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Th e present paper deals w ith the Ùeld the oreti c study of single ion -
i zation cross- sections ¥ p h and ¥ C of heliu m due to photo electric e˜ect and

the C ompton scattering , resp ecti vely , by photons of energy lying betw een
0{ 12 keV . In this energy range, ¥ p h graduall y decreases w ith energy while
¥ C graduall y increases. There is a crossover point around 6. 5 keV w here
¥ p h = ¥ C = 10À 24 cm 2 . N ear about this crossover point ¥ p h and ¥ C curves

are like mirror images. The ratio ¥ C =¥ p h lies betw een 0.3 to 1.5 in the energy
range under consideratio n. T he present results are compared w ith existing
theoretical results.

PAC S numb ers: 32.80.C y, 32.80.Fb

1. I n t rod uct io n

Mo rgan and Barl ett [1], and Hi no et al . [2] theo reti cal ly investigated sing le
photo ioni zati on (SPI) by appl yi ng m any -body perturba ti on theory (MBP T). Hi no
et al . [3] extended thi s appro ach to obta in cross-sections at high energies. There is
also theo reti cal calcul ati on by Andersson and Burg dor fer [4] on SPI by photo elec-
tri c ẽ ect (PEE). Mo st of the wo rk done are related to the calculati ons of the rati o
of doubl e to single ionizati on by photo n [3]. However, the calcul ati ons vary am ong
them selves. Since there is sti l l scope for theo risati on, we have calcul ated here SPI of
hel ium by PEE and the Co mpto n scatteri ng (CS) usi ng Ùeld theo ry, Feynman dia-
gram and covariant Lorentz gauge [5{ 8]. The Feynman di agram (Fi g. 1) represents
SPI due to PEE, where the high-energy photo n intera cts wi th the bound-electron
cl oud and ionizes i t leavi ng onl y the He+ ion in 1 s -sta te. A change in the stati c
correl ati on between the two bound electrons due to photo n impact tri ggers the
pro cess of SPI. In the case of CS there are two Feynm an diagram s (Fi g. 2a and b)
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Fig. 1. Feynman diagram for photoioni zatio n. Double line represents bound electron,

single line represents free electron, broken line represents Coulomb photon, w avy line

w ith arrow represents photon.

Fig. 2. Feynman diagram for C ompton scattering, the same as in Fig. 1: (a) direct

scattering, (b) exchange scattering.

correspondi ng to di rect and exchange intera cti ons, respecti vel y. Here along wi th
the change in the stati c correl ati on between the two bound electrons, dyna m ic
correl ati on thro ugh electron propagato r between the bound and the corresp ond-
ing outg oing electron come into play. In our calcul ati ons the cross-sections due to
PEE gradual ly decrease wi th energy of the inci dent photo n, whi le tho se due to
CS increase. There is a crossover point near 6.5 keV, where cro ss-secti ons for both
pro cesses are the same. It is interesti ng to note tha t the Com pto n curve is m irro r
im age of the photo electri c curve about thi s crossover point. Al tho ugh the present
¥ ph resul ts devi ate slightl y from the exi sti ng theo reti cal resul ts, a good agreement
is obta ined in the case of ¥ C .

2 . M at hem at ica l for m al ism

2.1. Phot oelect r ic ẽ e ct

The reacti on for SPI by PEE is

He(1 s 2 ) + h ¡ ! He+ (1 s ) + e: (1)

The am pl itude for the process is obta ined from Fi g. 1 and is given by R p [5]:

R p =

Z

ˆ f ( r 1 ; r 2 ; R ) Ûñ A (r 1 ; k )ˆ ( r 1 ; r 2 ; R ) d4 r 1 d 4 r 2 dR ; (2)

where Û i s the Dirac m atri x and A ( r 1 ; k ) i s the wave functi on for tra nsverse
photo n at r 1 wi th mom entum k : r 1 ; r 2 , and R are the four- coordi nates of the
two bound electrons and the nucl eus, respecti vel y. The ini ti al wa vef uncti on of the
system of bound electrons in He ato m is given by [5{ 7]:

ˆ ( r 1 ; r 2 ; R ) = ¢ 1 ( x ; y )
1

(2 ¤ ) 3

m

b1 0 b 2 0

u ( b1 ; r 1 ) u (b 2 ; r 2 )

exp( iR L ) exp ( ib1 r 1 + ib2 r 2 ) d 4 r d 4 r dR 4 ; (3)
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where u (b i ; r i ) i s the D irac spinor for the bound electro n wi th four- m omenta bi at
the positi on r i ( i = 1 ; 2 ) . L and L 0 are the four-m omenta of the nucl eus in the
ini ti al and in the Ùnal state, respectivel y. The space coordi nates of the electrons
relati ve to the nucl eus are

x = r 1 À R ; y = r 2 ; (4a)

` 1 ( x ; y ) = â 1 ( x ) â 1 ( y ): (4)

For ` 1 we use the ground state correl ated wave functi on of He ato m as in [9]:

â 1 ( x ) = A e + B e ;

A = 0 : 7 3 4 9 ; B = 0 : 7 9 9 ; z1 = 1 : 4 1 ; z 2 = 2 : 6 1 : (5)

The Ùnal wa ve functi on of the system is

ˆ ( r 1 ; r 2 ; R ) =
1

V (2 ¤ ) 3

m

p 0 b2 0

u (p )e ( )
`

1
(y )

u (b 2 e e : (6)

L i s the center of m ass m omentum of the intera cti ng system in the Ùnal state.
E and P are, respecti vely, the relati vi sti c energy and m omentum of the outg oing
electron. The tra nsverse potenti al A ( r 1 ; k ) wi th photo n polari zati on vecto rs Ñ

and mom entum k i s given by

A ( r 1 ; k ) =
Ñ e

2 k 0 V (2 ¤ ) 3
: (7)

k i s the four-m om entum of the photo n. On substi tuti ng (3){ (7) into Eq. (2)

R = C [ u (p ) Û Ñ u ( b1 ) ] [ u (b 2 ) u ( b2 )] e ( + + )

e e ( + + ) `
1

(y ) ` 1 ( x ; y ) d 4 r 1 d4 r 2 d 4 R : (8)

Since at equal ti m e r 1 0 = r 2 0 = R 0 , after equal -ti m e integ rati on Eq. (8) becom es

R = C Ñ [ u ( p ) Û u ( b1 )] [ u ( b2 )u ( b2 )] 2 ¤ £( p 0 k 0 b1 0 + L 0 L 0 )

e ( + + ) e e ( + + )

`
1

(y ) ` 1 ( x ; y ) d 3 r 1 d 3 r 2 d 3 R ; (9)

where

C =
1

V (2 ¤ ) 3

m

p 0 b2 0

m

b 1 0 b2 0

1

2 k 0 V (2 ¤ ) 3

1

(2 ¤ ) 3
:

The pro duct of the spinors are

T 1 = u (p )Û u ( b1 ) ; T 2 = u ( b2 ) u ( b2 ) :
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W i th

T p = T p 1 T p 2 (10)

we get

R p = C Ññ Tp 2 ¤ £ ( p 0 À k 0 À b 1 0 + L 0

0 À L 0 ) I p ; (11)

where I i s the overl ap integ ra l

I = e ( + + ) e e ( + + )

` 1 (y ) ` 1 ( x ; y ) d d d : (12)

On substi tuti ng 1 = + ; 2 = + , and integ rati ng over x ; y

I = (2 ¤ ) 3 £ 3 ( 1 + ) I ;

I =
6 4 A 2 ¤ 2 z 1

(z 2
1

+ t 2
1 1

) 2 ( ˜ + z 1 ) 3
+

8 AB ¤ z 1

( z 2
1

+ t 2
1 1

)( ˜ + z 2 ) 3

+
8 AB ¤ z 2

( z 2
2 + t 2

1 1 )( ˜ + z 1 ) 3
+

6 4 B 2 ¤ 2 z2

( z 2
2 + t 2

1 1 )2 ( ˜ + z 2 ) 3
; (13)

where

1 1 = = 1 : (14)

Kno wi ng tha t Ñ2 = 1 , the square of the pro babi li t y am pl itude for PEE

M 2 = R R = C 2 (2 ¤ )4 £ 4 ( P k b1 + L L )
2

I 2 T T : (15)

Again from R efs. [10, 11]:

(2 ¤ ) 4 £4 ( P k b1 + L L )
2

= V T (2 ¤ ) 4 £ 4 ( P k b1 + L L ) ; (15a)

substi tuti ng

P P = p k b 1 + L L;

E E = E k 0 b1 0 + L 0 L 0 ;

the tra nsi ti on pro babi li ty per uni t volum e per uni t ti m e on using (15) and (15a)
reads

W =
M 2

V T
= C 2 (2 ¤ )4 £ 4 ( P P ) I 2 T T

= C 2
1

V 2

1

k 0

£ ( E E ) £ ( ) I 2 T T : (15b)

T o determ ine the cross-secti on for SPI due to PEE we ha ve to divi de W by the
Ûux of the incomi ng par t icles J and t he num ber of t arget par ticl es per uni t
vol ume.
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1/ V gives the latter, since the norm al izati on of the wa ve functi ons wa s per-
form ed in such a way tha t there is just one parti cle in the norm al izati on volume
V . Furtherm ore, we have to sum (integ rate) over the possibl e Ùnal states of the
ioni zed electro n and the Ùnal He+ ion to obta in the cross-secti on. The numb er of
Ùnal states in the momentum interv al d3 pd3 L 0 i s

V 2
d3 p

( 2¤ ) 3

d3L 0

(2¤ )3
:

The cross-secti on is now given by the sixf old integ rati on

¥ ph =

Z
1

V

1

j J
W V 2 d

( 2¤ )

d
( 2¤ )

: (16)

As the ta rget ato m is assumed to be at rest = and the inci dent Ûux be-
comes [11]:

J =
1

V
; c =

k 0

being the velocity of l ight :

Thi s leads to

1

k 0

1

V J
=

1

k 0

=
1

: (17)

d3 in (16) is integ rated over mom entum £ -functi on and we get

= 1 ;

and we also use the relati on [12]:

d 3 p£ ( E E ) =
2

(@E =@ )
d¨ = E d ¨ : (17a)

Kno wi ng tha t

b 1 = ( b 1 0 ; 0 ); b2 = (b 2 0 ; 0 ) ; (18)

T T = ( T 1 T 1 )( T 2 T 2 ) ; (19)

where

T 1 T 1 = [ u ( p ) Û u ( b1 )] [ u (b 1 ) Û u ( p )] ;
(20)

T 2 T 2 = [ u ( b2 ) u ( b2 ) u ( b2 ) u ( b 2 )] ;

we get after calcul ati ng the tra ces in (19)

T T = 1
( m + E )( m " 1 )

m 2

( m " 1 ) 2

m 2
+ 1 : (21)

The cross-secti on for PEE (16) becomes on usi ng (17), (17a) and integ rati ng
over d¨ :

¥ =
4 ¤ (2 ¤ ) 4 C 2 1

(2 ¤ ) 6
T T I 2 E : (22)
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For smal l recoi l mom entum and smal l energy tra nsfer to the ion we get f rom
the energy £ -f uncti on E = k 0 À " 1 s :

¥ ph =
(4 ¤ )

j k j

C 0 2

(2 ¤ ) 6
T p T Ê

p I 2
ph m 2 m ( k 0 " 1 )3 2 : (23)

Fi na l ly, the cross-secti on is obta ined (Fi g. 3) by assuming the recoi l of the ta rget
to be very small : t 1 1 0 .

2.2. Compt on scat ter ing

The reacti on for the pro cess of SPI due to CS is given by

He + Û = He+ (1 s) + e + Û; (24)

whi ch is represented by two diagram s (Fi gs. 2a, b). The second- order S -m atri x R

for CS is given by current curre nt intera cti ons. Co ntri buti ons from the di rect and
exchange term s are, respecti vel y, R , R , where

R = [ ( J ) A ( k ; r 1 )] [ ( J ) A ( k ; r
1

)] ; (25)

R = [ ( J ) A ( k ; r 1 )] [( J ) A ( k ; r 1 )] : (26)

The electro n currents at r 1 and r 1 are given by

( J ) = ˆ ( r 1 ) Û ˆ ( r 1 ; r 2 ; R ) ; (27)

( J ) = ˆ ( r
1

; r 2 ; R ) Û ˆ ( r
1

) ; (28)

and the m atri x element f or SPI by CS is

R = R + R : (29)

(a) D i rect term (Fi g. 2a):

Using Eqs. (3){ (6) we wri te the f ollowing expression f or the electron pro pa-
gato r between r 1 and r

1
:

ˆ ( r
1

) ˆ ( r 1 ) = S ( r
1

r 1 ) =
e ( ) ( ŝ + m ) d 4 s

(2 ¤ )4 ( s2 m 2 )
: (30)

The di rect term (24)

R = ˆ ( r 1 ; r 2 ; R ) Û A ( k ; r 1 ) S ( r 1 r 1 )

A ( k ; r 1 )Û ˆ ( r 1 ; r 2 ; R )d r 1 dr 2 d r
1
dR : (31)

Af ter necessary substi tuti on

R = C T I ; (32)

where I i s the overl ap integ ra l , T i s the pro duct of the spinors and C i s a
constant,
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C c = C
1

(2 ¤ ) 4
p

2 V k 0

0
(2 ¤ ) 3

;

I d =

Z
1

s2
À m 2

` H e+

1 s
( y )` 1 s 2 ( x ; y ) exp i [ ( r

1
p + r 2 b2 + R L ) k r 1

s (r 1 r 1 ) + k r 1 ( b1 r 1 + b2 r 2 + R L )] d 4 r 1 d 4 r 1 d 4 r 2 d 4 s :

Af ter equal -ti m e integrati on and integrati on over s as in (11){ (13) we get

I = I
1

s2 m 2
2 ¤ £0 ( p 0 + k

0
k 0 b1 0 + L

0
L 0 ) ; (32a)

where s = p + k , and the overl ap integ ra l

I = N (2 ¤ ) 3 £ 3 ( + + )

6 4 A 2 ¤ 2 z1

( z 2
1 + 2

1 ) 2 ( ˜ + z1 ) 3
+

6 4 AB ¤ 2 z 1

( z 2
1 + 2

1 )( ˜ + z 2 ) 3

+
6 4 AB ¤ 2 z2

( z 2
2

+ 2
1 )( ˜ + z )3

+
6 4 B 2 ¤ 2 z2

(z 2
2

+ 2
1 ) 2 ( ˜ + z 2 ) 3

: (33)

W e substi tute in the subsequent calculati ons

1 = + ; = ; T = T T ; (34)

where

T = u ( p ) Û Ñ ( ŝ + m ) Û Ñ u ( b1 ) ;

T = u ( b2 )u ( b2 ) : (35)

Since for the polari sati on Ñ, Ñ2 = 1 , we get after calcul ati ng the tra ces

T T = [ 3 2 ( ) b1 0 s 0 1 6 p 0 b 1 0 s 2 1 6 m 2 ( ) + 1 6 m 2 p 0 b1 0

1 6 m 2 s 0 b 1 0 + 4 m 2 s 2 + m 4 ] ;

T T =
b 2

2

m 2
+

1

4
; (36)

R =
C T I (2 ¤ ) 4 £ (E E ) £ ( )

s 2 m 2
(37)

and the square of the am pl i tude from direct term

R R =
C 2 [ (2 ¤ ) 4 £ ( E E ) £ ( )] 2 T T I 2

( s2 m 2 ) 2
: (38)
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(b) Excha nge term (Fi g. 2b):

From (25) the exchange am pl itude R e i s wri tten as below:

R e =

Z

ˆ ( r 0

1 ; r 2 ; R )Û¡ A ¡ ( k ; r 0

1 )S ( r 0

1 À r 1 )

È A ñ ( k ; r 1 ) Û ˆ ( r 1 ; r 2 ; R ) d r 1 dr 2 d r
1
dR : (39)

Af ter necessary substi tuti on from (3){ (6) and (30) and wri ti ng

I =
1

s 2 m 2
` 1 ( y ) ` 1 ( x ; y ) exp i [( r 1 p + r 2 b 2 + R L ) + k r 1

s ( r 1 r 1 ) k r 1 (b 1 r 1 + b 2 r 2 + R L )] d4 r 1 d4 r 1 d4 r 2 d4 s ;

T = u ( p ) Û Ñ ( ŝ + m ) Û Ñ u (b 1 ) ;

T = u ( b2 )u ( b2 ) = T ; (40)

and T = T T , the ampl itude becom es

R = C T I : (41)

Af ter equal -ti m e integrati on and integrati on over r 1 ; r 1 ; R and s we get

I = 2 ¤ £0 ( p 0 + k
0

k 0 b1 0 + L
0

l 0 )
1

s2 m 2
I ; (42)

where s = p k .

I = N (2 ¤ ) 3 £ 3 (P P )
6 4 A 2 ¤ 2 z 1

(z 2
1

+ 2
1 ) 2 ( ˜ + z 1 ) 3

+
6 4 AB ¤ 2 z 1

( z 2
1

+ 2
1 )( ˜ + z2 )3

+
6 4 AB ¤ 2 z 2

( z 2
2

+ 2
1

)( ˜ + z ) 3
+

6 4 B 2 ¤ 2 z 2

( z 2
2

+ 2
1

) 2 (˜ + z2 ) 3
; (43)

1 = 1 :

Since Ñ 2 = 1 , we get f or the tra ce parts

T T = [ 3 2 ( ) b1 0 s 1 6 p 0 b1 0 s

1 6 m 2 ( ) + 1 6 m 2 p 0 b1 0 1 6 m 2 s0 b1 0 + 4 m 2 s + m 4 ] ; (44)

T T = T T : (45)

Fi na l ly, the square of the ampl itude from exchange term becom es

R R =
C [ (2 ¤ ) 4 £ ( E E ) £ ( )] 2 T T I 2

( s m 2 ) 2
: (46)
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2.3. Cross-sect ion

The to tal ampli tude for SPI by the CS pro cess is given by

j M c
Ù j

2 = R Ê

d R d + R Ê

e R e + R Ê

d R + R R : (47)

The interf erence of the di rect and exchange term

R R + R R = 2 R R ;

where

R R = C [ ( 2¤ ) £ ( ) £ ( E E )] 2
T I

s 2 m 2

T I

s m 2
: (48)

Again from (34) and (40)

T T = [T T ] [ T T ] ; (49)

T T = (1 =4 m 2 )[ ps (1 6 b 1 0 s 8 m 2 ) + ps (1 6 b1 0 s 8 m 2 )

+ s s (4 m 2 1 6 p 0 b1 0 ) + 1 6 m 2 p 0 b 1 0 8 m 2 s b1 0 8 m 2 s b1 0 + 4 m 4 ] ;

T T =
b2

2

m 2
+

1

4
:

The tra nsiti on probabi l i ty per uni t volum e per uni t ti me is

W =
M 2

V T
:

The cross-section f or sing le ionizati on by the Co mpto n scatteri ng is given as in
(16) by

¥ =
1

V

1

J
W V 2 d 3 k

(2 ¤ ) 3

d 3 p

(2 ¤ ) 3
: (50)

Integ rati on over k i s done using m omentum £ -functi on. Here we made use of (15a),
(15b) and (17). The to ta l cross-secti on is pl otted in Fi g. 3. In Fi g. 4, ra ti o of the
cro ss-secti ons by CS and PEE is shown.

In thi s paper we have obta ined single ioni zati on of hel ium due to photo elec-
tri c e˜ect and the Com pto n scatteri ng in the energy range 0.1 keV to 12 keV.
R esults are com pared wi th the existi ng theoreti cal calculati ons [2, 4]. A compar-
ati ve study of the two pro cessesshows tha t in the energy region 0.5 keV, ¥

dom inates the ioni zati on pro cess over ¥ (Fi g. 3). Thi s is also found in the theo -
reti cal wo rk of Hi no et al. [2].Beyo nd tha t energy ¥ i s greater tha n ¥ . We have
calculated single photo ionizati on cross-section by PEE for helium from di agram
(Fi g. 1). It is a Ùrst-order pro cess in whi ch one of the bound electro ns escapes due
to a change in the stati c correla ti on between bound electrons by intera cti on wi th
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Fig. 3. C ross-section for single photoioni zati on versus inciden t photon energy . Pho-

toioniza tion : present Ùeld theoretic calculati on - - - -, calculatio n done by A ndersson and

Burgdorf er [4] Ê , MBPT [2] calculati on by H ino et al. ¯ . Compton scattering: present

Ùeld theoretic calculatio n |{, calculati on by H ino et al. [3] + .

Fig. 4. Ratio of C ompton scattering cross- section and photoioni zati on cross-section

versus incident photon energy . Present Ùeld theoretic calculati on |{, calcula tion by

V iegele [13] + , calculati on by H ino and Mc Guire [3] ¯ , calculati on by Morgan and

Barlett [1] Ê .

photo n, whi le the second electron remains bound wi th the hel ium ion in 1 s-sta te.
In the Co mpto n scatteri ng the Feynm an di agrams are of second order and con-
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sist of di rect and exchange di agrams. Physi cally CS is caused by change in stati c
correl ati on along wi th the involvement of dyna mic correl ati on between the bound
and the ionized electron thro ugh photo n propagato r. Contri buti ons from the di -
rect and the exchange diagram s are smal l compared to the contri buti on from the
interf erence term between the di rect and exchange pro cesses.The energy range of
inci dent photo n is 0.2{ 12 keV. In the case of photo electri c e˜ect the cro ss-section
asym pto ti cally decreases wi th energy as in the case of Hi no et al . [2]. Present value
for ¥ ph up to about 5 keV is slightl y below tha t of the exi sting theoreti cal value
(Fi g. 3), whi le the present result above 5 keV rem ains slightl y greater tha n the
exi sting result. In the case of ¥ C , the present resul t almost agrees wi th the exi sting
calculati on (Fi g. 3). Ho wever, ¥ C rapi dly increaseswi th energy in the low energy
region and the rate of increm ent becomes slow as energy increasesfrom 7{ 12 keV.
At about 6.5 keV both the pro cessesgive simi lar contri buti on and beyond tha t
energy the rate of increase in ¥ C and rate of decrease in ¥ ph are alm ost identi cal . It
is interesti ng to note tha t the Com pto n curve is a m irror image of the photo electri c
curve about thi s crossover point. The rati o of the ioni zati on cross-sections (Fi g. 4)
by the Com pto n e˜ect to tha t by photo electri c e˜ect gradually increases wi th en-
ergy of the inci dent photo n. Near 4 keV it is alm ost 0.4 whi le near 6.5 keV it is
alm ost 1. Beyond 7 keV the rati o increasesand becom es 1.4 near about 12 keV. In
the high energy lim i t the Co mpto n scatteri ng dominates the ionizati on pro cess.

4. Co n cl u si on

In sing le ionizati on by the Com pto n scatteri ng a part of the energy K 0 À " 1 s

i s carri ed away by photo electro n and the rem aining part by scattered pho ton,
whi le in the photo electri c e˜ect m ost of the energy K 0 À " 1 s i s carri ed away by
photo electron. Hence looki ng to the energy spectrum of the electro ns one may
di agnose whi ch of the processesPEE and CS are inv olved in pro duci ng SPI in He.

In conclusi on we Ùnd i t m ost encouraging tha t thi s com pact yet simpl eQED
form ulatio n can elegantl y expl ain sing le pho toioni zati on by photo electri c e˜ect
and the Com pto n e˜ect. The form ula ti on of thi s photo n{ atom col l ision pro blem
in a gauge-invari ant language, whi ch is simi lar to tho se describi ng most of the
funda m ental intera cti ons in nature, has i ts own intri nsi c appeal .
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