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Th e new m ult ib ond algorith m for the Monte Carlo simulations of p oly-
mers develop ed for an isolated chain w as extended for the case of dense
p olymer melts . Polymer chains w ere conÙned to a simple cubic lattice w ith

excluded volume and no attractive interactions (good solvent conditi ons).
T he simulations w ere carried out by the means of the classical Metrop oli s
scheme. T he algorithm was veriÙed by the analysis of static and dynamic
prop erties of p olymer melts. T he dep endence of the longest relaxation time

and the self-di ˜usi on coe£cient on the chain length and the polymer con-
centration w as discussed and the prop er scaling law s w ere formulated. T he
numb er of entanglements , their distributi on, and lif etimes w ere determined

for di˜erent chain lengths and melt concentrations using the new algorithm.

PAC S numb ers: 02.50.N g, 61.25.H q

1. I n t rod uct io n

The dense polym er melt is not only an interesti ng theo reti cal many-body
pro blem but i t is also of practi cal im porta nce (rheology, adhesion, lubri cati on)
[1]. The m ost popul ar model of the chain m oti on is the idea of repta ti on, whi ch
ori ginated from the de Gennes' model [2, 3]. In thi s model i t is assumed tha t
chains surro undi ng a given chain can be trea ted as Ùxed in space and thus the
m oti on of test chain is l ike a sli theri ng snake in a tub e of constra ints. Predi cti ons
of thi s m odel concerni ng the dyna mic behavi or of the m elt are almost the same
as experim enta l results : in both cases the di ˜usi on coe£ cient scales as D ¿ N À 1

for shorter chains and as N À 2 f or longer chains. For shorter chains the scal ing of
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vi scosity is predi cted correctl y ( ² ¿ N 1 ) but for longer chains repta ti on theory
predi cti ons are N 3 instead of N 3 :4 . Com puter simulati on carri ed out f or di ˜erent
m odels conÙrm ed the experim enta l resul ts [4{ 7]. Thus, m any attem pts were made
in order to impro ve these predi cti ons by modi fyi ng the repta ti on theo ry or by
intro duci ng di ˜erent m echanisms of chain moti on [1, 4, 8].

Co mputer simulati on is a very useful to ol in studyi ng the pro perti es of poly-
m er system s because real exp eriments cannot answer the question concerni ng the
m echani smof chain m oti on in m elt [1, 4]. Even very sim ple latti ce m odelsin spite of
som e l imita ti ons app eared very useful to study dense polym er system s. R egardl ess
of the assumed model of chain moti on in the m elt the questi on of the enta ngle-
m ents rem ains cruci al . The questions arise wha t is the mobi li t y of enta nglements,
thei r di stri buti on, and l i feti m es.R ecently, there have been som eattem pts of deter-
m ining the pro perti es of polym er{ polymer conta cts and chain enta nglements on a
m olecular level usi ng the com puter simul atio ns but to date they were carri ed out
for isolated polym ers only [9, 10]. The extensi ve studi es of polym er system s havi ng
di ˜erent interna l archi tecture (star-bra nched chains, ri ngs) showed the inÛuence
of the chain to pology on i ts structure and dyna m ic pro perti es [10{ 14].

R ecently, we have intro duced a new multi bond algori thm f or the Mo nte
Ca rlo sim ulati on of chain molecules tha t uses the asym metri c Metro pol is scheme
[15]. Thi s algori thm was capable to repro duce m ost of features of the m odel of
an isolated polym er chain. The extensi on of the algori thm can also be used for
studyi ng the properti es of dense polym er m elts. W hat is interesti ng, i t app eared
tha t some m odiÙcati ons of thi s algori thm appl ied f or dense mul ti chain system s
could give som e insi ght into the nature of enta nglements. The purp ose of thi s
wo rk is to check the val idi ty and usabi l i ty of the new algori thm for dense polym er
m elts and to study the nature of chain enta nglements.

2. T he m odel an d t h e algor i th m

The sim ulatio ns were carri ed out for the simpl e m odel of a dense polym er
m elt. Cha ins were conÙned to a simpl e cubi c latti ce, i .e. every polym er segment
wa s placed in latti ce vertex [4, 5, 12]. The doubl e occupancy of latti ce points was
forbi dden whi ch im pli ed tha t the excluded volum e e˜ect wa s ta ken into account.
No tem perature dependent long-range intera cti ons were intro duced, i .e., the m elt
wa s atherm al whi ch corresp onds to good solvent condi ti ons.

In the classical sim ulati on algori thm the conf orm ati onal space was sam pled
by local chain m icromodiÙcati ons (2 or 3 polym er bonds were invol ved in every
m icromodiÙcati on) [4, 14]. W e have constructe d a new algori thm in whi ch larger
parts of a chain can be shi fted at once. The multi bond algori thm wa s tested for
sing le chains and repro duced pro per stati c and dyna m ic pro perti es of the system
[15]. It was also shown tha t thi s algori thm was consi derabl y faster tha n the older
one. The m ulti bond algori thm was recentl y described in deta i l [15] and thus we are
givi ng only a short descripti on here. In the new algori thm the elementa ry m oti ons
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m odi fy the large porti on of the polym er chain. In the version of the algori thm
presented here 6 subsequent (a long the chain conto ur) polym er bonds underg o
sim ulta neous m odiÙcati on. For such a shi ft of large parts of a chain there is a
possibi l i ty of to pological obstacl es because the m oved part can cro ssother parts of
the chain or other chains. Thus, every attem pt of moti on is accepted af ter the check
i f points, whi ch can be potenti al ly occupi ed by a fragm ent of the sam e or other
chain, are empty . In thi s moti on the connecti vi ty of the chain and the geom etry
of the latti ce has to be m ainta ined, to o. Cha in ends were subjected to the same
6-bond m icromodiÙcati ons but the new conf orm ati on was chosen random ly. In thi s
algori thm we can as usual deÙne ti m e uni t whi ch corresponded to one attem pt of
chain m odi Ùcati on per one polym er bead. The polym er m elt was generated and
equi l ibrated usi ng 1 0 5

À 1 0 6 ti m e uni ts whi le the pro ducti on run consisted of order
of 1 0 6

À 1 0 7 ti m e uni ts.
The system s of l inear M chains, each consisti ng of N beads (or N À 1 seg-

m ents), were pl aced in a Mo nte Carl o box wi th periodic bounda ry condi ti ons. The
edge of the box was chosen large enough to avo id a chain to intera ct wi th i ts im -
age or L had to be greater tha n root- m ean-square end- to -end vecto r h R 2

i
1 = 2 , i .e.

L = 2 0 for shorter chains and L = 4 0 for longer chains. The density of the m elt
can be deÙned as the rati o of the tota l numb er of polym er beads to the num ber of
beads in the Mo nte Carl o box, i .e., ' = M Â N =L 3 . The simul ati ons were carri ed out
for the chains wi th N = 5 0 , 100, 200, 400, and 800 beads for the density ' = 0 : 5 .
W e also carri ed out sim ulati ons for system s conta ining chains wi th N = 1 0 0 beads
at di ˜erent densiti es: ' vari ed from 0.1 to 0.8 (f or densiti es hi gher tha n 0.6 thi s
algori thm becom es ine£ cient).

3 . R esul t s an d d iscu ssio n

Some param eters describi ng the size of a polym er chain were calcul ated dur-
ing the simul atio n. These were mean-square end- to-end di stance h R 2

i and the
m ean-square radi us of gyra ti on h S 2

i . The values obta ined are very close to tho se
from the sim ulati ons carri ed out by the cl assical algori thm . As an exampl e we
present Fi g. 1 where one can observe the dependence of h R 2

i and h S 2
i on the

chain length N À 1 f or moderate density (' = 0 : 5 ) . h R 2
i and h S 2

i scale wi th the
chain length as ( N À 1 )1 : 0 3 0 Ï 0 : 02 and ( N À 1 ) 1 : 0 4 0 Ï 0 :0 2, respect ively. The expo-
nents are very close to previ ous sim ulati on results obta ined for the same m odel
at the sam e condi ti ons by m eans of the classical Mo nte Ca rlo algori thm , where
ÛR = 0 : 9 9 and ÛS = 1 : 0 2 [5] and to the theo reti cal predi cti ons where ÛR = ÛS = 1

[1, 3, 4]. The values of scal ing exponents close to random Ûight chain (wi th no
excluded volum e) can be expl ained by the f act of mutua l interp enetra ti on of poly-
m er chains [1, 4, 8]. The rati o h S 2

i = h R 2
i changes from 0.164 for system s conta ini ng

short chains (N = 5 0 ) to 0.166 for longer chains (N = 8 0 0 ) whi ch wa s expected,
since for random Ûight chain i t ta kes the value 0.167. The next Ùgure (Fi g. 2)
presents the dependence of h S 2

i on the density ' for m elt consisting of chains
wi th N = 1 0 0 beads. The size of a single polym er decreases wi th the increase in



480 A . Sikor ski , P. Romi szowski

Fig. 1. T he mean- square end- to- end distance h R 2
i (op en circles, dotted line) and the

mean- square radius of gyration h S
2

i (solid circles, solid line) versus the chain length N .

T he case of the density ' = 0 : .

Fig. 2. The mean- square radius of gyration versus the density . The case of the

chain w ith beads.

the density rather fast for because chains becom e to interp enetrate one
another. For higher densiti es the decrease in the polym er chain becom es slower.

The dyna mic pro perti es of the system s studi ed can be determ ined for short-
- ti m e and long-ti me ti mescale. Fast pro cessesof the chain are usual ly described
by the longest relaxati on ti m e, whi ch describes the pro cess of interna l rearrange-
m ents. The longest relaxati on ti m e can be extra cted from the end- to -end vecto r
auto correl ati on functi on as was previ ously described many ti mes [4, 12, 14]. Fi g-
ure 3 presents the values of for m elts at the density versus the num ber
of segments in the polym er chain . The relaxa ti on ti mes scale wi th the chain
length as , whi ch is very close to the resul ts obta ined for sim i lar
m odel usi ng the classical algori thm where [5, 14]. The sim plest
theo ry of R ouse (i solated chain, no hydro dyna m ic intera cti ons) predi ct the expo-
nent equal to 2 [1, 3, 16]. Exp erim ents concerni ng dense polym er m elts give the

Fig. 3. T he longest relaxation times versus the length of the chain at the density

.
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scaling ( N À 1 ) 3 :4 for su£ cientl y long chains [1, 3, 4]. Lo wer exponents obta ined in
sim ulati ons can be expl ained by the fact tha t the density of our m elt is onl y 0.5;
rough extra polati ons to wards the concentra ted soluti on ( ' = 1 ) whi ch is out of
sim ulati on capabi l i ti esled to the exp onents cl ose to 3.4 [5]. Anyway , the short- ti m e
dyna mic behavi or of the chain using the new m ul ti bond algori thm is exactl y the
sam e as in the cl assical Mo nte Carl o algori thm .

The m oti on of the enti re chains (l ong-ti me ti mescale dyna m ic behavi or) can
be described and di scussedin the term of auto correl ati on functi ons. Center- of-mass
auto correl ati on functi on gc m (t ) and sing le bead auto correl ati on functi on g ( t ) were
obta ined and plotted versus ti m e t in Fi g. 4 for a system conta ini ng chains N = 1 0 0

at ' = 0 : 5 . The behavi or of both these functi ons is quali ta ti vely the sam e as for
isolated chain [14]. The m ain di ˜erence is tha t for di splacements gc m ( t ) < 2 h S 2

i

auto correl ati on functi on scales as t ˜ where ˜ < 1 . The f uncti on g ( t ) also scales
wi th the exp onent Ù < 1 =2 . Thi s behavi or, i .e. exp onents lower tha n 1 and 1/ 2, can
be expl ained by the fact tha t for short ti m es the m oti on of a chain is constra ined
(co upled wi th the interna l relaxati on). The shape of both auto correl ati on func-
ti ons does not change wi th the density and the length of the chain. Self-di ˜usi on
coe£ cients D were determ ined f rom the center-of-mass auto correl ati on functi on
usi ng m odi Ùed Ei nstein' s form ula

D = g c m ( t ) =6 t + a ; (1)

where a is a consta nt (no nzero value of a i s caused by the anom alous di ˜usi on of
chains for short ti m es). It was previ ously shown [5, 14] tha t di ˜usi on coe£ cient
should be determ ined for the wi ndow g cm ( t ) > 2 h S 2

i . In Fi g. 5 the self-di ˜usi on
coe£ cient D is plotted against num ber of polym er segm ents N À 1 for chains in
a m elt at the density ' = 0 : 5 . At these condi ti ons the di ˜usi on coe£ cient scales
wi th the chain length as (N À 1 ) À 1 : 4 0 Ï 0 : 0 6 . Thi s value is close to the results given

Fig. 4. A uto correlation functions g( (upp er curve) and (low er curve) vs. time

. T he case of the chain w ith beads at the density .

Fig. 5. Plot of the self-di˜usi on coe£cient versus the length of the chain at the

density .
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by the cl assical algori thm where D ¿ ( N À 1 ) À 1 : 5 2 [5]. For higher densi ti es it is
exp ected tha t the exponent should appro ach { 2 [1, 3, 4].

The num ber of entanglements in chains form ing a m elt can be estim ated f rom
the di ˜usi on coe£ ci ent using the Ko l inski { Skolni ck{ Yari s [4, 5] form ul a, whi ch was
based on the Hess trea tm ent [17, 18]:

D =
d 0

N (1 + N =N e)
; (2)

where N e is a numb er of m onomers between enta nglements and d 0 i s the e˜ecti ve
di ˜usi on coe£ ci ent per bead in the absence of chain connecti vi ty . The Ùtti ng of
thi s equati on for di ˜usi on coe£ cients obta ined by m eans of the new mul ti bond
algori thm f or the m elt of chains at the density ' = 0 : 5 gives N e = 121. Thi s resul t
is very close to tha t obta ined for the same polym er chain model by the classical
algori thm where N e = 132.

The dependence of the self-di ˜usi on coe£ cient D on the density ' of the
polym er melt is shown in Fi g. 6. One can observe a fast decay of the chain' s
m obi l it y as the density increases. Thi s is in accordance wi th other sim ulati on
resul ts and theoreti cal predi cti ons [3, 8]. The very smal l values of D for densiti es
over 0.6 suggest tha t the new algori thm is rather not capabl eto study the long- ti m e
dyna mic pro perti es of the system .

Fig. 6. Plot of the self-di˜usi on coe£cient D versus the density ' . The case of the

chain w ith beads.

Al l the results l isted above conÙrm tha t the new algori thm is capable to
repro duce properti es not only of an isolated chain [15] but also of dense polym er
m elts. Mo reover, i t allows one to determ ine some pro perti es concerni ng the nature
of chain enta nglements whi ch wa s im possible usi ng the classical algori thm . Thi s is
a very im porta nt pro blem as these enta nglements determ ine vi scoelastic pro perti es
of the polym eric system and no experim enta l data on enta nglements are avai lable.

One has to rem ember tha t in the new mul ti bond algori thm there is a possi-
bi l ity of crossing other chains duri ng the attem pt of chain' s m oti on [15]. By turni ng
o˜ the pro cedure tha t rejects such cases we can theref ore remove som e of these
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obsta cles from the m odel . These obstacles are apparentl y related to chains' en-
ta nglements tha t are form ed as kno ts, as well as enta nglements form ed by looping
around a chain. No w we can determ ine the di ˜erences in the chain m oti on between
cases where obstacles are present and suppressed. Theref ore, the new algori thm
has the abi l i ty to determ ine som e pro perti es of entanglements di rectl y from the
sim ulati on. D uri ng the simul ati on run al l the cases of attem pted m oves hi ndered
by the above obsta cles were analyzed and the num ber of the unsuccessful m oves
for each bead of the chain was recorded. Fi gure 7 shows the plot of the distri buti on
of num ber of unsuccessful m oves f attem pted by a given bead (i ts numb er is given
on x -axi s). The plot shows tha t the chain ends have executed m ore unsuccessful
m oves tha n the fragments located in the center of the polym er molecule. It corre-
sponds wel l wi th the R ouse-l ike moti on of the chain [3]. Interesti ng Ûuctuati ons of
the curve are observed | i t shows tha t even neighboring fragm ents of the chain
exhi bi t signiÙcant di ˜erences in thei r m obi l it y.

Fig. 7. T he distributi ons of obstacles along the numb er of chain 's b ead (see text for

details). T he case of density ' = 0: 12 5 and N = 100 .

The results described above stro ngly suggest tha t the m ul ti bond algori thm is
capabl e to repro duce the stati c and dyna m ic pro perti es not onl y for isolated chains
but also f or dense polym er m elts. Al l the resul ts concerni ng the polym er size, the
pro cess of i ts interna l relaxati on, and self-di ˜usi on are the same as obta ined by
cl assical Mo nte Carl o simul ati on algori thm . The multi bond algori thm gives us
som e insight into the nature of chains enta nglements whi ch is very im porta nt due
to thei r inÛuence on vi scoelastic properti es of polym eric system s.
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