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Proper t ies of a given symmetry group G are very imp ortant in investi -
gation of a physi cal system inv ariant under its action . In the caseof Ùnite spin
systems (magnetic rings as Fe6 , Cu6 , Fe1 0 , some planar macromolecul es as

Fe1 2 or Fe8 ) the symmetry group is isomorphi c w ith the dihedral group D N .
I n this pap er group- theoretical \parameters " of such groups are determined,
especiall y decomp ositi ons of transitive representations into irreduci ble ones

and double cosets. T hese results are necessary to construct matri x elements
of any operator commuting with G in an e£cient w ay. The approach pro-
p osed can be useful in many branches of physics, but here it is applied to
Ùnite spin systems, w hich serve as models for mesoscopic magnets.

PAC S numb ers: 02.20.Bb, 75.10.Jm, 75.75.+ a

1. I n t rod uct io n

One of standard ways of quantum magnets m odel ing is to consider a Ùnite set
of N nodes carryi ng spins s j ; 1 ç j ç N , wi th a spin num ber s . At present such
m odels are also used to inv estigate properti es of m agneti c macrom olecules, e.g.
[Na Fe6( OCH3 ) 12( C17 H15 O4 ) 6 ]Cl O4 ( Fe6) ; [Fe10( OCH 3) 20 ( C2H 2O2 Cl )1 0 ] ( Fe10) ;

[ ( PhSiO2 ) 6Cu 6( O2SiPh ) 6 ] Â 6EtOH ( Cu6 ) ; [Ni 12 (O2 CMe ) 12 ( chp) 12( H2 O )( THF )6 ]

( Ni 1 2) or Mn acetate [1] . The so-cal led I si n g s t at es or c on f ig u r ations , i .e. ten-
sor products
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ñ = j m 1 ; m 2 ; . . . ; m N i ; À s ç m j ç s; (1)

of one-spi n states j m j i form a natura l basis B of the quantum space of states L

wi th the di mension di m L = ( 2 s + 1 ) N . In a general case, however, these states
are not eigenvectors of the Hei senberg- l ike Ha m ilto nians. Theref ore, i t is necessary
to solve an eigenproblem wi th dim L equati ons whi ch, even using contem porary
computers, is almost im possibl e for N ¤ 3 0 and s > 1 . Thi s is especial ly importa nt
when one wa nts to investigate spin correl ati ons in the ground state and som e of
the Ùrst exci ted states of anti ferromagneti c system s, since m any m etho ds al low
us to determ ine eigenvalues, but i t is m uch m ore di £ cul t to Ùnd eigenvectors.
Am ong others, i t is caused by the num erical instabi l it y of necessary algori thm s in
the case of a very large numb er of linear equati ons [2]. The probl em is parti al ly
solved by ta ki ng into account operato rs commuti ng wi th a given Ha mi l to nian: e.g.
the z -th com ponent of the to ta l spin S z and i rreduci ble representati ons of the
Ha mi l to nian sym metry group [3, 4]. If the spin intera cti ons are isotro pi c, then
also the to tal spin numb er m ay be ta ken into account. Ho wever one has to Ùnd
soluti ons of a set of hom ogeneous l inear equati ons arising from the eigenpro blem
for S2 (in a Ùnite spin system eigenvalues of S2 are kno wn). In many interesti ng
cases, for exampl e, investigati ng the ground state of biparti te anti ferrom agnets,
these soluti ons can be found e x act l y i f one is able to cope wi th very large integ ers.
Such to ols are pro vi ded by mul tipl e (or arbi tra ry) preci sion l ibrari esl ike the GNU
m ulti ple preci sion ari thm eti c l ibrary (GMP or GNU MP in short) wri tten and
devel oped by T. Granl und [5]. Ho wever, such pro cedures wo rk e£ ci entl y if the
m atri x of an operato r (the squared to ta l spin S2 or the Ham i lto ni an H in the
presented consi derati ons) is wri tten in the symm etry adapted basis.

The considerati ons presented are i l lustra ted by exam ples related wi th Ùnite
spi n m odels, but a sim i lar m etho d can be appl ied in any case when:

¯ the space of states L i s spanned over ortho norm al vecto rs (1), i .e. i t is the
N th tensor power of the n -dim ensional one-parti cle space;

¯ the consi dered operator H , acti ng in L , commutes wi th a given perm uta ti on
representa ti on P of a group G (the Ham i lto nian sym metry group).

Let a given group G perm utes vecto rs of a (Ùnite) basis B of the quantum
state space L . In the previ ous paper [6] general form ul ae f or vecto rs of the i rre-
duci ble basis and m atri x elements of any operato r commuti ng wi th al l perm uta ti on
operato rs P ( g ) ; g 2 G , have been presented. The aim of the present wo rk is to
inv estigate the di hedra l groups D N and obta in general analyti cal expressions in
thi s case. These groups have been chosen, since they describe sym m etry of m olec-
ul ar rings wi th N identi cal spi ns s [1]. In fact, these ri ngs are also inv ariant under
the reÛection ¥ h in the hori zonta l plane, so the groups D N h shoul d be considered.
These groups are im porta nt for constructi ng sym metry coordi nates of vi bra ti ng
m oleculesor crysta ls, but in the caseof spin m odels the acti on of ¥ h i s tri vi al . Con-
sideri ng pl anar m olecules one should intro duce groups C N v , whi ch are elementa ry
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\ bri cks" for Ùnite space groups [7]. Ho wever, groups D N and C N v are isom orphi c
and the abstra ct group D N i s considered as a representati ve of isom orphi c groups
wi th the fol lowi ng generati on relati ons [8]:

D N = h C N ; U 0 i ; C N
N

= U 2
0

= ( C j
N

U 0 ) 2 = E ; 0 ç j < N : (2)

The dihedra l group D N consi sts of 2 N elements: N powers of the N -fold rota ti on
C N and perpendi cular to i t the two fold rota ti ons U j = C j

N
U 0 ; 0 ç j < N . It is

easy to wri te down general form ulaefor m ul ti pli cati on (a l l calcul ati ons are done
m od N ):

C
j
N C k

N = C
j + k
N ; C

j
N U k = U j + k ; U j C k

N = U j À k ; U j U k = C
j À k
N : (3)

The labeling scheme for N = 6 is presented in Fi g. 1.

The dihedra l groups are considered in Sec. 2; there are many di ˜erences be-
tween cases of N odd and even, so the resul ts are presented separatel y. In many
actua l appl icati ons one deals wi th biparti te anti ferrom agnets [1], so the case of N

even seems to be m ore im porta nt, however the other case (N odd) is discussed
for three, at least, reasons: (i ) the ground state energy of inÙnite l inear anti ferro-
m agnets is approxi mated from below and above by tho se obta ined in the cases of
even- and odd-sized ri ngs, respecti vely [4]; (i i ) there are sti l l som e open pro blem
related wi th l inear ferromagnets (e.g. cri ti cal exp onents near T = 0 K [9]); in thi s
case the pari ty of N i s (a lmost) i rrel evant; (i i i ) the presented considerati ons and
resul ts are m ore compl ete. In Sec. 3 a parti al soluti on for six spins s = 1 (a ring
inv ariant under D ) is di scussed. The paper ends wi th som e conclusi ons.

D N

Let us recal l the form ulae obta ined in the previ ous paper [6] to check whi ch
group pro perti es shoul d be determ ined. The i rreduci ble basis consists of vecto rs
j U ñ ; À r Ûi , where
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¯ U ˚ G i s a subgroup of G representi ng a conjugacy class eU ;

¯ ñ i s a representa ti ve of an orbi t of typ e U ;

¯ À i s an i rreduci ble representa ti on (an i rrep) of G , the repeti ti on index r

di stinguishes copi es of À and Û = 1 ; 2 ; . . . ; [ À ] labels vecto rs of À .

The orbi t G ( ñ ) can be identi Ùed more preci sely i f one intro duces a label denoti ng
a non-ordered parti ti on [k ] such tha t ñ 2 B [ k ] . No te tha t [ k ] identi Ùes also the
m agneti zati on M . However, the form ul a for vecto rs of the i rreduci ble basis does
not depend on [k ] and is given as [6]

j U ñ ; À r Û i =

j G = U jX

j =1

b
À r Û

j
( U ) j U ñg j i ; (4)

where the elements g j ; 1 ç j ç j G =U j wi th g 1 = E , represents the left cosets
g U 2 G =U . The coe£ cients bÀ r Û

j
, determ ining a uni ta ry tra nsform ati on, can be

expressed by m atri x elements of the i rrep À and the reducti on coe£ ci ents A U À
Ûr

:

b
À r Û
j ( U ) =

˚
[ À ] j U j

j G j

Ç = À

Ù

À ÛÙ ( gj )( A U À
Ù r ) : (5)

Ma tri x elements of any operato r, e.g. a Ham i l to nian H , comm uting wi th al l P ( g ) ,
are grouped in blocks labeled by À and depend onl y on U; ñ , and r :

h U ñr ;V ¡ s ( À ) =
j U j

j V j

= G =U

j

h U ñg j j Hj V ¡ E i B U V À
r s ( g j ) ; (6)

where

B U V À
r s ( g j ) =

˜ ;Ù

( A V À
˜ s ) À ˜ Ù ( g j ) A U À

Ù r : (7)

It is helpful to consider non-ordered parti ti ons [ k ] , because matri x elements are
equal to zero i f parti ti ons [ k ] and [k ] are not joined by an edge in the graph
intro duced in Sec. 5 of the previ ous paper [6]. Intro duci ng the noti on of double
cosets V g U thi s form ul a can be m odi Ùed and wri tten as

h U ñr; V ¡ s ( À ) = ( j U j j V j )
=

V G =U

d

j V g d U j B U V À
r s ( g d ) h U ñg d j Hj V ¡ E i ; (8)

where elements g d represent doubl e cosets V gd U , or orbi ts of the natura l acti on

V ( G =U ) .
Al l structures appeari ng in these form ula e (cosets, i rreps, reducti on coe£ -

ci ents, etc.) in the case G = D N are discussed in the fol lowing subsections.
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2. 1. Classes and i r reduci ble repr esentations

The m ul tipl icatio n rul es (3) in the di hedra l group D N lead imm ediatel y to
cl assesof conj ugated elements:

N odd f E g ; f C
j

N
; C

N À j

N
g ; j = 1 ; 2 ; . . . ; N À 1

2
; f U 0 ; U 1 ; . . . ; U N À 1 g ;

N even f E g ; f C
j

N
; C

N À j

N
g ; j = 1 ; 2 ; . . . ; N

2
À 1 ;

f C 2 = C
N=
N g ; f U ; U ; . . . ; U N g f U ; U ; . . . ; U N g :

Theref ore, there are ( N + 3 ) =2 classes(and irreps) f or N odd and N =2 + 3 for N

even. In the special cases, N = 1 ; 2 , the groups D N are Ab elian.
In both cases,N odd and even, there are two one-dim ensional i rreps, denoted

A (the uni t i rrep) and A , wi th characters

â A ( g ) = 1 ; 8 g 2 D N ; (9)

â A ( C j
N

) = 1 ; â A ( U j ) = À 1 ; j = 0 ; 1 ; . . . ; N À 1 : (10)

For N even there are two m ore one-di mensional i rreps, denoted B and B , wi th
characters ( j = 0 ; 1 ; . . . ; N À 1 )

â B ( C j
N

) = (À 1 ) j ; â B ( U j ) = ( À 1 ) j ; (11)

â B ( C
j

N
) = (À 1 ) j ; â B ( U j ) = À ( À 1 ) j : (12)

Note tha t the element C = C
N=

N behaves in di ˜erent ways for N = 4 M and
N = 4 M + 2 . In the Ùrst case one obta ins â B (C ) = â B ( C ) = 1 , whereas in the
second case thi s character equals { 1.

The other i rreps, denoted E l ; l = 1 ; 2 ; . . . ; N E , are two -dimensional; there
are N E = ( N À 1 ) =2 and N E = N =2 À 1 such i rreps for N odd and even, respectively.
Thei r characters are given by the same form ulae

â E ( C
j

N
) = 2 cos(2 ¤ j l =N ) ; â E ( U j ) = 0 : (13)

T o com plete the presentati on, m atri ces of the representati ons E l in the standard
basis f j E x i ; j E y ig for the generato rs C N and U are wri tten down:

E l (C N ) =
cos(2 ¤ j l =N ) À sin(2 ¤ j l =N )

sin (2 ¤ j l =N ) cos(2 ¤ j l =N )
; E l ( U ) =

1 0

0 À 1
: (14)

2.2. Subgroups and conjugat ed subgroups

Let N be wri tten as a product of r di ˜erent pri m es p i :

N =

r

i

p ˜
i

; ˜ i > 0 :

Then there are D =
r

i
( ˜ i + 1 ) di ˜erent divi sors k of N , each of them can be

wri tten as (k = 1 corresp onds to al l Ù i = 0 )
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k =

rY

i =1

p Ù i

i
; 0 ç Ùi ç ˜ i :

The Ùrst fam ily of subgroups consists of the cycl ic groups C k , where k i s a
di vi sor of N . These groups are generated by elements C ç

N
, where ç = N =k is the

so-cal led co-di vi sor of k . For k = 1 one obta ins the group C 1 = f E g , whi ch has no
generato rs; in thi s case ç = N . Each subgroup C k conta ins k elements in the f orm
C

pç

N
² C

p

k
; p = 0 ; 1 ; . . . ; k À 1 . Since these groups are norm al di vi sors of D N , then

each C k i s conj ugated to i tsel f onl y.
The second fam ily of subgroups is form ed by the dihedra l groups D k . How-

ever, for each k , i .e. for each generato r C ç
N , one has f reedom in a choice of two fold

generato r U j . The subgroups isom orphi c to D k are generated by C ç
N and one of

the rota ti ons U 0 ; U 1 ; . . . ; U ç À 1 . These subgroups wi l l be denoted hereafter as

D
q

k
= h C ç

N ; U q i ; q = 0 ; 1 ; . . . ; ç À 1 :

Each of these groups, except for the rota ti ons C pç
N

, conta ins tw ofold axes U q + pç ; p =

0 ; 1 ; . . . ; k À 1 . In the case of odd ç these elements belong to the sam e conj ugacy
cl ass, so al l subgroups D q

k
are conj ugated. Thi s conj ugacy cl ass is represented by

D k = h C ç
N

; U 0 i . W hen ç is even, then al l tw ofold U j ro ta ti ons in the subgroup
D q

k
have indi ces wi th the sam e pari ty . Theref ore, there are two classes of con-

jugated subgroups: the Ùrst is represented by D
k

= h C ç
N

; U i and the second by
D

k
= h C ç

N
; U i . If N i s even then i t can be wri tten as 2 ˜ N , where N i s odd. In the

sam e wa y al l di vi sors k of N can be wri tten as 2 Ù k . If Ù = ˜ then corresp ondi ng
ç = N = k is odd and, theref ore, there is only one cl ass of conj ugated subgroups
D k . Two separated classes,D

k
and D

k
, are obta ined in the other cases, i .e. when

Ù < ˜ and ç = 2 ˜ Ù N = k . Let D = D =( ˜ + 1 ) be the num ber of di vi sors of N

( D = D i f N i s odd) then:
¯ there are D cl assesof dihedra l subgroups in typ e D k ;

¯ in each typ e D
k

and D
k

there are ˜ D classesof dihedra l subgroups.

Theref ore, there are ( ˜ + 1 ) D cyclic subgroups and (2 ˜ + 1 ) D conj ugacy classes
of dihedra l subgroups. The latti ce of conj ugated subgroups for the group D i s
presented in Fi g. 2.

The theo rem presented in Sec. 2.3 of the previ ous paper [6] im mediatel y
excludes som e classesof subgroups i f vecto rs of the consi dered basis are m appi ngs,
as in the case of magneti c conÙgura ti ons. The Ùrst excluded subgroup is the cyclic
group C N , since there is only one orbi t X = f 0 ; 1 ; . . . ; N À 1 g , so j Ï X = Ï X and
P ( D N ) \ Ï X = P ( D N ) 6= P ( C N ) . In the case of N even two other subgroups are
excluded: the dihedra l subgroup D

N=
and the cycl ic subgroup C N= . In the Ùrst

case onl y one orbi t X is again obta ined, whereas C N= decom posesX into subsets
X and X conta ining nodes wi th even and odd indices, respectivel y. Then one
obta ins P (D N ) \ ( Ï X È Ï X ) = P ( D

N=
) 6= P ( C N= ) . Theref ore, these subgroups

can be omi tted in the further considerati ons of spin conÙgura ti ons. For exampl e,
when N = 6 subgroups C ; D , and C are excluded.
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Fig. 2. Lattice of con jugated subgroups for the dihedral group D 6 ; lines corresp ond to

the group {sub group relations .

2. 3. C osets

For each representati ve U of a class of conj ugated subgroups eU left coset
representa ti ves have to be chosen and Ùxed. The index j D N j = j D l j = Ñ and the
rota ti ons C

j

N
; j = 0 ; 1 ; . . . ; Ñ À 1 wi l l play thi s ro le. In the case of cycl ic sub-

groups C k one needs addi ti onal Ñ representa ti ves. They can be chosen as U j ; j =

0 ; 1 ; . . . ; Ñ À 1 . The choice of coset representa ti ves is Ùxed in the further consi der-
ati ons.

Co nsidering doubl e cosets V n D N =U we determ ine at Ùrst thei r num ber in
di ˜erent casesusi ng results presented in Sec. 3 of the previ ous work [6]. If both U

and V are cycl ic then onl y cl assesconta ining rota ti ons C
j

N
have to be ta ken into

account and one obta ins

j C k n D N =C l j = 2 gcd(ç; Ñ ) = 2â;

where \ gcd" denotes the greatest com m on di vi sor and ç = N =k ; Ñ = N = l are
co-divi sors of k and l , respectivel y. Note tha t for m utua lly pri m e co-divi sors ç; Ñ

there are two doubl e cosets only: one conta ins rotati ons C
j

N
, wherea s the second

| elements U j . If V = D k (or U = D l and V = C k ), then the only change is the
order of one subgroup, so the resul t is

j C k n D N =D l j = j D k n D N =C l j = â:

If both subgroups are dihedra l then the casesof odd and even N have to be
considered separatel y. Mo reover, in the case of even N a dihedra l subgroup D k

can be in one of three typ es: D 0
k ; D 1

k or D k . In the Ùrst case i t conta ins elements
U j wi th even indi ces j , in the second case al l j ' s are odd and in the last case odd
and even indi ces j are present. The Ùnal results are as fol lows:

¯ odd

j D k n D N =D l j = ( â + 1 ) =2 ;
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¯ even

j D 0
k

n D N =D 0
l

j = j D 1
k

n D N =D 1
l

j = (â + 2 ) =2 ;

j D 0
k n D N =D 1

l j = â= 2 ;

j D 0
k n D N =D l j = j D 1

k n D N =D l j = j D k n D N =D l j = (â + 1 ) =2 :

The above presented form ulae are sym m etri c, i .e. the subgroups U and V

can be tra nsposed. Ho wever, in a general case a set of doubl e cosets V n G =U i s
not sym metri c, i .e. i t di ˜ers from the set U n G =V (they have the sam e orders
onl y). The sam e can be said about representa ti ves gd of doubl e cosets. Theref ore,
both cases should be consi dered separatel y and for each pai r V ; U we obta in two
sets of doubl e coset representati ves. On the other hand, the operato rs considered
are Herm i ti an, so h U ñr; V ¡ s = h Ê

V ¡ s ;U ñr
and, theref ore, i t is enough to determ ine

one element of each pai r. Neverthel ess, for the sake of com pleteness al l cases are
considered below.

Since the cycl ic subgroups are self-conjugated, then for a given V al l double
cosets V g C l have the same order (see Eq. (13) in [6]):

j V g C l j = j C l g V j =
l j V j

j V \ C l j

:

The stabi l izer in the denominato r for V = D k or C k i s equal to C gcd k ; l . Theref ore,

j C k g D l j = j D k g C l j = 2 j C k g C l j = 2
k l

gcd( k ; l )
= 2 lcm( k ; l ) ;

where \ lcm" denotes the least com m on multi pl icit y. Thi s resul t agrees wi th the
above presented form ula e, since â = gcd( ç; Ñ ) = N =h wi th h = l cm( k ; l ) . These
doubl e cosets are represented by g d = C j

N
wi th j = 0 ; 1 ; . . . ; â À 1 if one subgroup

is cyclic. If both subgroups are cyclic, then the consecuti ve â representa ti ves are
g d = U j ; 0 ç j < â . The cardi na l ity of doubl e cosets just obta ined does not
depend on the representati ve g , so Eq. (8) can be simpl iÙed if one of subgroups
is cycl ic. T o shorten the nota ti on let us intro duce two sym bols: (i ) the product
B U V À

r s
( g d ) h U ñg d j Hj V ¡ E i i s denoted as f (g d ) ( U; V ; À , etc. are om i tted, but they

can be easily determ ined f rom the context) and (i i ) sd( k ; l ) = l cm( k ; l ) =gcd( k ; l ) .
Using these sym bols one can wri te

h C ñr; C ¡ s ( À ) = sd( k ; l ) =

â

d

f ( C d
N ) + f ( U d ) ; (15)

h D ñr; C ¡ s ( À ) = h C ñr; D ¡ s ( À ) = [2 sd( k ; l )] =

â

d

f ( C d
N ) : (16)
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The m ost compl icated is the case when both subgroups U and V are di -
hedra l, because doubl e cosets obta ined may have di ˜erent lengths and there are
three di ˜erent values of the num ber of doubl e cosets. In fact, we are not interested
in a deta i led structure of doubl e cosets, but we have to kno w onl y the numb er of
representa ti ves g of left cosets g U conta ined in a doubl e coset V g d U . The appro pri -
ate rul es can be derived i f one noti ces tha t the acti on of V = D k on the set of left
cosets D N =D l can be perform ed in two steps: (i ) the acti on of the cyclic subgroup
C k £ D k considered above and (i i ) the acti on of the generato r U 0 or U 1 , depending
on the typ e of V . The other elements U q + pç ; q = 0 ; 1 ; 0 < p < k , do not yi eld

new results since U q + pç = U q C
( k À p ) ç

N
and the acti on of C

( k À p ) ç

N
has been al ready

ta ken into account. Af ter the Ùrst step we have at hand â orbi ts represented by
C

j

N
; 0 ç j < â . Each coset C k C

j

N
D l conta ins also Ñ = Ñ= â representa ti ves of left

cosets g D l in the f orm C
r â j

N
; 0 ç r < Ñ . From the m ulti pl icati on rul e (3) we

obta in (h = N = â ):

U C j
N

= C â j
N

U â h or U C j
N

= C â j
N

U â h ;

U C
j

N
= C

â j

N
U â h or U C

j

N
= C

â j

N
U â h :

The fol lowing four cases have to be discussed:

¯ U = D
l

; V = D
k
: It f ollows from the Ùrst form ul a tha t cosets C k C

j

N
D

l
and

C k C
â j

N
D

l
are merged. There is one Ùxed point, nam ely j = 0 . If â i s even

then there is another Ùxed point j = â= 2 .

¯ U = D l ; V = D k : In thi s case the last f orm ula shoul d be used so the resul ts
are the sam e as above.

¯ U = D
l

; V = D
k
: Orbi ts C k C j

N
D

l
and C k C j

N
D

l
are m erged i f j = À (1 + j )

(m od â ). The Ùxed point is obta ined for 2 j = À 1 (m od â ), so i t is possible
for odd â only and in thi s case j = ( â À 1 ) =2 .

¯ U = D
l

; V = D
k
: In thi s case the congruence j = 1 À j (m od â ) has to be

sati sÙedto m erge orbi ts and the Ùxed point is obta ined for j = ( â + 1 ) =2 , i f
â i s odd. In thi s case i t m ay be m ore conveni ent to use j = 1 ; 2 ; . . . ; â= 2 for
â even and j = 1 ; 2 ; . . . ; (â À 1 ) =2 ; ( â + 1 ) =2 for â odd.

In T able I al l possibl e cases are presented for N = 6 and U; V = D ; D , and D .
Each entry is a set of representa ti ves g of left cosets g U , whi ch are conta ined in
the sam e doubl e coset V gd U .

T aki ng into account the results presented above one obta ins the fol lowi ng
form ulae for matri x elements:

h D ñr; D ¡ s ( À ) = h D ñr; D ¡ s ( À )

= sd( k ; l ) = f ( E ) + 2

â =

d

f ( C d
N

) + f (C
â =

N
) ; (17)
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T ABLE I

Representatives of cosets g U contained in the same
double coset V g U for the dihedral group D 6 and U ;

V = D
0

1 ; D
1

1 ; D 2 ; underbraced elements belong to the
same orbit under the action of the cyclic subgroup C 2

of V = D 2 .

U D
0

1 D
1

1 D 2

V

D 0
1 f E g f E ; C 5

6 g f E g

f C 6 ; C
5

6 g f C 6 ; C
4

6 g f C 6 ; C
2

6 g

f C 2
6 ; C 4

6 g f C 2
6 ; C 3

6

C 3
6

D
1

1 E ; C 6 E E ; C 6

C
2
6 ; C

5
6 C 6 ; C

5
6 C

2
6

C 3
6 ; C 4

6 C 2
6 ; C 4

6

C
3
6

D 2 E ; C
3

6 E ; C
3

6 ; C
2

6 ; C
5

6 E

C 6 ; C
4

6 ; C
2

6 ; C
5

6 C 6 ; C
4

6 C 6 ; C
2
6

2 sd (18)

sd (19)

sd (20)

sd (21)

sd (22)
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2.4. T ransit ive i r reduci ble repr esentati ons

Let us start wi th the cycl ic subgroups C l = h C Ñ
N i wi th Ñ = N = l . Since for

al l j = 0 ; 1 ; 2 ; N À 1 we have â A 1 ; 2 ( C
j

N
) = 1 (see Eqs. (9,10), then

n ( A 1 ; R D N :C l ) = n (A 2 ; R D N : C ) = 1 : (23)

In the case of N even there is also another pai r of one-di mensional i rreps, nam ely
B and B . It can be shown tha t both of them app ears in the decompositi on of
R D C i f and only i f Ñ i s even. The two -dim ensional i rreps E p always appear
twi ce, i .e. n ( E p ; R D C ) = 2 i f gcd( p; l ) = l . Since p < N =2 then only subgroups
C l wi th l < N =2 lead to decom positi ons conta ining E p .

The dihedra l groups D l have twi ce more elements tha n C l then the dim en-
sions of R D D are tw o ti m es smal ler. At Ùrst, one can noti ce tha t the irrep A

does not appear in the appro pri ate decompositi ons. The case À = E p is sim ple,
since one obta ins

n ( E p ; R D D ) = n ( E p ; R D C ) =2 = 1 if gcd( p; l ) = l :

The i rreps B and B (adm issible for N even onl y) appears depending on the typ e
of the group D l :

n ( B ; R D D ) = n ( B ; R D D ) = 1 :

The resul ts obta ined are il lustra ted in T able I I for N = 6 .

T ABLE II
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2.5. Reduct ion coe£ cient s

A general form ul a for the reducti on coe£ cients, seeSec. 2.4 in [6], yi elds tha t
one-dim ensional i rreps À always lead to tri vi al reducti on coe£ ci ents A U À = 1 .
The indices Û = 1 and r = 1 can be omi tted. So only the case À = E p has to
be considered in m ore deta i ls. The vecto r of i rreduci bl e basis related wi th the
reducti on E p # U in thi s case can be wri tten as

j U E p r i = A U E p

x r j E p x i + A U E p

y r j E p y i ;

where r = 1 for the di hedra l (D l ) and r = 1 ; 2 for the cyclic (C l ) subgroups U ,
respect ively. In the Ùrst case we have to di stinguish subgroups D 0

l
and D 1

l
. The

standard choice of the basis f j E p x i ; j E p y ig and Eq. (14) yi eld the m atri ces:

E p ( U 0 ) =

ê
1 0

0 À 1

!

; E p ( U 1 ) =

ê
cos(2 ¤ p=N ) sin (2 ¤ p=N )

sin(2 ¤ p=N ) À cos(2 ¤ p=N )

!

:

Theref ore, one obta ins (f or representa ti ons E p appearing in the decom positi ons of
R D D , i .e. for gcd( p; l ) = l ):

A
D E
x = 1 ; A

D E
y = 0 ; (24)

A
D E
x = cos( '= 2 ) ; A

D E
y = sin( '= 2 ); (25)

where ' = 2 ¤ p=N = 2 ¤ p l =Ñ wi th p l = p= l . The cycl ic subgroups yi eld r = 1 ; 2 and
i t can be shown tha t there are no restri cti ons imposed on the coe£ cients A

C E
Ûr ,

as long as they determ ine ortho norm al vecto rs j C l E p 1 i ; j C l E p 2 i . The sim plest
choice is to put

A
C E

x
= 1 ; A

C E

y
= 0 ; (26)

A
C E

x
= 0 ; A

C E

y
= 1 : (27)

No w we have to calcul ate the coe£ cients B U V À
r s ( gj ) for the representa ti ves

of left cosets g j U . Let us start f rom one-di mensional i rreps À = A ; A ; B ; B .
Since the coe£ cients A U À = 1 and r ; s = 1 , then

B U V À ( g j ) = À ( g j ) = â À (g j ) : (28)

Characters of these representati ons are given by Eqs. (9{ 12). In parti cul ar, the
uni t i rrep A always yi elds B U V A (g j ) = 1 .

The two-dimensional i rreps E p app ear in decom positi ons of R D C and
R D D for l < N =2 and p = l p l ; if U or V is the cycl ic subgroup then E p app ears
twi ce. Mo reover, there are two typ es of the dihedra l subgroups for N even. It leads
to 16 di ˜erent cases of coe£ cients B

U V E
r s , whi ch wi l l be presented below. W e are

interested in the coe£ ci ents B
U V E
r s when the i rrep E p appears in the decom po-

siti ons of R D U and R D V . Let, as in Sec. 2.3, V = C k or D k and U = C l or
D l . Then the index p of the i rrep E p has to sati sfy both condi ti ons: p = p k k and
p = p l l . Theref ore, p = l cm (k ; l ) p = hp = N p =â and ' = 2 ¤ p=N = 2 ¤ p =â .
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Let subgroups U; V be cyclic. Then both repeti ti on indi ces r ; s = 1 ; 2 , so
there are four di ˜erent coe£ cients B

U V E p

r s ( g j ) . W e have chosen elements C
j

N
and

U j ; j = 0 ; 1 ; . . . ; Ñ À 1 as representati ves of the left cosets g j C l wi th representati on
m atri ces

E p ( C
j

N
) =

ê
cos j ' À sin j '

sin j ' cos j '

!

; E p ( U j ) =

ê
cos j ' sin j '

sin j ' À cos j '

!

:

T aking al l these relati ons into account one obta ins

B
C l C k E p

1 1
( C

j

N
) = B

C l C E
( C

j

N
) = B

C C E
( U j ) = À B

C C E
( U j ) = cos j '; (29)

B
C C E

( C
j

N
) = À B

C C E
( C

j

N
) = B

C C E
( U j ) = B

C C E
( U j ) = sin j ': (30)

W hen the subgroup V i s di hedra l then the repeti ti on index can be om i tted, but
two typ es of di hedra l subgroups have to be considered. It leads to the fol lowi ng
form ulae:

B
C D E

r
( C j

N
) = B

C D E

r
( U j ) = cos j '; (31)

B
C D E

r
( U j ) = À B

C D E

r
( C j

N
) = sin j '; (32)

B
C D E

r
( C j

N
) = B

C D E

r
( U j ) = cos( j À 1 =2 ) '; (33)

B
C D E

r
( U j ) = À B

C D E

r
( C j

N
) = sin( j À 1 =2 ) ': (34)

The case U = D l ; V = C k i s a bi t easier to di scuss, since the left cosets g j D l are
represented by the elements C

j

N
onl y,

B
D C E

s
(C j

N
) = cos j '; (35)

B
D C E

s
(g j ) = sin j '; (36)

B
D C E

s
(C

j

N
) = cos( j + 1 =2 ) '; (37)

B
D C E

s
(g j ) = sin ( j + 1 =2 ) ': (38)

In the last four casesboth subgroups are dihedra l , so g j = C
j

N
and di ˜erent typ es

of subgroups are considered. The Ùnal results are as fol lows:

B D D E ( C
j
N ) = cos j '; (39)

B D D E ( C
j
N ) = cos( j + 1 =2 ) '; (40)

B D D E ( C j
N

) = cos( j À 1 =2 ) '; (41)

B D D E ( C j
N

) = cos j ': (42)

The equati on presented to gether wi th Eqs. (15{ 22) enabl e us to determ ine
m atri x elements for any operator com muting wi th P ( g ) .
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3. E x am ple

Let us consider a ri ng of six spins s = 1 wi th the symm etry group D 6 and
the anti ferromagneti c intera cti ons of the nearest-neighbors (J = À 1 )

H =

6X

j =1

s j Â s j +1 ; 6 + j ² j:

The di m ension of the space of states is (2 s + 1 ) N = 7 2 9 , so i t is not so large, but
i t is su£ cient to i l lustra te appl icati on of the m etho d presented in thi s paper.

Since in thi s case the m agneti zati on is a good quantum num ber, then at Ùrst
we consi der ordered and non-ordered parti ti ons of N = 6 into no more tha n 2 s+1 =

3 parts. There are seven ordered parti ti ons: [6 0 0 ]; [ 5 1 0 ] ; [4 2 0 ]; [4 1 1 ]; [ 3 3 0 ] ; [3 2 1 ],
and [ 2 2 2 ] . They lead to 28 non-ordered parti ti ons, whi ch were presented in the
previ ous paper [6] in T able I. On the other hand, some sim ple combi nato ri al con-
siderati ons yi eld the di mensions of subspaceswi th a given m agneti zati on M [6, 10].
The resul ts obta ined are col lected in T able I II. D ue to the ti m e-reversal sym m etry
i t is enough to consider the states wi th M Ñ 0 .

T ABLE I II
Dimension s of subspaces of a given magneti zatio n

M Ñ and non- ordered partitions related w ith them.

M non- ordered partitions k dim L

0 [303], [222], [141] , [060] 20, 90, 30, 1 141

1 [213] , [132], [051] 60, 60, 6 126

2 [204] , [123], [042] 15, 60, 15 90

3 [114], [033] 30, 20 50

4 [105], [024] 6, 15 21

5 [015] 6 6

6 [006] 1 1

The non-ordered parti ti ons determ ine orbi ts of the symm etri c group Ï . The
acti on of D £ Ï decom posesthem into orbi ts labeled by subgroups U £ D (see
Sec. 2.2 and Fi g. 2). These decompositi ons depend only on the typ e of [ k ], i .e. on
the ordered parti ti on [ ç ] , and are presented below (the numb er before a subgroup
sym bol U denotes the mul tipl icit y of orbi ts of the sam e typ e U ):

[ 6 ] : D ; [ 5 1 ] : D ; [ 4 2 ] : D ; D ; D ; [ 3 3 ] : D ; D ; C ;

[ 4 1 1 ] : D ; 2 C ; [3 2 1 ] : 2 D ; 4 C ; [ 2 2 2 ] : C ; 3 D ; 3 D ; 4 C :

These results yi eld cl assiÙcati on of orbi ts by the magneti zati on M and the typ e U :

M = 6 : D ; M = 5 : D ; M = 4 : D ; 2 D ; D ;
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M = 3 : D 0
3

; 2 D 0
1

; 3 C 1 ; M = 2 : 2 D 2 ; 4 D 0
1

; 2 D 1
1

; 4 C 1 ;

M = 1 : 5 D 0
1

; 8 C 1 ; M = 0 : D 6 ; D 0
3

; C 2 ; 5 D ; 3 D ; 7 C :

Now, taki ng into account the decompositi ons presented in T able I I, we can wri te
down the m ulti pl ici ti es n ( À ; P L ) for each M 0 . The numb ers presented in
T able IV give us the dim ension of the eigenprobl em ê = E ê restri cted to the
states wi th a given m agneti zati on M and the symm etry described by À . The largest
di mension is reached for M = 0 and À = E . Ho wever, when we are interested in
the ground state only, then À = A and the largest eigenprobl em has a dim ension
1 8 7 2 9 =4 0 . We can decrease these num bers even more taki ng into the square of
the to tal spi n . Since eigenvalues of thi s operator are S ( S + 1 ) for 0 S 6 , then
i t is enough to Ùnd the corresp ondi ng eigenvecto rs and express the Ham i lto ni an
m atri x in thi s new basis. T able IV pro vi des us also wi th di mensions dim L

of subspaces wi th a given to ta l spin S and the m axi mum m agneti zati on M = S

correspondi ng to an i rrep À . It is enough to subtra ct adjoini ng rows of thi s ta ble
(except for the Ùrst one since dim L = dim L ), because states wi th
M = S are these wi th a given M except for tho se wi th S = M + 1 , whi ch are
l isted in the previ ous row. For exam ple, the dim ensions dim L are 5, 1, 6,
2, 3, 0, and 1 for S = 0 ; 1 ; . . . ; 6 , respectivel y. In the sam e way one obta ins tha t
the subspace of states wi th M = S = 0 has the dim ension dim L = 1 5 and

P L = 5 A 2 B E 3 E ;

so the di mension of the Ham i lto nia n eigenprobl em in thi s case is at m ost Ùve. The
overal l m aximum is reached for M = S = 2 and À = E and equals eight, i .e.
about one ni neti eth of the origina l dim ension dim L = 7 2 9 .

TABLE IV

À

Let us restri ct the further consi derati ons to the case M = S = 0 and À = A .
There are 18 orbi ts grouped into four classeslabeled by the non-ordered parti ti ons
[060], [141], [222], and [303]; thei r representati ves are presented in Fi g. 3. Using
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the sym bols j U [ k ] ñ i , where U i s a stabi l izer, [ k ] | a non-ordered parti ti on, and
ñ | a conÙgura ti on expressed as a series (m 1 ; . . . ; m 6 ) wi th Ï standi ng for Ï 1 ,
respect ively, these representa ti ves can be wri tten as:

j 1 i = j D 6 [ 0 6 0 ] (0 ; 0 ; 0 ; 0 ; 0 ; 0 ) i ; j 2 i = j D 0
1 [ 1 4 1 ] (+ ; 0 ; 0 ; À ; 0 ; 0 ) i ;

j 3 i = j C 1 [ 1 4 1 ] (+ ; À ; 0 ; 0 ; 0 ; 0) i ; j 4 i = j C 1 [1 4 1 ](+ ; 0 ; À ; 0 ; 0 ; 0) i ;

j 5 i = j C 2 [ 2 2 2 ] (+ ; 0 ; À ; + ; 0 ; À ) i ; j 6 i = j D 0
1 [ 2 2 2 ] (+ ; 0 ; À ; + ; À ; 0 ) i ;

j 7 i = j D 0
1 [ 2 2 2 ] (0 ; + ; À ; 0 ; À ; +) i ; j 8 i = j D 0

1 [ 2 2 2 ] ( À ; + ; 0 ; À ; 0 ; +) i ;

j 9 i = j D 1
1 [ 2 2 2 ] (+ ; + ; 0 ; À ; À ; 0) i ; j 1 0 i = j D [ 2 2 2 ] (+ ; + ; À ; 0 ; 0 ; À ) i ;

j 1 1 i = j D [ 2 2 2 ] ( À ; À ; + ; 0 ; 0 ; +) i ; j 1 2 i = j C [2 2 2 ](+ ; + ; 0 ; À ; 0 ; À ) i ;

j 1 3 i = j C [ 2 2 2 ] (+ ; 0 ; + ; 0 ; À ; À ) i ; j 1 4 i = j C [2 2 2 ](+ ; À ; + ; 0 ; 0 ; À ) i ;

j 1 5 i = j C [ 2 2 2 ] (+ ; + ; 0 ; 0 ; À ; À ) i ; j 1 6 i = j D [ 3 0 3 ] (+ ; À ; + ; À ; + ; À ) i ;

j 1 7 i = j D [ 3 0 3 ] (+ ; + ; À ; À ; À ; +) i ; j 1 8 i = j C [3 0 3 ](+ ; + ; À ; + ; À ; À ) i :

Each orbi t givesri seto onl y one state j j ; A i ² j j i ; j = 1 ; 2 ; . . . ; 1 8 , wi th sym m etry
À = A constructed as a norm ali zed sum of al l j D j = j U j states in a given orbi t
O ( U; [ k ] ; ñ ) ² O .

Since the Ham i lto ni an considered is isotro pi c, then we can use the tota l spin
num ber S to label eigenstates. The operator can be expressed as

= + 2 Â = 1 2 + 2 H + 2 Â + 2 Â :

The di agonal parts of H and are given as

H = s s ;
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S2
diag = 12 + 2H dia g + 2

6X

i =1

sz
i s z

i +2 + 2

3X

i =1

s z
i s z

i +3 :

In the Ùrst case (f or H dia g ) one obta ins the fo llowi ng 18 eigenvalues: 0 ; 0 ; À 1 ; 0 ;

À 2 ; À 2 ; À 2 ; À 2 ; 2 ; À 1 ; À 1 ; 0 ; 0 ; À 3 ; 1 ; À 6 ; 2 , and { 2. The case of S operato r
is even m ore sim ple, since the di agonal values depend only on the parti ti on [ k ] and
one obta ins four numb ers: 12, 10 (orbi ts 2, 3, 4), 8 (orbi ts 5 thro ugh 15), and 6
(orbi ts 16, 17, 18).

T o consi der o˜- diagonal term s conta ining step operato rs s
i

we start wi th a
graph of parti ti ons:

[060] [141] [222] [303]

Thi s graph leads to a bl ock structure of o˜- diagonal parts of the Ham i lto nia n and
S (sym m etri c) m atri ces:

C

C
y

A D

D
y

B E

E
y

;

where rows and colum ns are labeled by non-ordered parti ti ons and y denotes
the Herm i ti an conj ugati on. Al l these blocks m ay conta in non-zero elements for
À = A , because thi s representati on app ears in the decompositi on of any tra nsi ti ve
i rreps. A m ore deta i led structure can be obta ined i f orbi t stabi l izers are ta ken into
account (now rows and colum ns are labeled by pai rs ( U; [ k ] ) ; borders of the blocks
intro duced above are denoted by l ines):

C C

C
y

A A D D D D

C
y

A
y

A D D D D

D
y

D
y

B B B B E E E

D
y

D
y

B
y

B B B E E E

D
y

D
y

B
y

B
y

B B E E E

D
y

D
y

B
y

B
y

B
y

B E E E

E
y

E
y

E
y

E
y

E
y

E
y

E
y

E
y

E
y

E
y

E
y

E
y

;
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Dependi ng on the representa ti on considered som e bl ocks have to conta in only ze-
roes. For exam ple, when À = A 2 , then only blocks A 2 ; B 1 ; B 4 ; B 7 ; D 5 ; D 8 ; E 3 ; E 1 2

m ay conta in non-zero entri es. It f ollows from the fact tha t the i rrep A 2 appears in
the decom positi on of a tra nsiti ve representa ti on R D U i f U i s a cycl ic subgroup
of D N .

The classiÙcati on of orbi ts wi th M = 0 by typ e U yi elds tha t there are
six di ˜erent typ es of orbi ts, nam ely D ; D ; C ; D ; D ; C , so there are 21
di ˜erent doubl e cosets to be considered. Ho wever, the m atri x structure presented
above excludes cosets D g D ; D g D ; D g D ; D g C , and D g D .

Two notes are in place: (i ) since we consider the case À = A , so al l coe£ -
ci ents B U V À = 1 ; (i i ) the o˜- di agonal term s conta in products s i s i , whi ch acti ng
on kets j m i m i i give zero or 2 j m i + 1 ; m i À 1 i , theref ore term s ( s i s i + s i s i ) =2 are
repl aced by ¥

i
¥

i
+ ¥

i
¥

i
, where ¥

i
j Ï 1 i = 0 and ¥

i
j m i i = j m i Ï 1 i , otherwi se.

Let us consi der, as an exam ple, the 16th colum n of an operato r matri x. Thi s
colum n corresp onds to the tw o-element orbi t conta ini ng the NÇeel conÙgura ti ons
j + ; À ; + ; À ; + ; Ài and j À ; + ; À ; + ; À ; + i wi th a stabi l izer D and labeled by the
non-ordered parti ti on [303]. Theref ore, non-zero entri es in thi s colum n, for opera-
to rs constructe d of bi l inear term s, can appear only in the bl ock E , i .e. rows labeled
by the parti ti on [222] (except for the diagonal term s

i ; i
sz

i
s z

i
). So, one has to

consider f our sets of doubl e cosets D n D =U wi th U = C ; D ; D , and C . In
al l casesk = 3 and ç = 3 ; in the Ùrst case (U = C ) l = 2 ; Ñ = 3 , so sd( k ; l ) = 6

and â = 1 , wherea s in the other cases we have l = 1 ; Ñ = 6 ; sd( k ; l ) = 3 and
â = 2 . Equa ti ons (16), (17), and (20) yi eld the fol lowing form ulae (the repeti ti on
indi ces r ; s m ay be om i tted):

h
C ñ; D ¡

( A ) = 2
p

3 f ( E ); h
C ñ; D ¡

( A ) =
p

6 ( f ( E ) + f ( C )) ;

h D ñ; D ¡ ( A ) = 2
p

3 f ( E ); h D ñ; D ¡ ( A ) =
p

3 ( f (E ) + f ( C )) :

Theref ore, one has to ta ke into account the states j j i , for 5 ç j ç 1 5 and P ( C ) j j i

for j = 6 ; 7 ; 8 ; 1 2 ; 13 ; 14 , and 15. Onl y two of them are obta ined f rom j 1 6 i under
the acti on of bi l inear term s ¥

i
¥

i
, namely

P ( C ) j 7 i = j + ; 0 ; + ; À ; 0 ; Ài = ¥ ¥ j + ; À ; + ; À ; + ; Ài ;

and

j 1 4 i = j + ; À ; + ; 0 ; 0 ; Ài = ¥ ¥ j + ; À ; + ; À ; + ; Ài :

Hence, the non-zero o˜- diagonal term s in the sixteenth colum n are

H ; =
p

6 ;
;

= 2
p

3 ;
;

= 2
p

6 :

Al l other elements of operato r matri ces can be obta ined using the fol lowing f or-
m ulae:

h C ñ; D ¡ ( A ) =
p

2 h D ñ; D ¡ ( A ) = 2
p

3 f ( E ) ;
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h D 0

1
ñ; C 2 ¡ ( A 1 ) = h D 1

1
ñ; C 2 ¡ ( A 1 ) = h D 1

1
ñ; D 0

1
¡ ( A 1 ) = 2

2X

d

f ( C d ) ;

h C ñ; C ¡ ( A ) = 2 h C ñ; C ¡ ( A ) = 2

d

f ( C d ) + f ( U d ) ;

h D ñ; D ¡ ( A ) = h D ñ; D ¡ (A ) = f ( E ) + f ( C ) + 2 f (C ) + f ( C ) ;

h C ñ; D ¡ ( A ) = h C ñ; D ¡ ( A ) = 2

d

f ( C d ) ;

h C ñ; C ¡ ( A ) =

d

f ( C d ) + f ( U d ) :

The m atri ces of the Ham i lto ni an and the square of to ta l spin are presented
in T able V.

TABLE V
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The i rrep A 1 has not been chosen m erely due to the simpl est f orm of the
coe£ cients B U V A 1 ( g ) , but in order to i l lustra te the other way of determ inati on of
m atri x elements in thi s case. Let an orbi t O j consists of n j = j G j = j U j j elements
(U j is a stabi l izer of the conÙgura ti on j j i ² j U j [ k ] ñ i ). Hence, the ful ly sym m etri c
state j j 0

i ² j j ; À 0 i i s given as

j j 0
i =

1
p

n j

n jX

i =1

P ( g i ) j j i ; (43)

where g i are representa ti ves of left cosets g i U j 2 G =U j . Since a stabi l izer of each
element in the orbi t O j has j U j j elements then

j j 0
i =

1

j U j j

p

n j

X

g G

P ( g i ) j j i =

p

n j

j G j
g G

P ( g ) j j i :

Let H denote the o˜- di agonal part of a Ham i lto nian H , i .e. H = H À H . The
sym m etry operato rs P ( g ) com mute wi th a Ham i lto ni an H , so

H j j i =

p

n j

j G j
g G

P ( g ) H j j i :

T o sim pl i fy the further consi derati ons we lim i t ourselves to the cases s = 1 =2 ; 1 ,
when s

i
s

i
j m i . . . ; m i i = j m i + 1 ; m i À 1 i or ¥

i
¥

i
j m i ; m i . . .i = j m i + 1 ; m i À 1 i ,

since in the case of larger spi n numb ers a m ore detai led discussion is necessary .
Under thi s assumpti on, each of o˜- di agonal term s of the bi l inear Ha mi lto nian gives
the empty state j i or one conÙgurati on wi tho ut any coe£ cients. Let n j k denote a
num ber of conÙgurati ons obta ined from j j i (by the acti on of H ) and belonging
to the orbi t O k . Then

g
P ( g )H j j i conta ins j G j n j k conÙgura ti ons from the orbi t

O k . Since the state j k i ² j k ; A i are constructed from al l n k elements of the
orbi t O k , then j G j n j k has to be di vi sibl e by n k and each element of the orbi t O k

app ears j G j n j k =n k ti mes in the considered sum
g

P ( g ) H j j i . Theref ore, one can
construct j G j n j k =

p

n k vectors j k i . As the resul t we obta in

h k j H j j i =

p

n j

j G j

j G j n j k
p

n k

= n j k

n j

n k

= n j k

j U k j

j U j j

:

In the exam ple presented above j j i = j + ; À ; + ; À ; + ; Ài and the o˜- diagonal term s
of the Ha mi l toni an give us six conÙgura ti ons belonging to the orbi t O (wi th
n = 1 2 ). The addi ti onal term s in operator lead to three conÙgurati ons in the
6-element orbi t O . Theref ore,

H ; =
1

2
; = 6

2

1 2
=

p

6 ;
1

2
; = 3

2

6
=

p

3 ;

whi ch agrees wi th the previ ous results.
The further considerati ons go beyond the scope of thi s paper, since there are

som e num erical ra ther tha n combi natori al probl ems. However, we are very close
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to the soluti on of the eigenprobl em and it is interesti ng to calculate the ground
state energy. In the case of isotro pic Ham i lto nia ns, when S is a good quantum
num ber, we determ ine an ortho norm al basis for each space L M = S; A 1

solvi ng the
eigenproblem S2

j ¢ i = S ( S + 1 ) j ¢ i for S = 0 ; 1 ; 2 ; 3 ; 4 ; 6 (S = 5 may be om i tted
since there are no states wi th M = S = 5 and À = A 1 ). It can be done, for exampl e,
usi ng such packagesas M AT H E M AT I C A or num eri cal l ibra ri es for calcul ati ons
wi th an arbi tra ry preci sion as GMP [5]. Then, we tra nsform the Ha mi l to nian to
thi s new basis, whi ch leads to a quasi-di agonal m atri x consisti ng of bl ocks wi th
di mensions 5, 1, 6, 2, 3, 1 for S = 0 ; 1 ; 2 ; 3 ; 4 ; 6 , respecti vely. It is easy to solve
the eigenpro blems for such smal l bl ocks and, for exam ple, in the case S = 0 we
obta in Ùve eigenvalues: { 8.6174, { 4.7979, { 3.3302, { 0.3391, 3.0846, where the Ùrst
one corresp onds to the ground state wi th energy per spin { 1.43624. In the case of
such smal l eigenprobl ems one can also determ ine eigenstatesx and, theref ore, i t is
possible to calcul ate spin correl ati ons in the ground state.

4. Fi nal r em ar k s

In thi s paper we have studi ed pro perti es of the dihedra l groups D N to obta in
analyti cal f orm ulae for a numb er of doubl e cosets and thei r elements. These resul ts
are necessary to expl oi t in ful l symm etry pro perti es of a given spin operato r and
to obta in its m atri x elements in the sym m etry adapted basis. The groups consid-
ered are im porta nt in investigati on of m agneti c m acrom olecules form ing ri ngs or
other structures wi th isomorphic symm etry group (e.g. crown- l ikestructure s). In a
sense, thi s paper, to gether wi th the precedi ng one [6], conti nues wo rks done for the
cycl ic groups by T. Lul ek and one of the autho rs (W .F.) [11]. In tho se arti cles the
ari thm eti c structure of a numb er of nodes N wa s m ostly taken into account and
som e com binatori al obj ect were considered. The present series of papers is m ainly
devoted to combi nato ri al and group- theoreti cal obj ects and the most importa nt
resul t is the form ula for m atri x elements expressed as the sum over representa ti ves
of doubl e cosets. In the case of di hedra l groups the appro ach proposed has two
adv anta ges: (i ) al l form ulae can be obta ined in an analyti cal form and they can
be used in com puter program mes; (i i ) in one di mension a loop over doubl e coset
representa ti ves is, in general, shorter tha n a loop over al l o˜- di agonal elements of
bi l inear Heisenberg Ha m ilto nian, whi ch has been discussed in the previ ous paper
[6]; m oreov er, i t is easy to m odi fy Ha mi l to nian intro duci ng, for exampl e, intera c-
ti ons wi th the next nearest-neighbors or al terna ti ng exchange integ ra ls.

It shoul d be underl ined, however, tha t the Ùnal diagonal izatio n of a given
Ha mi l to nian is (alm ost) always done num eri cal ly, wi th al l round- o˜ errors caused

x Du e t o it s fo rm t h e eig en p rob l em f or S 2
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by the Ûoat- point representa ti on of numb ers. Secondl y, the m etho d proposed onl y
slightl y increa ses the size of the system whi ch can be investi gated. The so-cal led
\ combina to ri al expl osion" leads to very large eigenproblems for qui te smal l sys-
tem s: e.g. a system consisti ng of twel ve spins s = 2 yi elds m ore tha n 240 m ill ions
Isi ng conÙgura ti ons, so there are about ten mi l li ons orbi ts of the di hedra l group
D 1 2 ; m ore tha n 800 tho usands orbi ts corresp ond to M = 0 , so thi s is the appro x-
im ate of S 2 eigenproblem dim ension. On the other hand, a not so m uch smal ler
system wi th N = 8 leads to about 2500 orbi ts wi th M = 0 , whi ch can be in-
vesti gated using m odern computers. A numb er in the same range is obta ined for
N = 1 9 and s = 1 =2 , but we hope to determ ine the ground state energy for the
Hei senberg anti ferrom agneti c ri ng wi th N = 2 4 nodes, where a system of about 50
tho usands l inear equati ons has to be solved. However, i f one woul d l ike to deter-
m ine the therm odyna m ic pro perti es then al l states have to be ta ken into account,
am ong others these wi th the sym metry À = E p , whi ch are two fold degenerate, so
the di mension of S 2 eigenproblem is appro xi matel y two ti mes larger tha n tha t for
one-dim ensional irreps.
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