¤ £ s( 0) =2 gives an upp er bound for the phase
orderi ng tem perature. Except for weak coupl ing l imit the T c vs. 1 =Ñ 2 curves have
a shape simi lar to the exp erimenta l Uemura plots [17] and for smal l n the points
fol low the uni versal ¤ £ s ( 0) =2 l ine. Al so, we see tha t analogous plots wi th T p cannot
account for the scal ing (Fi g. 6, dashed l ines).

4 . Co n cl usion s

W e have studi ed here the superconducti ng properti es of the tw o-dimensional
PK m odel for arbi tra ry electron density and coupl ing strength J > 0 , ta ki ng into
account the e˜ects of pha se Ûuctua ti ons wi thi n the f ram ework of K{ T scenari o.
Our resul ts indi cate a possibi l i ty of a new di sordered phase, between T p and T c ;

in whi ch pai rs are incoherent, but the sing le-electron exci ta ti on spectrum has a
gap. Transi ti on to the superconducti ng state ta kes pl ace at T c , at whi ch the phase
coherence sets in.

W e have shown tha t in the d = 2 PK m odel the Uemura -t yp e pl ots can be
obta ined, as i t was previ ously deduced for the AH m odel [13] and most recentl y
also for the extended Hubba rd m odel wi th intersi te attra cti on [15, 16]. Our resul ts
supp ort the concl usion [15, 16] tha t the reason for the Uem ura scal ing in the short
coherence length superconduc to rs incl uding the cupra tes, bi smutha tes, and the
organi c materi als is connected wi th a separati on of the energy scales f or pai ring
and for the phase coherence in the low concentra ti on (underdo ped) regim e or in
the strong coupl ing.

Co mparing the PK model wi th the attra cti ve Hubba rd m odel one Ùnds in
both cases gradual evoluti on from the BCS- l ike l im i t to the ti ghtl y bound pai rs
reg im e. Al so in both m odels the intera cti on stabi l izes the on-site s-wave super-
conducti vi ty for any coupl ing streng th. D ue to the nonlocal pa iri ng mechanism
(i ntersi te charge exchange) the dyna mics of electron pai rs in the PK m odel is
qual i ta ti vely di ˜erent from tha t in the AH model [2, 10]. It results in di ˜erent ther-
m odyna mic and electro dyna m ic properti es of both models. In the AH m odel wi th
increasing j U j the Tc increasesexp onenti al ly for smal l j U j , then i t goes thro ugh a
round maximum and i t d ecr eases as t 2 = j U j f or large coupl ing [10, 12, 13]. Ana l-
ogous behavi or is also found for the therm odyna mic cri ti cal Ùeld H at T = 0

[10, 13b]. On the contra ry , in the PK model there is no m axi mum of T and H

at interm ediate J = t and both these quanti ti es incr ease l inearly wi th J for large
coupl ing (cf . Fi g. 4, App endix B and Refs. [2, 8]). Al so the behavi or of the pene-
tra ti on depth Ñ and the pai r mobi l it y t i s di ˜erent (cp. Fi g. 1). The pai r mobi li t y
t ¿ 1=Ñ increaseswi th J in PK model (1 =Ñ ¿ J f or t ! 0 ), whi le i t d ecr eases

wi th j U j in the AH m odel (1 =Ñ ¿ t = j U j for t ! 0 ). It is in agreement wi th studi es
of col lecti ve excita ti ons perform ed using a general ized random-phase appro xi m a-
ti on [19, 20]. The col lecti ve m ode vel ocity increases wi th J in the PK model [19],
in contra st to the AH m odel where it decreases wi th the coupl ing j U j [20].
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A pp en dix A

In the l im i ts of weak and strong coupl ing the system of self-consistent Eqs. (3)
at T = 0 can be analyti cally solved and one can derive expl icit expressions for
vari ous sup erÛuid characteri stics.

Below we summarize the asym pto ti c expressions determ ini ng the gap param -
eter E g( 0) and the superÛuid sti ˜ness £ s(0 ) = ñh 2 c2

1 6 ¤ e 2
Ñ À (0 ) , deri ved f or (a) n = 1

in the case of d = 2 SQ latti ce and for (b) 0 < n < 2 in the case of recta ngul ar
D OS:
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A .2. T he strong- J case

Ca se (a)

E = 2 Â = 2 J x = 4 J 1
2 t

3 J
; (A5 )



Superconduct ivi ty of the T wo-Di mensional . . . 893
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where B ¤ 2 z t
È

1 + n (2 À n )
Ê
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The T i s determ ined by three self-consistent Eqs. (3) ta ken in the l im it
Â ! 0 , whereas the T i s g iven by the set of four equati ons (8) and (3). Ob vi ousl y,
T ç T .

In the l imits of weak and strong coupl ing one can deri ve several analyti cal
expressions for both these quanti ti es. As in App endix A we wi l l focus on the case
of d = 2 SQ latti ce and tha t of rectangular D OS.

B. 1. T he weak-J case

Cl ose to T Eq. (7) reduces to
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For T <
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T Eqs. (8) and (10) yi eld

k T '
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whi ch determ ines T in the weak coupl ing l im i t and shows tha t f or J = t ! 0 we
recover asym pto ti cal ly the HFA tra nsiti on tem perature (T =T ! 1).

Expl icit f orm of T (Eq. (10)) can be found ta ki ng into account analyti cal
expressions for T and £ ( 0) for J = t § 1 . In the case of SQ latti ce f or n = 1 the
T determ ined from Eqs. (3) and £ ( 0) ta ken from (10) are

k T ' 2 : 2 8 t exp
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whereas in the case of rectangular D OS and 0 < n < 2 one obta ins
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B. 2. T he strong- J case

As i t fol lows from num erical soluti ons of Eq. (8) (cf . Fi g. 6), for J = t ƒ 1 the
T c for d = 2 is well appro xi mated by £ s ( 0), i .e.

k B T c '

¤
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Using the results for £ ( 0) derived in App endi x A and calcul ati ng asym pto ti c
expressions f or T from Eqs. (3), one obta ins:
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b) t= J § 1 ; n = 1 , SQ latti ce
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c) t= J § 1 , rectangular DOS, 0 < n < 2

k T ' d J

"

1 À

2

3

˚
t

J

Ç #
n À 1

ln
;

k T '

1

2

¤

2
n (2 À n ) J

"

1 À

2

3

˚
t

J

Ç #

: (B8 )

As we can see, in the stro ng coupl ing l imit the rati o T =T substa nti al ly
depends on the band Ùll ing. It is m axi mal for n = 1
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T c
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