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Photoionization of He —

a Field Theoretic Approach
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The present paper deals with the field theoretic study of single ion-
ization cross-sections opn and oc of helium due to photoelectric effect and
the Compton scattering, respectively, by photons of energy lying between
0-12 keV. In this energy range, opn gradually decreases with energy while
oc gradually increases. There is a crossover point around 6.5 keV where
Oph = 0¢c = 10~2* ¢cm?2. Near about this crossover point opn and oc curves
are like mirror images. The ratio o¢/opn lies between 0.3 to 1.5 in the energy
range under consideration. The present results are compared with existing
theoretical results.

PACS numbers: 32.80.Cy, 32.80.Fb

1. Introduction

Morgan and Barlett [1], and Hino et al. [2] theoretically investigated single
photoionization (SPI) by applying many-body perturbation theory (MBPT). Hino
et al. [3] extended this approach to obtain cross-sections at high energies. There is
also theoretical calculation by Andersson and Burgdorfer [4] on SPI by photoelec-
tric effect (PEE). Most of the work done are related to the calculations of the ratio
of double to single ionization by photon [3]. However, the calculations vary among
themselves. Since there is still scope for theorisation, we have calculated here SPI of
helium by PEE and the Compton scattering (CS) using field theory, Feynman dia-
gram and covariant Lorentz gauge [5—-8]. The Feynman diagram (Fig. 1) represents
SPI due to PEE, where the high-energy photon interacts with the bound-electron
cloud and ionizes it leaving only the Het ion in ls-state. A change in the static
correlation between the two bound electrons due to photon impact triggers the
process of SPI. In the case of CS there are two Feynman diagrams (Fig. 2a and b)
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Fig. 1. Feynman diagram for photoionization. Double line represents bound electron,
single line represents free electron, broken line represents Coulomb photon, wavy line
with arrow represents photon.

Fig. 2. Feynman diagram for Compton scattering, the same as in Fig. 1: (a) direct

scattering, (b) exchange scattering.

corresponding to direct and exchange interactions, respectively. Here along with
the change in the static correlation between the two bound electrons, dynamic
correlation through electron propagator between the bound and the correspond-
ing outgoing electron come into play. In our calculations the cross-sections due to
PEE gradually decrease with energy of the incident photon, while those due to
CS increase. There is a crossover point near 6.5 keV, where cross-sections for both
processes are the same. It is interesting to note that the Compton curve is mirror
image of the photoelectric curve about this crossover point. Although the present
opn results deviate slightly from the existing theoretical results, a good agreement
1s obtained in the case of oc.

2. Mathematical formalism
2.1. Photoelectric effect
The reaction for SPI by PEE is

He(1s?) + hv — He™(1s) +e. (1)
The amplitude for the process is obtained from Fig. 1 and is given by R, [5]:

Rp = /@f(?“l,7“2,R)”)/NAN(Tl,]C)Wi(?“l,rz,R)d47“1d47“2dR, (2)

where 7, is the Dirac matrix and A,(r1, k) is the wave function for transverse
photon at r; with momentum k. r1, ro, and R are the four-coordinates of the
two bound electrons and the nucleus, respectively. The initial wave function of the
system of bound electrons in He atom is given by [5-7]:

Wi(ﬁﬂ”z,R) = /¢1s2(l‘,y)ﬁ\/%u(bl,Tl)u(bz,rz)

x exp(iRL)exp (ibyr1 + ibzrz)d4r1 d*rod R, (3)
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where u(b;, r;) is the Dirac spinor for the bound electron with four-momenta b; at
the position r; (i = 1, 2). L and L’ are the four-momenta of the nucleus in the
initial and in the final state, respectively. The space coordinates of the electrons
relative to the nucleus are

z=r—R, y=r—R, (4a)

Ps2(2,y) = x1s(2)x15(y)- (4)
For @12 we use the ground state correlated wave function of He atom as in [9]:
X1s(2) = Ae™71T 4 Be™72%
A=0.7349, B=0.799, z =141 2z =261 (5)
The final wave function of the system is

1 m i +
N R) = I(Tlp)@He
f(rlaTZa ) V(27T)3 \/mu(p)e 1s (y)

Xu(bzei“beiRLl. (6)

L’ is the center of mass momentum of the interacting system in the final state.

Ep and P are, respectively, the relativistic energy and momentum of the outgoing
electron. The transverse potential A,(r1, k) with photon polarization vectors A
and momentum k is given by

ikry
Aye

Au(ri, k) = NRE (7)

k is the four-momentum of the photon. On substituting (3)-(7) into Eq. (2)
Ry = C/[U(P)'Yu’\uu(bl)]h[U(b2)u(b2)]rze_i(rlp+r2b2+RLI)

xe sttt ROGH () o (1, ) a0 rad R, (3)

Since at equal time r1g = rag = Ryg, after equal-time integration Eq. (8) becomes

Rp = CXuJa(p)ypu(br)]r, [a(ba)u(b2)]r. 278 (po — ko — bio + Lo — Lo)

X/e—i(r1p+r2b2+RL')e—ikrlei(b1r1+b2r2+RL)

x P ()b, 2 (2, y)dBr d3rod® R, (9)
where

1 m m 1 1
V'V (27)3 V/pobao Vbiobao \/2koV (27)3 (27)3
The product of the spinors are

Tpr = u(p)ypu(br), Tpo = u(bo)u(bs).

C =
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With

Tp = Tp1Tps (10)
we get

Rp :CANTPQT(S(pO_kO_blo—i—LB_LO)IP, (11)

where I, is the overlap integral
Ip = /e_i(Vl'p-l—V?b2+R'LI)e_ik'7'lei(bl'T1+b2'T2+R~L)
X@?se-'—(y)@lﬂ(x, y)d37'1d37‘2d3R. (12)

On substituting » = £+ R, 7 = y + R, and integrating over z, y
I, = (27?63 (p— k— by + L' — L) I,

[ 64A%7%2 2, 8ABTz
-
TULE ) a+ )P GE ) (et 20)

8ABmzy 64B272 2,

, 13
R PR R FTPE (13)

where
thw=L-L=p—k—b. (14)
Knowing that A? = —1, the square of the probability amplitude for PEE
|Ma|? = |Ry R = C2 [(27)*6%(P — k — by + L' — L)]* 2T, T (15)
Again from Refs. [10, 11]:

[(2m)%64 (P —k — by + L' — L)]°

substituting

= VT(2r)*%*(P—k —by + L' — L), (15a)

Pr—Pi=p—k—-b+L — L,

Ey — Ei = E — ko — bio + Lj — Lo,

the transition probability per unit volume per unit time on using (15) and (15a)

reads
2
We = % = C*(2m)*6Y(Pr — Pi)IgthT;
vT
11
R &3 ) 72 *
=’ Wk_o‘s(Ef — Ei)6°(Pr = P) I, TR T, (15b)

To determine the cross-section for SPI due to PEE we have to divide W5 by the
flur of the incoming particles |Jinc| and the number of target particles per unit
volume.
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1/V gives the latter, since the normalization of the wave functions was per-
formed in such a way that there is just one particle in the normalization volume
V. Furthermore, we have to sum (integrate) over the possible final states of the
ionized electron and the final Het ion to obtain the cross-section. The number of
final states in the momentum interval d®pd3 L’ is

, &3p B3I
(27)% (2m)3°

The cross-section is now given by the sixfold integration

11 , d®p d3L'
7ph /V|Jmc|WﬁV 2n) (2n) (16)
As the target atom is assumed to be at rest I = 0 and the incident flux be-
comes [11]:
|Jine| = —=l¢|, ¢=-— being the velocity of light.
V ko

This leads to
1 1 1 1

- — = . 17
k’o V|Jinc| ]C0|C| |k| ( )
d3 L' in (16) is integrated over momentum é-function and we get
L/ =k- bl - D,
and we also use the relation [12]:
dPpé(Er — Ei) = ﬁdﬂ = |p|Ed (17a)
(OE/0|pl)
Knowing that
by = (b10,0), ba = (b20,0), (18)
Ty = (T Th ) (Tpa 1), (19)
where
TorTy1 = [u(p)yuu(b)][ulbr)yuu(p)], (20)
Tpo Ty, = [ulbz)u(bz)u(ba)u(bs)],
we get after calculating the traces in (19)
. _ (m+ E)(m —ei5) | [(m = e15)°
T = |1 - o~ Rl (21)

The cross-section for PEE (16) becomes on using (17), (17a) and integrating

over df2:

Ar(2m)*C’? 1
[kl (27)

Tph = T, Ty 12, |plE. (22)
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For small recoil momentum and small energy transfer to the ion we get from
the energy é-function £ = kg — e14:
(4m) C"?
Oph = ——F ———
TR @)
Finally, the cross-section is obtained (Fig. 3) by assuming the recoil of the target

T, Ty 12, mV2m(ko — e15)%/2. (23)

to be very small: t1; ~ 0.
2.2. Compton scattering

The reaction for the process of SPI due to CS is given by

He ++ = Het(1s) + e +7, (24)
which is represented by two diagrams (Figs. 2a, b). The second-order S-matrix Rcs

for CS is given by current—current interactions. Contributions from the direct and
exchange terms are, respectively, R4, Re, where

Ra = [(J5 )rs Ak, NS )y Av (K, 7)), (25)

Re = [(J5 )y Aull, rON(TS s Av (K 71))- (26)
The electron currents at ry and 7| are given by

(Jg Jre = W(r1)yu¥(r1, m2, R), (27)

(i drp =W (ry, 72, R)yul(ry), (28)

and the matrix element for SPI by CS is

Rcs = Rq + Re. (29)

(a) Direct term (Fig. 2a):

Using Eqgs. (3)—(6) we write the following expression for the electron propa-
gator between ry and r/:

_ e~ (=) (5 4 m)dds
V) = S -y = [ 30

The direct term (24)

Ry = / T v, Ry Ao (K, 7,)S( — 1)

X Au(k, 7))y (r1, o, R)dridradridR. (31)
After necessary substitution
Ry =C.T4lq, (32)

where I3 i1s the overlap integral, T4 is the product of the spinors and C. is a
constant,
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1

CC == C ’
(27)%/2Vk}(27)3

1 .
Iy = / m@?seJr(y)@lsz(x, y)exp {i[(rip + rabs + RL") — kry

—s' (P — 1) + k'r] — (byry + bars + RL) A rid?r d?rad?s’.

After equal-time integration and integration over s’ as in (11)-(13) we get
1
Id:I/dWQF(SO(pO‘Fké—ko_b10+L6—L0), (32&)
2 —
where s; = p+ k', and the overlap integral
Ii=NQ@2r)?3(p+k +L —k— L)

6442522 64ABw2 2
(F +#) 2 a+ 1) (2 + ) (a+ )
64ABT% 2, 64B% 7%z,
(3 +#)(a+2)? (5 +8) o+ )

We substitute in the subsequent calculations

h=p+k—k I=L-L, Tq=Tnlso, (34)

where

Tar = u(p)yur* (e + m)y, A" u(by),

Tar = U(bz)u(bz) (35)
Since for the polarisation A, A2 = —1, we get after calculating the traces

leTch = [32(p . St)blosto — 16])0[)10&%2 — 16m2(p . St) —|— 16m2p0b10

—16m?s:0b1 + 4m?s? + m?],

2

. b
TdZsz = m—22 + Z’

O Tali(2m)*8(E; — Er)83(P; — Py)

57 —m?

Raq

and the square of the amplitude from direct term

G2l (B — En$ (P — PO2TiTal
fatte = (57— m?)? |
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(b) Exchange term (Fig. 2b):
From (25) the exchange amplitude R is written as below:
Ro= [T Ry A, (kS04 = )

XAy (k' 71)7, ¥ (r1, ro, R)dridradridR.
After necessary substitution from (3)—(6) and (30) and writing

1 .
Ie = / m@?seJr(y)@lsz(x, y)exp {i[(rip + rabs + RL') + k'ry

—5'(ry = 1) = kry = (biry + borz + RL)]} dPrydrf dtrad?s’,
Ter = u(p)yu A (8e + m)v A u(by),

Teo = U(bz)u(bz) =T42,
and T'e = Te1Ten, the amplitude becomes

Re=C.T.I..
After equal-time integration and integration over v}, 71, R and s’ we get
1
— / / /
I = 2wéo(po + k{ — ko — bro+ Lj — 10)52e o I,
where se = p — k.
6442722, 64AB7T% 2

II'=N 27)363(P; — P
O P =P | ey 2P T (@t B)at )P

64AB72 2, 64B272 2,
(B + (o423 (3 +1)a+ )P

bl

tl =p— k— b1~
Since A2 = —1, we get for the trace parts

T5Ter = [32(p - 8e)b1osen — 16pgbios?
—16m*(p - s¢) + 16m?pob1g — 16m?spbio + 4m?s? + m1],

Te*zTez = ngTdQ.
Finally, the square of the amplitude from exchange term becomes

e, CALETO(E = E)*(P = POPTET.I?
T (52 —m?)? |

(44)

(45)

(46)
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2.3. Cross-section

The total amplitude for SPI by the CS process is given by
IM§|? = R{Rq+ R:Re+ RiRe + R:Rq. (47)
The interference of the direct and exchange term
RYRe + R:Rq = 2R} R.,
where
T, Tl

xp 2 4¢3/ p. , 2
RiR. = CZ[(2m)"8°(P; — Pr)6(F; — Ey)] e p— (48)
Again from (34) and (40)
TiTe = [T5 T |[T5:Teo], (49)

T Ter = (1/4m?)[psa(16b10se0 — 8m?) + pse(16b19540 — 8m?)
+8d8e(4m? — 16pgb1g) + 16m?pobio — 8m?saob1o — 8m?senbio + 4m?],

. b3 1
Td2T62 = W + Z
The transition probability per unit volume per unit time is
| M|
W§ = ——.
VT
The cross-section for single ionization by the Compton scattering is given as in
(16) by
11 d3k" d3p
=] = WgEV? . 50
7¢ / VTl 07 (27)3 (27)3 (50
Integration over &’ is done using momentum §-function. Here we made use of (15a),

(15b) and (17). The total cross-section is plotted in Fig. 3. In Fig. 4, ratio of the
cross-sections by CS and PEE is shown.

3. Results and discussions

In this paper we have obtained single ionization of helium due to photoelec-
tric effect and the Compton scattering in the energy range 0.1 keV to 12 keV.
Results are compared with the existing theoretical calculations [2, 4]. A compar-
ative study of the two processes shows that in the energy region 0.5 keV, opp
dominates the ionization process over o¢ (Fig. 3). This is also found in the theo-
retical work of Hino et al. [2].Beyond that energy oc is greater than opn. We have
calculated single photoionization cross-section by PEE for helium from diagram
(Fig. 1). Tt is a first-order process in which one of the bound electrons escapes due
to a change in the static correlation between bound electrons by interaction with
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Fig. 3. Cross-section for single photoionization versus incident photon energy. Pho-
toionization: present field theoretic calculation - - - -, calculation done by Andersson and

Burgdorfer [4] *, MBPT [2] calculation by Hino et al. . Compton scattering: present

field theoretic calculation ——, calculation by Hino et al. [3] +.
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Fig. 4. Ratio of Compton scattering cross-section and photoionization cross-section
versus incident photon energy. Present field theoretic calculation —, calculation by
Viegele [13] +, calculation by Hino and McGuire [3] e, calculation by Morgan and
Barlett [1] .

photon, while the second electron remains bound with the helium ion in 1s-state.
In the Compton scattering the Feynman diagrams are of second order and con-
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sist of direct and exchange diagrams. Physically CS is caused by change in static
correlation along with the involvement of dynamic correlation between the bound
and the ionized electron through photon propagator. Contributions from the di-
rect and the exchange diagrams are small compared to the contribution from the
interference term between the direct and exchange processes. The energy range of
incident photon 1s 0.2-12 keV. In the case of photoelectric effect the cross-section
asymptotically decreases with energy as in the case of Hino et al. [2]. Present value
for opn up to about 5 keV is slightly below that of the existing theoretical value
(Fig. 3), while the present result above 5 keV remains slightly greater than the
existing result. In the case of o¢, the present result almost agrees with the existing
calculation (Fig. 3). However, o¢ rapidly increases with energy in the low energy
region and the rate of increment becomes slow as energy increases from 7-12 keV.
At about 6.5 keV both the processes give similar contribution and beyond that
energy the rate of increase in o and rate of decrease in opp, are almost identical. It
is interesting to note that the Compton curve is a mirror image of the photoelectric
curve about this crossover point. The ratio of the ionization cross-sections (Fig. 4)
by the Compton effect to that by photoelectric effect gradually increases with en-
ergy of the incident photon. Near 4 keV it is almost 0.4 while near 6.5 keV 1t is
almost 1. Beyond 7 keV the ratio increases and becomes 1.4 near about 12 keV. In
the high energy limit the Compton scattering dominates the ionization process.

4. Conclusion

In single ionization by the Compton scattering a part of the energy Kg—¢e1;
is carried away by photoelectron and the remaining part by scattered photon,
while in the photoelectric effect most of the energy Ky — €15 is carried away by
photoelectron. Hence looking to the energy spectrum of the electrons one may
diagnose which of the processes PEE and CS are involved in producing SPI in He.

In conclusion we find it most encouraging that this compact yet simple QED
formulation can elegantly explain single photoionization by photoelectric effect
and the Compton effect. The formulation of this photon—atom collision problem
in a gauge-invariant language, which is similar to those describing most of the
fundamental interactions in nature, has its own intrinsic appeal.
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