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W e st udy a syste m of tra pped bosoni c partic les interactin g by model
harmonic forces. O ur mo del allo w s for a detailed examination of the notion
of an order parameter (a condensate w ave function ). By decomp osing a sin-

gle particle density matrix into coherent eigenmo des w e study an e˜ect of
interaction on the condensate. W e show that su£ciently strong interactions
cause that the condensate disapp ears even if the whole system is in its low -

est energy state. I n the second part of our pap er we discuss the validity of
the Bogoliub ov approximation by comparing its prediction s w ith results in-
ferred from the exactly soluble mo del. In particular we examine an energy
spectrum , occupation , and Ûuctuation s of the condensate. W e conclude that

Bogoliu bov approach gives a quite accurate descripti on of the system in the
limit of w eak interactions.

PAC S numb ers: 03.75.Fi, 05.30.Fk

1. I n t rod uct io n

R ecent advances in the tra pping techni ques have renewed interest in vari -
ous aspects of many-body theory . In fact a cl oud of weakl y intera cti ng tra pp ed
ato m s is an ideal system for whi ch vari ous aspects of many-body theory can be
tested and veri Ùed. The ideal bosoni c gas underg oes the Bose{ Einstei n conden-
sati on if the phase-space density exceeds one. Thi s phenom enon m ani fests i tsel f
by the m acroscopic occupati on of the single parti cle ground state. In the case of
an intera cti ng system the condensate wa ve functi on can be deÙned by the spec-
tra l decom positi on of the one-body density m atri x. Thi s decom positi on is closely
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related to the o˜- di agonal long range order [1] or the exi stence of the order param -
eter, i .e., the \ classical " Ùeld wi th a given am pl i tude and phase com monly used in
the theory of superÛuidi ty [2, 3]. R eal izati on of decompositi on pro cedure is pra c-
ti cal ly im possibl e because i t requi res a f ul l soluti on of the m any- body pro blem.
Mea n-Ùeld appro aches are com monly used instead. The basic idea for a m ean-Ùeld
descripti on of the di lute, weakl y intera cti ng Bose gas below tra nsiti on tem per-
ature wa s intro duced by Bogol iubov [4]. Mo st of the results for the intera cti ng
Bose{ Einstei n condensate are obta ined wi thi n the Bogoliub ov theo ry whi ch in
m any cases pro vi des a rel iabl e quanti ta ti ve descripti on of the quantum Bose gas.
Indeed, the low energy exci tati on spectrum of the tra pped condensate well below
tra nsiti on temperature [5] agrees rem ark ably well wi th predi cti ons based on the
Bogol iubov theo ry [6]. On the other hand, the m ean-Ùeld Bogol iubov appro ach
fai ls to repro duce exci ta ti on spectrum at hi gher tem peratures | cl ose to the tra n-
siti on point [7]. Theref ore, the questi on about l im its of val idi t y of the Bogol iubov
m etho d is of great im porta nce. One possible way to test the qual i ty of thi s ap-
pro xi mati on is to go beyond the mean-Ùeld theo ry . Ano ther possibi l ity to assess
the usefulness of Bogol iub ov' s theo ry is to study the exactl y solubl e models and
to com pare thei r predi cti ons wi th tho se based on the appro xi mate m etho d. The
m odels pro vi de not only a uni que solubl e many- body pro blem but also al low us
to veri fy vari ous appro xi m ati ons. Thi s wi l l shed some l ight on the val idi t y and
exactness of the Bogol iubov m etho d, wi dely used in many-body physi cs [8].

There are onl y a few exactl y solubl e models of quantum system s where the
intera cti ons between ato ms are chosen in the form allowing for the exact analyti c
soluti on. These are: (i ) the one-di mensional m odel of im penetra bl e bosons intro -
duced by Girardeau [9], (i i ) i ts conta ct potenti al version f orm ulated by Li eb [10];
(i i i ) the m odel of parti cles intera cti ng by harm onic forces [11{ 13]. Al tho ugh in the
Ùrst two casesthe form al soluti on is given but in pra cti ce the probl em is sti ll qui te
compl icated and quanti ta ti ve calculati ons can be done for a very smal l numb er of
parti cl es onl y [14]. The latter case seems to be m uch sim pler because, as it has
been shown in [15], i t can be reduced to the probl em of nonintera cti ng parti cles in
a harm onic tra p. Theref ore in the fol lowing we are going to exam ine, wi thi n thi s
exactl y solubl e m odel , various concepts and metho ds related to the intera cti ng
Bose{ Einstei n condensate.

Thi s paper is organized as fol lows. In Sec. 2 we present exact results for har-
m onical ly intera cti ng bosons tra pped in harm oni c potenti al . They are obta ined
wi thi n a solubl e m odel tha t was developed in [15]. In the second part of Sec. 2
we Ùnd the analyti c expression for the order parameter and study the e˜ect of
quantum depleti on of the condensate as well as quantum Ûuctua ti ons at zero tem -
perature [16]. In the thi rd part we analyze the therm al properti es of the system .
In Sec. 3 we appl y the Bogol iub ov metho d to our model. W i thi n thi s appro xi m a-
ti on we Ùrst determ ine a condensate wa ve functi on and an exci ta ti on spectrum .
Using the Bogol iub ov spectrum we calcul ate occupati on of the condensate and
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i ts Ûuctua ti on at Ùnite temperatures. W e compare these mean-Ùeld results to the
resul ts obta ined wi thi n the exact m odel . W e Ùnish in Sec. 4 wi th som e concludi ng
rem arks.

2. Ex act resu l t s

2.1. Ground stat e and exci tat ion spect rum

In our previ ous paper [15] we have shown the algebraic metho d of di ago-
nal izati on of the Ham i lto ni an describi ng a system of m any parti cl es intera cti ng
vi a harm onic forces. The system under considerati on consists of m any parti cles
conÙned by an externa l harm onic potenti al intera cti ng by harm onic forces, i .e.,
two -body intera cti on potenti al has the f ollowi ng f orm :

V ( x i À x j ) =
¥

2
¨ 2 ( x i À x j ) 2 ; (1)

where ¨ deÙnes the intera cti on strength and ¥ = + 1 signiÙesthe attra cti ve inter-
acti on of parti cles pl aced at positi ons x i and x j , wherea s ¥ = À 1 corresp onds to
repul sive intera cti ons. The tota l Ham i lto ni an of the N -parti cl e system has there-
fore the fol lowing form :

H =

NX

i = 1

1

2
( p 2

i + x2
i ) +

X

i <j

V ( x i À x j ) : (2)

Let us Ùrst recal l the exact resul ts of [15]. For the sake of sim pl ici t y we denote
the set of al l parti cle positi ons vecto rs by X N = ( x1 ; . . . ; x N ) . The Ham i lto ni an
can be easily diagonal ized i f one intro duces col lecti ve variables

X c
N = Q N X N ; (3)

where X c
N = ( xc

1 ; . . . ; x c
N

) and the matri x Q N = f q N
i j g is ortho gonal . One of

these collecti ve variables nam ely the center of m ass of N -parti cl e system plays a
parti cul arl y im porta nt ro le:

x c
N =

1
p

N

NX

i =1

x i : (4)

The choice of N À 1 rem aini ng col lecti ve vari ables X c
N À 1

= ( x c
1

; . . . ; xc
N À 1

) i s not
uni que but thi s does not lead to any physi cal impl icati ons. In parti cul ar

( X c
N À 1

)2 =

N À 1X

i =1

( x c
i

) 2 =

NX

i =1

x2
i

À ( xc
N

) 2 : (5)

In the f ol lowing we are going to use a sim i lar notati on for descripti on of a subsystem
of s-parti cles, s = 1 ; . . . ; N :

The above-deÙned tra nsform ati on bri ngs the Ham i l toni an to the diagonal
form and i ts eigenenergies can be easily found. W hi le determ ini ng a spectrum ,
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however, one m ust ta ke into account the proper sym metry of a to ta l wa ve functi on.
In the case of bosoni c parti cl es (N > 2 ) the al lowed energies are

E =

˚
3

2
+ m

Ç

+

ç
3

2
( N À 1 ) + n

Ñ

! ; (6)

where m = 0 ; 1 ; 2 . . ., n = 0 ; 2 ; 3 . . . and ! =
p

1 + ¥ N ¨ 2 . The Ùrst term describes
exci ta ti ons of the center of mass, i .e., d -dim ensional harm onic oscil lato r of fre-
quency equal to one. The second term in Eq. (6) corresponds to excita ti ons of
N À 1 relati ve degrees of freedom . The frequency ! characteri zes some e˜ecti ve
potenti al felt by an indi vi dual quasi-parti cle because i t results f rom a combi ned
e˜ect of al l parti cl es of our system . Let us observe tha t ! = 1 corresp onds to
the nonintera cti ng case, the repul sive intera cti ons give 0 < ! < 1 whi le attra c-
ti ve forces lead to ! > 1 . Mo reover, very smal l values of ! ¤ 0 signi f y a very
stro ng repul sion whi ch almost destabi l izes the who le system . It is very conveni ent
to param eteri ze ! by an exp onent ç deÙned in the f ol lowing wa y:

! = N ç : (7)

Thi s exp onent can be related to the actua l strength of the intera cti on. In fact,
for weakl y intera cti ng gas ( ! ¤ 1 ) we obta in very smal l values of thi s param eter:
ç ¤ 0 , whi le for stro ng intera cti ons ( ! ¤ 0 | repul sion, ! ƒ 1 | attra cti on) we
have j ç j ƒ 1 . Mo reover, ç i s positi ve in the case of attra cti on whi le i t is negati ve
for repul sion. Let us add at thi s point tha t in real isti c situa ti ons of short- range
interpa rti cle intera cti ons, large Bose{Einstei n condensates can exist only for repul -
sive forces. In the case of attra cti on the size of the tra pped condensate is l imi ted
to about 1500 ato m s [2]. In our oscillato ry m odel the forces between parti cles are
negl igible at small di stances, theref ore the model leads to the condensati on (in the
therm odyna m ic l imit) in both attra cti ve and repul sive case.

The ground state of the system is the fol lowing :

ˆ ( X N ) = ` 0 (
p

! X c
N À 1

) ` 0 ( xc
N

) ; (8)

where (X c
N À 1 ; x c

N
) = Q N X N and the functi on ` 0 (

p

! X c
N À 1 ) corresp onds to the

ground state of a system of N À 1 independent quasi-parti cles (i n d spati al di -
m ensions) intera cti ng wi th an externa l potenti al of the harm oni c oscil lato r of fre-
quency ! :

` 0 (
p

! X c
N À 1 ) =

±
!

¤

²
d ( N À 1 ) = 4

exp
È

À ! (X c
N À 1 ) 2 =2

Ê
; (9)

and ` 0 (x c
N ) i s the ground state of the sing le parti cle (center of mass) tra pped into

harm oni c potenti al

` 0 ( x c
N

) =

˚
1

¤

Ç d= 4

exp
È

À (x c
N

) 2 =2
Ê

: (10)

Constructi on of exci ted eigenstates is di£ cul t because i t is not easy to im pose the
desired symm etry on the wave f uncti on. Such a pro cedure was described in deta i ls
in [15].
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2.2. Order paramet er and quant um depletion

If the energy of the system (or equivalently the tem perature) is su£ cientl y
smal l we exp ect tha t the system f orm s a Bose{ Einstei n condensate (BEC). The
BEC of the ideal gas m ani fests i tsel f by a macroscopic occupati on of the sing le
parti cl e ground state. In the case of intera cti ng system i t is not obvi ous whi ch
is thi s parti cular state tha t is \ m acroscopical ly occupied" . The identi Ùcati on of
the macroscopical ly occupied quantum state is equivalent to the deÙniti on of the
order param eter | the single parti cle wa ve functi on whi ch is inherentl y related
to the Bose condensati on. The condensate subsystem can be then qui te accuratel y
described by the N 0 - fold pro duct of the order parameter, where N 0 ' O ( N ) i s
the occupati on of the condensate. In the conventi onal appro aches, f or exampl e
in the Bogol iubov m etho d, i t is sim ply assumed tha t a m ean value of the boson
Ùeld operato r is di ˜erent tha n zero and thi s m ean value is associated wi th the
m acroscopi cal ly occupied state. Then, consistentl y wi th the above assumpti on, the
Bogol iubov equati ons give in fact the nonzero soluti on for the order param eter.
Ho wever, because of the sup erselecti on rul es (resul ti ng from the conservati on of
the bari onic charge) any N -parti cl e system must be in the Fock state | the state
wi th a well -deÙned parti cl e numb er. Theref ore, the mean value of the boson Ùeld
operato r must vani sh in thi s state as the Ùeld operato r changes the numb er of
parti cl es.

In the fol lowi ng we use our m odel to dem onstra te how to deÙne the order
parameter, occupati on of the condensate, and i ts Ûuctuati ons. We bri eÛy recal l
here some of resul ts publ ished in [16].

At zero temperature the system is in the ground state and one m ight naively
exp ect tha t i t is to ta l ly Bose condensated. However, the ground state of the
N -parti cle bosonic system is not equiv alent to the Bose{Ei nstein condensate. In-
tera cti ons can signiÙcantl y depl ete the condensate. W eare going to show thi s e˜ect
in the m ost spectacul ar but also in relati vel y simpl e case of the zero tem perature.

Let us now deÙne the hi erarchy of the reduced s -parti cl e density m atri ces
whi ch can be conventi onal ly obta ined by avera ging the density m atri x of the to ta l
system of N parti cles over the degrees of freedom of N À s rem aining parti cles.
For a given N -parti cl equantum state ˆ ( X N ) the correspondi ng s-parti cle reduced
density matri x £ s (X s ; Y s ) i s deÙned by

£ s (X s ; Y s ) =

Z

dR N À s ˆ Ê ( X s ; R N À s ) ˆ ( Y s ; R N À s ) : (11)

We use previ ously deÙned shortha nd nota ti on f or vectors in a conÙgura ti on space
of s -parti cles. The reduced density matri x describes the subsystem of s -parti cles
and can be di rectl y related to di ˜erent m easurem ent pro cesses.For the stati sti cal
descripti on of the system one should Ùrst of al l deÙne the stati sti cal densi ty m a-
tri x by averaging al l N -parti cle density matri ces wi th the appro pri ate stati sti cal
wei ghts depending on the ensemble. In general i t is qui te a com pl icated task but at
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zero tem perature there is only one quantum state of the system and no stati sti cal
averaging is necessary .

The to ta l wa ve functi on (or densi ty m atri x) carri es all the inf orm ati on about
the system. In real experi ments however one does not probe sim ul ta neously al l
the parti cl es. A typi cal detecti on scheme consists of the m easurement of one or
at m ost a few parti cles at a given ti m e. In other words a single m easurem ent
pro cess is reduced to a subsystem of a smal l num ber of parti cles. Such subsystem s
are described by reduced density m atri ces. In the consi dered here case of zero
tem perature descripti on of the intera cti ng system , the s-parti cle densi ty matri x
can be bro ught to the fol lowi ng form :

£ s (X s ; Y s ) = £ C M ( x c
s ; yc

s ) ` 0 (
p

! X c
s À 1 ) ` 0 (

p

! Y c
s À 1 ) : (12)

The functi on ` 0 describes the ground state of s À 1 quasi-parti cles (col lective
relati ve coordi nates, see Eq. (9)) whi le £ C M corresp onds to the densi ty m atri x of
center of m ass of the subsystem

£ C M ( xc
s

; y c
s

) =

±
! s

¤

² d= 2

exp

ç
£s

2
x c

s
y c

s

Ñ

exp

ç

À

1

2

˚

! s +
£s

2

Ç
È

( x c
s

) 2 + ( y c
s

) 2
Ê
Ñ

: (13)

The s -parti cl es col lective coordi nates are deÙned in the fam i liar way: ( X c
sÀ 1 ; xc

s ) =

Q s X s ; ( Y c
s À 1 ; yc

s ) = Q s Y s and frequenci es ! s ; £s as wel l as an auxi liary parameter
Ûs are as fol lows:

Ûs = 1 À

s (1 À ! )

N
; (14)

! s =
!

Ûs

; (15)

£ s =

˚
1 À !

N

Ç2
s ( N À s )

Ûs

: (16)

Ha vi ng deÙned the s -parti cle m atri ces we are ready now to analyze the
nature of the Bose{Einstei n condensati on of the intera cti ng system and to discuss
the m eaning of the order parameter. T o thi s end we wri te the density matri x
Eq. (12) in the di agonal form

£ s (X s ; Y s ) =
X

nn

Ñ ( s )
nn ¢ ( s )

nn ( X s ) ¢ ( s )
nn ( Y s ) : (17)

The functi on ¢
( s )
nn (X s ) can be trea ted as the wa ve functi on of the s -parti cle sub-

system

¢ ( s )
nn (X s ) = ` 0 (

p

! X c
s À 1

) ` nn (
p

˜ s x c
s

) ; (18)

where ` 0 (
p

! X c
s À 1 ) i s the ground state wa ve functi on of the relati ve degrees of

freedom . Thi s functi on corresp onds to the ground state of s À 1 noni ntera cti ng
quasi-parti cl es(i n d -spati al dim ensions) subject to the externa l harm onic potenti al
of frequency ! . The second part of Eq. (18) describes states of the center of mass
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of s -parti cl es; ` nn i s simpl y the d -dim ensional harm onic oscil lato r wa ve functi on
correspondi ng to the e˜ecti ve center of mass frequency ˜ s . Quantum numb ers
n = ( n 1 ; . . . ; n d ) label di ˜erent states of the center of m asswhi le n = n 1 + . . . + n d

corresponds to the energy of the given state. The e˜ecti ve center of m assfrequency
˜ s i s

˜ s = [ ! s ( ! s + £s ) ] 1 = 2 : (19)

It is interesti ng to observe tha t al l the f requenci es of the relati ve m oti on of the
s -parti cl es subsystem are exactl y the sam e as the f requenci es of the relati ve m oti on
of the who le system , i .e., equal to ! . On the other hand, the center of m assoscil-
lati on frequency of the subsystem is nei ther equal to ! nor to 1 (tra p frequency).
Thi s col lective degree of freedom coupl es to the center of mass of N À s remaini ng
parti cl es whi ch leads to som e energy shif t. Fi na l ly, the eigenvalues Ñ

( s )
nn of £ s are

equal to the occupati on probabi l i ti es of a given s -parti cl e state:

Ñ ( s )
nn =

˚
! s

˜ s

Ç d= 2 ˚
2

p

! s ˜ s

! s + ˜ s

Çd ˚
˜ s À ! s

˜ s + ! s

Çn

: (20)

It f ol lows from the norm al izati on condi ti on f or the density m atri x tha t
P

nn Ñ
( s )
nn = 1 .

The spectra l decom positi on of the reduced sing le parti cl e density matri x
gives natura l sing le-parti cles states ¢

(1 )
n ( x ) . These states are crucial f or the def-

ini ti on of the condensate wa ve functi on (order param eter). It can be seen f rom
Eq. (20) tha t i f N goes to inÙni ty (therm odyna mic l imi t) wi th a Ùxed value of the
intera cti on f requency ! the lowest eigenvalue Ñ

(1 )
0 domina tes the others

Ñ
(1 )

0
' 1 ; (21)

Ñ (1 )
nn '

ç
(1 À ! ) 2

4 N

Ñn

; i f n 6= 0 : (22)

Thi s behavi or signi Ùesnothi ng else but the onset of the Bose{Einstei n condensa-
ti on. The sing le parti cle density m atri x becom es very close to the pure state be-
cause wi th qui te good accuracy i t can beappro xi m ated by £ 1 ( x; y) ¤ ¢

(1 )

0
( x) ¢

(1 )

0
( y) .

Thi s parti cul ar single-parti cle ground state ¢
(1 )

0
( x ) i s usual ly cal led the order pa-

ram eter. The N -parti cle wa ve f uncti on can be qui te accuratel y appro xi mated by
the N -fold product of the order param eter.

Ab ove the cri ti cal temperature the situa ti on is com pletely di ˜erent, nam ely
al l eigenvalues of £ 1 should be close to zero whi ch means tha t the single parti cle
reduced density m atri x is \ very far" f rom the pure state and order param eter van-
ishes| there is no leading state in the spectra l decom positi on of the sing le-parti cle
density matri x.
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Our analyti c form ula al lows us to study quanti ta ti vely the ro le of intera cti ons
on the Bose{Ei nstein condensate. On the basis of the discussion i t is obvi ous tha t
the avera ge occupati on of the condensate becomes

h N 0 i = N

Z

dxdy ¢
(1 )

0
( x) £ 1 ( x; y )¢

(1 )

0
( y ) = N Ñ

(1 )

0
: (23)

In the case of the ideal gas at zero tem perature the above equati on gives, of
course, h N 0 i = N ; al l parti cl es occupy the single parti cl e ground state. For a Ùxed
num ber of parti cles, i f the intera cti on strength j log ! j grows, the occupati on of
the condensate decreases. Thi s behavi or is presented in Fi g. 1, where we show
the mean occupati on of the condensate versus the exp onent ç = log ! = log N for
di ˜erent values of parti cle numb er N in three spati al dim ensions (d = 3 ). The
values of ç lesstha n zero signi fy repul sive intera cti ons whi le ç > 0 corresponds to
attra cti on. One can easily see tha t i f the intera cti on becomes strong ( j ç j ' 1 ) the
condensate is alm ost to ta l ly depl eted. Al l curves presented in the Ùgure tend to an
uni versa l curve i f the numb er of parti cles increases. W hen N increasesto inÙnity
wi th ç being consta nt then our expression for the occupati on of the condensate
has the fo llowing form :

h N 0 i

N
=

˚
2

1 +
p

N ç À 1 + N À ( ç +1 ) + 1

Çd

: (24)

The above form ul a, val id in the therm odyna m ic l imi t, gives a uni versal cri ti cal
behavi or. It exhi bi ts no depleti on (N 0 = N ) for j ç j < 1 fol lowed by an abrupt
jum p and to ta l destructi on of the condensate (N 0 = 0 ) for j ç j > 1 .

Fig. 1. Mean occupation of the condensate plotted as a function of the parameter

ç = log ! = log N for di˜erent numb ers of particles ; | dashed line; |

dotted line, and | full line.

The e˜ect of quantum depleti on of the tra pped ato m ic condensate wi th a
short range intera cti ons, f or the real isti c exp erimenta l param eters, has been es-
ti m ated to be of the order of 1% [2]. Thi s is opposite to the case of superÛuid
hel ium where thi s e˜ect accounts f or depleti on as large as m ore tha n 90% [17].
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Our m odel exhi bi ts a very interesti ng feature. It shows tha t in large N l imi t the
quantum e˜ects are alm ost negl igible or to ta l ly destroy the condensate depending
on the value of the intera cti on strength. At thi s point i t is not cl ear i f thi s is a
uni que feature of our m odel or i f i t is a more general result.

W e see tha t intera cti ons play an importa nt role. If they are stro ng, the con-
densate di sappears al tho ugh the N -parti cle system rem ains in i ts ground state.
There is no coherence in the stro ngly intera cti ng system , i .e., no wa ve functi on
can be assigned to a sing le parti cle subsystem . At thi s point we wa nt to m ake
a comm ent about the noti on of the coherence of the Bose{Ei nstein condensate.
Appro xi mate m etho ds assume expl icitl y tha t the mean value of the boson Ùeld
operato r is di ˜erent from zero in the case of the Bose{Einstei n condensate. There-
fore, the folk wi sdom associates the condensate wi th the coherent state | the
analog of the coherent state of the electrom agneti c Ùeld. Thi s analogy is of l imi ted
value and in fact may be m isleading because the condensate m ust be in a Fock
state in whi ch a mean value of the Ùeld operato r vanishes. However there is coher-
ence in the condensate in the sensetha t m ajorit y of parti cl es are described by the
sam e wave f uncti on wi th the same phase. The expression for thi s wa ve functi on
can be obta ined ri gorously only when one consi ders the single parti cle reduced
density matri x.

The two -parti cle reduced density matri x al lows us to Ùnd a joint probabi l i ty
of Ùnding one parti cle in a given sing le parti cle state and sim ul ta neously another
parti cl e in another given state. In parti cul ar we have

h N 0 (N 0 À 1 ) i = N ( N À 1 )

È

Z

dX 2 dY 2 £ 2( X 2 ; Y 2 ) ¢
( 1 )

0 ( x 1) ¢
( 1 )

0 (x 2 )¢
( 1 )

0 ( y 2) ¢
( 1 )

0 (y 1) : (25)

Sim ple integ rati on gives

h N 0 (N 0 À 1 ) i = N ( N À 1 )

˚
2

p

! ˜ 1

! + ˜ 1

Ç d ˚
2

p

! 2 ˜ 1

! 2 + ˜ 1

Çd

È

˚
! 2 + ˜ 1

! 2 + ˜ 1 + £2

Ç d= 2

: (26)

Now we are ready to analyze the Ûuctua ti ons of the condensate deÙned as

h £ 2 N 0 i = h N 2
0

i À h N 0 i
2 : (27)

These Ûuctua ti ons are shown in Fi g. 2. W e see tha t as the intera cti on strength
grows up (at a Ùxed numb er of parti cl es) the Ûuctua ti ons start to grow from zero
value for the ideal gas. However when the intera cti ons becom e so strong tha t the
condensate pra cti cal ly di sappears (j ç j ' 1 ), Ûuctua ti ons also decrease | as there
is no condensate the Ûuctua ti ons also die out. The Ûuctuati ons are m axi mal in a
region of the cri ti cal destructi on of the condensate by quantum e˜ects.
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Fig. 2. Fluctuation s of the condensate plotted as a function of the parameter ç =

log ! = log N for di˜erent numb ers of particles; N = 10 3 | dashed line; N = 10 5 |

dotted line, and N = 10 | full line.

2. 3. Fi ni t e temperatur es

In thi s subsection we estim ate, wi thi n the exact m odel , som e e˜ects in
Ùnite- tem perature behavi or of the tra pp ed gas. Rigorous descripti on of the conden-
sate requi res kno wl edge of the stati stical density matri x of the -parti cle system .
Kno wi ng thi s m atri x one can appl y the procedure described previ ously to deÙne
the Ùnite tem perature condensate, i ts occupati on, and Ûuctua ti ons. Ho wever, be-
cause of a hugedegeneracy of high energy states the stati sti cal averaging procedure
is di £ cul t. Theref ore, we l imi t our study to the case of weak intera cti ons ( )
when we can neglect the quantum e˜ects leading to a signi Ùcant depleti on of the
condensate. In thi s case we can exp ect tha t the condensate wave functi on in a Ù-
ni te tem perature is equal to the ground state of the harm oni c oscil la tor wi th some
e˜ecti ve f requency (cha racteri zing a m ean Ùeld experienced by a sing le parti cle)
whi ch at is equal to . In the case of a weak intera cti on thi s frequency
can be approxi mated by . W e expect tha t, simi larly to the noni ntera cti ng
case, the main e˜ect of the tem perature is to deplete the condensate rather tha n
m odi fy the condensate wa ve functi on, i .e., the frequency .

As i t has been shown in [15], the tra ce of the density m atri x of the -parti cle
system , i .e., the m icrocanoni cal parti ti on functi on is identi cal (in the ther-
m odyna mic l im i t) to the m icrocanoni cal parti ti on functi on of the
nonintera cti ng bosonic parti cles (qua si parti cles) tra pped by the harm oni c poten-
ti al of frequency

(28)

The e˜ect of the center-of-mass exci ta ti ons on the spectrum and on the stati sti cal
pro perti es of the system is negl igibl e since i t is related to only one degree of
freedom as compared to the rem aining col lective degrees of freedom . Thi s
fact, to gether wi th our rem arks about the condensate wave functi on, signi Ùestha t
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the system of intera cti ng (vi a harm onic forces) parti cl es is, in the therm odyna m ic
l im it, equivalent to the ideal gas in the oscil lato ry tra p.

Thi s observati on allows us to recal l al l resul ts obta ined for the ideal Bose
gas [18]. In parti cul ar, the consi dered here intera cti ng system underg oes the Bose{
Ei nstein condensati on at the tem perature T c equal to

T c = !

˚
N

±(3 )

Ç1 = 3

; (29)

where the ± i s the R iemann functi on, ±(3 ) = 1 : 2 0 2 0 5 6 9 . Thi s cri ti cal tem perature
should be compared to the cri ti cal tem perature of the noni ntera cti ng system ,

T 0 =

˚
N

±(3 )

Ç 1 = 3

: (30)

The shif t of the cri ti cal tem perature Â T = T c À T 0 i s theref ore equal to

Â T

T 0

= ! À 1 : (31)

It is negati ve in the case of repul sive intera cti on and has the opposite sign for the
attra cti ve system whi ch is in a qual i ta ti ve agreement wi th resul ts of Ref. [19] for
the system of tra pped ato m s. The cri ti cal tem perature for the tra pp ed gas wi th
repul sive intera cti ons is decreased as com pared to the nonintera cti ng case: due
to intera cti ons a m ean separati on between parti cles grows, theref ore the quantum
stati stical e˜ects become importa nt at larger de Bro glie wa velength.

It is worth stressing tha t the tra nsiti on temperature for the system wi th short
range intera cti ons rem ains a contro versial subj ect even in the uni form case [20].
There is no consensus how the shift of the tem perature should depend on the
intera cti on streng th, nor even the sign.

The fracti on of condensate parti cles h N 0 i i s

h N 0 i = N À

˚
T

!

Ç3

± (3 ) : (32)

It is kno wn tha t the cri ti cal tem perature and m ean occupati on of the ground state
do not depend on the stati stical ensemble used for the descripti on of the system .
The value of the Ûuctua ti ons of the numb er of the parti cles in the condensate cal-
cul ated for di ˜erent stati sti cal ensembles di ˜er signi Ùcantl y [21]. In the canoni cal
ensemble the square of the Ûuctua ti ons h £ 2 N 0 i CN = h N 2

0 i C N À h N 0 i
2
C N i s

h £ 2 N 0 i C N =

˚
T

!

Ç3

± (2 ) ; (33)

where ±(2 ) = ¤ 2 =6 . In the case of perf ectly isolated system (m icrocanoni cal en-
sembl e) Ûuctua ti ons of the ground state occupati on are smal ler tha n canoni cal
ones [21]

h £ 2 N 0 i M C =

˚
T

!

Ç 3

±(2 )

˚

1 À

3 ± 2 (3 )

4 ± (4 ) ± (2 )

Ç

; (34)

and ±(4 ) = ¤ 4 =9 0 .



496 M. A. Za¤uska-Kot ur , M. Gaj da, J. Most owski

3. Bo gol iu bo v app roxi m ati on

3.1. Ground state

In real istic casesthe exact soluti on of the m any- body Schr�odinger equati on
is im possibl e. Instea d, mean-Ùeld appro aches are being devel oped. The basic idea
of the mean-Ùeld theo ry was intro duced by Bogol iubov. W ewi l l now form ulate the
Bogol iubov appro xi mati on in the case of inhomogeneous system s [22]. Next we Ùnd
the energy spectrum wi thi n thi s appro xi mati on for our exactl y solvable m odel . In
order to do thi s we rewri te the Ham i l to nian (2) using the second quanti zati on
form al ism. Thus we intro duce the Ùeld operato r bê ( x) whi ch anni hi lates a parti cle

at a point x and i ts conj ugate bê y ( x) whi ch creates a parti cl e at a point x . These
operato rs f ulÙll standard bosonic com muta tio n relati ons

h
bê ( x) ; bê y ( x 0 )

i
= £ ( x À x 0) : (35)

In the second quanti zati on form alism the Ha m il to nian becom es

bH =

Z
dx bê y ( x ) H 0 ( x ) bê ( x )

+
1

2

Z

dx dx 0 bê y ( x ) bê y ( x
0

) V ( x À x 0 ) bê ( x ) bê (x 0 ) ; (36)

where

H 0 ( x ) =
1

2
( p 2 + x 2 ) : (37)

The Bogol iubov appro xi mati on is form ulated in two steps. The Ùrst one
is to express the Ùeld operato r as a sum of its m ean value

p

N 0 ¢ 0 ( x ) and an
operato r b¢ ( x) responsible for the Ûuctua ti ons around the m ean value. Below the
Bose{ Einstei n condensati on tem perature the occupati on of the ground state is
nonzero. It is theref ore conveni ent to wri te

bê ( x ) =
p

N 0 ¢ 0 (x ) + b¢ ( x ) : (38)

Note tha t now the mean v alue of the Ùeld operato r bê ( x) i s not equal to zero and
is proporti onal to the square root of the numb er of condensed parti cl es N 0 . The
spi ri t of the Bogoliub ov appro xi mati on is based on the fact tha t the occupati on
of the condensate is of the order of to ta l parti cles num ber N 0 ' O ( N ) . Thi s, in
pri ncipl e, l im i ts the Bogol iub ov appro ach to low tem peratures. In the fol lowing ,
consistentl y wi th the above assumpti on we wi l l substi tute in Eq. (38) N 0 by N .
For any physi cal ly rea lizable N -parti cl e state, and in parti cular for our soluti ons
of the system of Eq. (2), the m ean value of the Ùeld operato r is zero. (Stri ctl y,
separati on of Eq. (38) should be done for operato rs conservi ng parti cl e numb er.
Ho wever, extra cti ng a c-numb er part of the Ùeld operato r has form ally the same
consequences and is easier to handl e). If such a form is substi tuted into the to ta l
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Ha mi l to nian Eq. (36) the num ber of parti cles is no longer conserved. T o overcom e
thi s di£ culty one considers the grand canonical Ham i lto nian instead

bK = bH À ñ bN ; (39)

where bN is the tota l parti cl e num ber operato r and ñ i s the chemical potenti a l.
It should be chosen in such a wa y tha t the m ean parti cle numb er is equal to the
desired value. Self-consistent equati on for the condensate wa ve functi on ¢ 0 ( x ) fol -
lows f rom the assumpti on tha t the decom positi on (38) gives the best self-consistent
functi on. W e Ùnd

f H 0 ( x) + V e˜ [¢ 0 ; x ] g ¢ 0 (x ) = ñ¢ 0 ( x) ; (40)

where the e˜ecti ve potenti al is

V e˜ [ ¢ 0 ; x ] =
¥

2
N ¨ 2

Z

dx0 ¢ Ê

0 ( x0 )( x À x 0 ) 2¢ 0( x 0 ) : (41)

Thi s equati on replaces the standard Gross{Pi ta evskii equati on for the condensate
wa ve functi on. The e˜ecti ve potenti al in Eq. (40) has a di ˜erent form tha n the
usual nonl inear term appearing in the Gross{Pi ta evskii equati on because of long
range forces assumed in our m odel as opposed to the more real istic zero range
intera cti ons.

The lowest energy state of the Ha m il to nian from Eq. (40) is

¢ 0 (x ) =

± !

¤

² 3 = 4

exp

˚

À

1

2
! x 2

Ç

; (42)

and the value of chemical potenti al is ñ = (3 =4 )(1 + ! ) . The functi on of Eq. (42)
is the Bogol iub ov appro xi m ati on to the exact order parameter ¢

(1 )

0
(

p

! x) found
in the previ ous section

¢
(1 )
0 (

p

! x) =

±
˜ 1

¤

²
3 = 4

exp

˚

À

1

2
˜ 1 x2

Ç

; (43)

where the e˜ecti ve frequency ˜ 1 in the l im i t of weak intera cti ons can be appro xi -
m ated by

˜ 1 ¤ !

˚

1 +
1 À !

N

Ç

: (44)

Because the e˜ecti ve frequency ˜ 1 i s very close to ! the Bogol iubov expression for
the condensate wa ve functi on is qui te accurate in the l imi t of weak intera cti ons.
Ho wever, i f the intera cti on streng th is large the Bogol iubov m etho d f ai ls to repro-
duce the condensate wa ve functi on. Thi s is consistent wi th the basic assumpti on
of the Bogol iubov m etho d whi ch requi res the order param eter (m ul tipl ied by the
m ean occupati on of the condensate) to be large. As we have shown in the previ ous
secti on thi s is not the case for a strongly intera cti ng system .
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3.2. Exci tation spect ra

The second step in the Bogol iubov m etho d is to Ùnd the low energy exci ta ti on
spectrum of the system by expandi ng the to ta l Ham i l to nian around the mean value
of the Ùeld operato r given by the soluti on of Eq. (42). Af ter substi tuti ng the Ùeld
operato r of Eq. (38) into bK and reta ini ng all term s up to O ( b¢ 2 ) , the operato r bK
can be di agonal ized wi th the help of a canoni cal tra nsform ati on

b¢ ( x ) =
X

Ñ

h
u Ñ (x ) ÙÑ + v Ê

Ñ
( x )Ù

y

Ñ

i
; (45)

where Ù Ñ and Ù
y

Ñ
are bosoni c anni hi lati on and creati on operato rs. The diagonal

form of the operato r bK i s

bK =
X

Ñ

Â Ñ

Z

dx v Ê

Ñ ( x) v Ñ ( x ) +
X

Ñ

Â Ñ Ù
y

Ñ
Ù Ñ ; (46)

pro vi ded tha t functi ons U Ñ ( x ) and V Ñ ( x ) deÙned as

U Ñ ( x ) = u Ñ ( x) + v Ñ ( x ) ; (47)

V Ñ ( x ) = u Ñ ( x) À v Ñ (x ) (48)

sati sfy the norm al -m ode equati ons

H ! ( x ) U Ñ (x ) +

Z

dx 0

G ( x; x0 ) U Ñ ( x0 ) = Â Ñ V Ñ ( x) ; (49)

H ! ( x ) VÑ ( x) = Â Ñ U Ñ ( x) (50)

wi th the fol lowing norm al izati on condi ti on:
Z

dx [u ?
Ñ ( x ) u Ñ 0 ( x ) À v ?

Ñ ( x) v Ñ 0 ( x)] = £ Ñ; Ñ 0 : (51)

In these form ulas Â Ñ has a m eani ng of an eigenvalue, H ! ( x ) = (1 =2 )( p2 + ! 2 x2 ) À

3 ! =2 , and the integ ra l kernel G ( x; x 0) i s

G ( x ; x 0) = 2 N ¢ 0 ( x) V ( x À x 0) ¢ 0 ( x0 ) : (52)

The above equati ons can be easily solved i f we expand functi ons U Ñ (x ) and V Ñ ( x )

in the basis of eigenfuncti ons ê nn (x ) = ê n x n y n ( x) of the Ham i l to nian H ! ( x )

U Ñ ( x ) =
X

nn

a Ñ
nn ê nn (

p

! x) ; (53)

V Ñ ( x ) =
X

nn

bÑ
n ê nn (

p

! x) ; (54)

where components of the vecto r n = ( n x ; n y ; n z ) are the standard quantum
num bers of the harm oni c oscil lato r eigenfuncti on of energy equal to n! , where
n = n x + n y + n z .

The coe£ cients a Ñ
nn and bÑ

nn have to be determ ined from Eqs. (49) and (50).
Let us rem ind tha t the soluti on of Eq. (40) for the order param eter ¢ 0 (x ) is the
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Ùrst functi on of the chosen basis set, ¢ 0 ( x) = ê 0 0 0 (
p

! x ). For thi s reason and also
due to the osci llato ry form of the inter- parti cle intera cti ons, the integ ra l kernel
in Eqs. (49) and (50) coupl es only these basis functi ons ê nn whi ch corresp ond to
three lowest eigenstates (n = 0 , 1 , and 2) of the Ham i l toni an H ! ( x ). For larger n

quasi-parti cl es exci ta ti on energies are tho se of the harm oni c spectrum

Â n = n! ; i f n > 2 : (55)

These eigenvalues are degenerated. In general , there is a cl ose l ink between the
num ber of eigenmodes u Ñ ( x ) and v Ñ ( x) corresponding to the eigenvalue n! and the
num ber of the oscil lato ry states of the sam e energy. Theref ore, in order to classif y
independent soluti ons, i t is conveni ent to use osci llato ry quantum num bers instead
the parameter Ñ whi ch sim ply enum erates quasi-parti cles eigenm odes. W i th thi s
nota ti onal m odiÙcati on the soluti ons of Eqs. (49, 50) correspondi ng to energies
Â n wi th n > 2 are the fol lowing :

u nn ( x ) = ê nn (
p

! x ) ; (56)

v nn ( x ) = 0 : (57)

The low layi ng intera cti ng states inv olv ecoupl ing of the bare oscil lato ry eigenfunc-
ti ons. For the lowest exci ta ti on energy we get

Â 1 = 1 : (58)

There are three di ˜erent m odes of tha t energy corresp ondi ng to the exci ta ti on
of one of the x ; y , or z degree of freedom . Below we present only one pair of
the eigenm odes as the rem aining two can be obta ined by the perm uta ti on of the
indi ces onl y. The x -di recti on eigenm odes are

u 1 0 0 (x ) =
(1 + ! )

p

4 !
ê 1 0 0 (

p

! x ) ; (59)

v 1 0 0 (x ) =
(1 À ! )

p

4 !
ê 1 0 0 (

p

! x) : (60)

Let us noti ce tha t energy of thi s m ode of exci ta ti ons is equal to the single exci ta ti on
quantum of the tra p m ode.

The second exci ta ti on energy is equal to one of the exci ta ti on energy of the
Ha mi l to nian H ! ( x) , namely

Â 2 = 2 ! : (61)

There are six di ˜erent eigenm odes of the above energy whi ch is exactl y the de-
generacy of the second state of the 3D oscillato r. The Ùrst three pai rs of them are
related to the doubl e exci ta ti on along one of the axi s of the coordi nate system and
are of the f ollowi ng form :

u 2 0 0 (x ) = ê 2 0 0 (
p

! x) +
! 2

À 1

2
p

2!
ê 0 0 0 (

p

! x) ; (62)
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v 2 0 0 (x ) = À

! 2
À 1

2
p

2 !
ê 0 0 0 (

p

! x ) (63)

(the other two pai rs of eigenstates can be obta ined by the perm uta ti on of the oscil-
lato ry quantum num bers, as previ ously). The rem aining three pai rs of eigenm odes
correspond to tw o sing le quanta of exci ta ti ons along two di ˜erent pri nci pa l axes
of the coordi nate system . For exam ple, one such pai r is

u 1 1 0 (x ) = ê 1 1 0 (
p

! x) ; (64)

v 1 1 0 (x ) = 0 ; (65)

and two others can be obta ined by perm uta ti ons of indi ces.
The shift in the ground state energy is given by

X

nn

Â n

Z
dx v 2

Ñ
(x ) =

(1 À ! ) 2

4 !
(2 + 2 ! + ! 2 ) : (66)

The exci ta ti on energies Â n obta ined wi thi n the Bogoliub ov appro ach are
the sam e as the exact eigenenergies of the intera cti ng system . The degeneracies
of the eigenenergy state, when we compare wi th R ef. [15], are also the sam e.
The Bogoliub ov m etho d is very well sui ted f or the descripti on of the exci ta ti on
spectrum of the quantum degenerate gas. Thi s result is som ewhat surpri sing. One
m ight rather expect tha t Bogol iubov appro ach wo rks wel l only for the short range
intera cti on. Our calcul ati on shows tha t i t works also in a rather exoti c case when
the intera cti on streng th grows quadra ti cal ly wi th the di stance between parti cles.
There are som e di ˜erences between wave f uncti ons obta ined in the Bogol iubov
appro xi m atio n and exact soluti ons of the N -parti cl e Ham i l to nian [15]. They come
from the fact tha t the exact soluti on cannot be wri tten as a sym m etri zed product
of any sing le parti cle f uncti ons.

3.3. Condensate fract ion and Ûuctuat ions

In thi s subsection we consi der Bose gas at Ùnite temperatures. W ewi l l study
the impact of intera cti ons on the occupati on of the condensate and i ts Ûuctuati ons
usi ng Bogol iubov metho d [23]. We wi l l com pare the obta ined resul ts wi th tho se
inf erred from the exactl y solubl e model .

The stati sti cal density m atri x is £ = Z À 1 exp (À bK =T ), where bK is the Ha mi l -
to ni an given in Eq. (39) and Z i s the stati sti cal sum. Thi s density matri x describes
the exci ted subsystem onl y (qua si-parti cles). A numb er of quasi-parti cles is not
conserved and the condensate is assumed to act as a reservoi r of quasi-parti cles.
In fact al l these assumpti ons are in the spiri t of Ma xwel l ' s dem on ensemble intro -
duced for the descripti on of the ideal gas below the condensati on tem perature [21].
Im posing the constra int on the tota l numb er of parti cles im pl ies tha t occupati on
and Ûuctuati ons of the condensate can be di rectl y related to the m ean num ber
and Ûuctua ti ons of quasi-parti cles.
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The m ean num ber of exci tati ons (qua si-parti cles) above the condensed phase
h N e i = N À h N 0 i is deÙned as

h N e i =

Z

dxh b' y ( x) b' ( x) i ; (67)

whi ch leads to the fol lowing expression:

h N e i =
X

nn 6= 0

Z

dx
`È

u 2
nn ( x) + v 2

nn ( x )
Ê

f nn + v 2
nn ( x)

ˆ
; (68)

where f nn = [exp( Â nn =T ) À 1 ] À 1 plays the ro le of the mean quasi-parti cl eoccupati on
of the given energy state. The functi ons u nn and v nn are closely related to the wa ve
functi ons of harm onic oscil lator. The integrati on can be easily perform ed but the
summ atio n over all eigenstates m ight be qui te di £ cul t because of a huge degener-
acy of the energy levels.Fortuna tel y, in our case alm ost al l functi ons v nn vanish and
thei r contri buti on to the Ùnal resul t is negl igibl eat Ùnite temperatures. Theref ore
the probl em can be easily reduced to the calcul ati on of the canoni cal occupati on
of the condensate tra pped in the harm onic tra p of frequency ! . Ag ain, sim i larly as
in the exact soluti on we wi l l trea t separatel y the two regim es:(i ) zero tem perature
l im it where only quantum e˜ects described by the last term of Eq. (68) a˜ect the
condensate popul ati on, (i i) Ùnite temperature case where the above-mentio ned
e˜ect is negl igible. The occupati on of the intera cti ng condensate at zero tempera-
ture is

h N 0 i = N À

3

4 !
(1 À ! )2

À

3

8 ! 2
(1 À ! 2 )2 : (69)

The Ùrst term in Eq. (69) corresp onds to the weak intera cti on l im i t o f the exact
resul t, whi ch is

h N 0 i ¤ N À

3

4 !
(1 À ! )2 : (70)

The second term in Eq. (69) is new. Thi s addi ti onal term overesti m ates the de-
pl eti on of the condensate as compared to the ri gorous trea tm ent. Theref ore the
Bogol iubov trea tm ent does not describe quanti ta ti vely an occupati on of the zero
tem perature condensate.

On the other hand, in the therm odyna m ic lim i t, we recover the fam i liar
expression

h N 0 i = N À

˚
T

!

Ç3

± (3 ) : (71)

Thi s is exactl y the sam eresul t whi ch we obta ined in the exact trea tm ent. Sim i larl y,
the cri ti cal tem perature whi ch can be deÙned by setti ng h N 0 i to zero in Eq. (71)

T c = !

˚
N

±(3 )

Ç1 = 3

(72)



502 M. A. Za¤uska-Kot ur , M. Gaj da, J. Most owski

is identi cal to the exact resul t, Eq. (29). It m ight be som ewhat surpri sing but the
Bogol iubov metho d works in our case pretty well up to the cri ti cal tem perature,
i .e., in the region where, in pri nci ple, i ts assumpti ons are not val id.

In a sim i lar way we can obta in the Ûuctua ti ons of the condensate popul ati on.
Because Ûuctuati ons, contra ry to the m ean occupati on, depend on the stati sti cal
ensemble, we use a nota ti on whi ch expl ici tl y indi cates the ki nd of perf orm ed av-
erages (i .e., the canonical one). As we im posed constra int on the to ta l numb er of
parti cl es, these Ûuctuati ons are equal to the Ûuctua ti ons of the above-condensate
part, h £N 2

0 i C N = h N 2
0 i CN À h N 0 i

2
C N :

h £ N 2
0 i C N =

X

nn 6= 0

£ Z

dx
È

u 2
nn (x ) + v 2

nn ( x )
Ê2

( f 2
nn + f nn )

+ 4

çZ
dx u nn ( x) v nn ( x )

Ñ2 À
f 2

nn + f nn + 1
Â
)

; (73)

where the last term is responsi ble for the quantum Ûuctua ti ons whi ch do not vani sh
at zero tem perature. Again the pro blem of calcul ati ng the condensate Ûuctua ti on
can be reduced to Ùndi ng the Ûuctuati ons of the ideal tra pped Bose gas. In the
case of zero tem perature we have

h £ N 2
0 i C N =

3

2 ! 2
(1 À ! 2 ) 2 +

3

(4 ! 2 ) 2

À
1 À ! 2

Â4
: (74)

Thi s form ula overesti m ates (qui te signi Ùcantl y) the condensate Ûuctua ti ons due
to the quantum e˜ects as compared to the exact results in the l imit of weak
intera cti on, Eq. (27).

The Ûuctua ti ons (i n the therm odyna m ic l im i t and after neglecti ng the small
quantum Ûuctuati ons obta ined above) at Ùnite tem peratures are

h £ N 2
0

i C N =

˚
T

!

Ç
3

±(2 ) : (75)

Thi s resul t givesthe correct value of the therm al Ûuctuati ons of the condensate. The
Bogol iubov metho d works very well in predi cti ng the therm al Ûuctua ti ons of the
condensate whi le i t fai ls to repro duce the correct value of the quantum Ûuctua ti on.
It m ight be surpri sing as in fact the approach shoul d wo rk in the low tem perature
region. In our opinion, i t is the substi tuti on of the operato r anni hi lati ng the lowest
energy state by a c-numb er tha t is responsible for inaccurate trea tm ent of some
quantum e˜ects, parti cularl y im porta nt at zero tem perature.

4. Co n cl usion s

In our paper we used the exactl y soluble many-parti cle m odel to i l lustra te
the ri gorous pro cedure of deÙning the condensate phase at zero temperature. By
di agonal izing the one-parti cl e reduced density m atri x we were able to study in
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deta i ls the ro le of intera cti ons on the condensate at zero tem perature. If the in-
tera cti on strength becomes large j ç j > 1 the condensate di sapp ears even when the
system is in i ts ground state. Thi s tota l depleti on of the condensate has, in the
therm odyna m ic lim i t, a character of cri ti cal phenomena. The destructi on of the
condensate signiÙes a breakdo wn of the mean-Ùeld theory . D ue to strong quan-
tum correl ati ons the system cannot be vi ewed as being composed of indep endent
quasi-parti cl es movi ng in some e˜ecti ve potenti al resulti ng from intera cti ons wi th
a rest of the system . Instea d the quasi-parti cl es becom e strongly correl ated and a
sim ple sing le-parti cl e pi cture is not longer val id.

W e have also careful ly com pared the exact quantum soluti ons of the os-
ci llato ry m odel wi th the appro xi mate soluti ons obta ined wi th the help of the
Gross{Pi ta evski i equati on and Bogoliub ov appro xi mati on. W e have found tha t
m any of the characteri sti cs of the exact soluti ons l ike the exci ta ti on spectrum , oc-
cupa ti on of the condensate, and i ts therm al Ûuctuati ons are indeed repro duced
wi th the help of the appro xi mate m etho ds. The Bogol iubov appro ach fai ls in
the case of very stro ng intera cti ons when the condensate is almost destroyed.
Thi s is however consistent wi th the basic assumpti on of the Bogol iub ov metho d
whi ch expl icitl y assumes smal l condensate depleti on and relays on the val idit y of a
m ean-Ùeld descripti on. Surpri sing ly, in the studi ed model, the m etho d works qui te
wel l even at tem peratures close to the cri ti cal one. On the other hand, the zero
tem perature (quantum ) depleti on and Ûuctua ti ons of the condensate are not given
correctl y by the Bogol iubov m etho d. Substi tuti on of the destructi on operato r of
the parti cle in the lowest energy state by a classical Ùeld resul ts in an inaccu-
rate descripti on of some quantum e˜ects. Fortuna tel y for the weakl y intera cti ng
system , these e˜ects are smal l and can be neglected.
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