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A Ùni te spin syste m in variant under a symmetry group G is a very i llus -
trative example of a Ùnite group action on mappings f : X ! Y ( X is a set of

spin carriers , Y contains spin pro j ections for a given spin num ber s ) . Orbits
and stabili zers are used as addition al indice s of the symmetry adapted basis.
T heir mathematical nature does not decrease a dimension of a given eigen-

problem, but they lab el states in a systematic w ay. I t allow s construction of
general formulas for vectors of symmetry adapted basis and matrix elements
of operators commuting w ith the action of G in the space of states. T he spe-
cial role is played by double cosets, since they lab el none qui valent (f rom the

symmetry point of view ) matrix elements h x j H j y i for an operator H betw een
I sing conÙguration s j x i ; j y i . C onsiderati ons presented in this pap er should b e
follow ed by a detailed discussi on of di ˜erent symmetry groups (e. g.) cyclic or

dihedral ones) and optimal implemen tation of algorithms. The paradigmati c
example, i.e. a Ùnite spin system, can be useful in investigations of magnetic
macromolecul es like Fe6 or Mn 1 2 acetate.

PAC S numb ers: 02.20.Bb, 75.10.Jm, 75.75.+ a

1. I n t rod uct io n

Fi ni te spi n m odels have been used in condensed matter physi cs for many
years [1, 2] and have been appl ied to vari ous m odels of magneti c m ateri als: f rom
the one-dim ensional ferrom agneti c Ising model to the three- dim ensional Hei sen-
berg anti ferrom agnets. D i ˜erent extra polati on techni ques have been intro duced
and many di ˜erent parameters have been calculated: ground state energy, spe-
ci Ùc heat, spin correl ati ons in exci ted states, etc. [3]. Recent developm ents and
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di scoveri es have sti mulated interests in Ùnite spi n m odels, since they can be ap-
pl ied to m eso- and nanoscopic system s, especial ly m agneti c macrom olecul es wi th
wel l -determ ined sym metry groups l ike [NaFe6( OCH 3) 12 ( C17H 15O4) 6 ]Cl O4 (Fe6 ),
[Fe10( OCH 3) 20 ( C2H 2O2Cl )10 ] (Fe1 0 ) or Mn 1 2 acetate [4, 5]. In model ing of inÙni te
m agnets m uch more e˜o rts have been devoted to small spin numb ers (the Ising
m odels or s = 1 =2 ; 1 ), but wi th a very large num ber of nodes (up to m i l lions in the
Mo nte Carl o metho ds, see for exampl e [6, 7]). On the contra ry, macro molecul es
conta in several (up to N = 3 0 ) m agneti c ions wi th relati vely large spi n numb ers
(up to s = 5 =2 ), whi ch also leads to a very large num ber of states even for a
smal l num ber of m agneti c ions N . Mo reover, thi s numb er increases rapidly wi th
increasing N and s . Ho wever, group- theoreti cal and combi nato ri al metho ds yi eld
decompositi on of a space of states into subspaces wi th relati vely smal l dim ensions
and for smal l , and rather sim ple sym metry groups l ike cyclic or dihedra l ones, i t
can be qui te easy. Theref ore, magneti c properti es of macrom olecules can be inv es-
ti gated very deeply and m odel parameters can be Ùtted in a m ore accurate way.
Thi s paper, based on the results of some earl ier papers [8{ 10], has been m eant
as one of the steps necessary in the study considerati ons of smal l (nanoscopic)
ri ngs wi th a relati vely large spin numb er. However, the com binato ria l metho ds
and structure s are also appl ied to investigati on of magneti c properti es in the ther-
m odyna mic l imit [11].

It shoul d be also stressed tha t the appro ach described and soluti ons sug-
gested can be used in any probl em where a Ham i lto ni an sym metry group G (or,
at least, i ts subgroup) perm utes basis vecto rs. It m eans tha t a perm uta ti on rep-
resentati on P of is determ ined or, in other words, a group acti on of on a
basis of quantum space of states is intro duced. Thi s imm ediatel y gives ri se to
such structures and concepts as tra nsiti ve representa ti ons, orbi ts, stabi l izers, dou-
bl e cosets, etc. Perm uta ti on representa ti ons them selves consti tute a special case
of induced representati on and are appl ied in m any branches of physi cs [12]. Som e
pro blems related to perm uta ti on and tra nsiti ve representati ons were studi ed by
Lul ek et al . [10, 13, 14] and thei r resul ts, in a vari ous extent, are used here.

The aim of thi s paper is to present and discuss a combinato ri al structure of
Ùnite spin m odels. Such inv estigati ons lead to general analyti cal form ul as for the
i rreduci bl e basis and m atri x elements of any operato r com muti ng wi th al l sym me-
try operato rs ( ) , . The most im porta nt is a Ha mi lto nian of the system in
questi on, but also other operato rs can be ta ken into account. For exam ple, in the
case of isotro pic Heisenberg m agnets the squared to ta l spin operato r 2 i s consid-
ered. Since 2 com mutes wi th the isotro pi c Heisenberg Ham i lto ni an, then the to ta l
spi n can be used as an addi ti onal label of sta tes. The considerati ons presented
here should be fol lowed by caref ul im plementati on of equati ons and metho ds in
num erical pro cedures [15, 16].

The metho ds appl ied ori ginate from algebra ic com bina to rics and are closely
related to group theo ry. Since some structure s, l ike doubl e cosets, have been rather
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rarely used in physi cs, so we start wi th thei r presentati on (Secs. 2 and 3). Next
the form ulas obta ined earl ier [9] are di scussedand m odiÙed appl yi ng the noti on of
doubl e cosets. The special cases are also discussed. Som e m odi Ùcati ons related to
the to ta l m agneti zati on and the noti on of parti ti ons are consi dered in Sec. 5. The
structures intro duced and form ula s obta ined are appl ied to a very simpl e system
of four spins s = 1 wi th the sym metry group G = D 4 (Sec. 6). Al l results obta ined
for the di hedra l groups D N are presented in more deta i l in the second part of thi s
wo rk [17].

2 . G r ou p act ion

Thi s paper is based on some m etho ds of algebra ic com binato rics [18] and the
theo ry of groups and thei r representati ons [19, 20]. W ewoul d l ike to present a bri ef
report on the m ain objects and com m on obj ects of these two theori es, because of
confusi ng noti ons used in di ˜erent handbooks.

2.1. Fi ni te group act ion on sets

Let G be a Ùnite group and let X be a Ùnite set. A group of al l bi jections
¥ : X ! X is cal led the symmet r ic group on and denoted . Sets wi th the
sam e cardi nal i ty = , where denotes the numb er of elements of the Ùnite
set , have sym m etri c groups isom orphi c wi th the sym metri c group consi sting
of al l perm uta ti ons of -element set = 1 2 . . . .

An acti on of on a (Ùnite) set is denoted and can be intro duced in
two equivalent ways. The Ùrst is based on the noti on of an externa l acti on (the
m ulti pl icati on rul e): there is such a m appi ng , tha t to each pai r ( )

an element is assigned and

1 2 : 1 ( 2 ) = ( 1 2 ) and =

where denotes the uni t element of . The second deÙniti on intro duces the
noti on of the permutat ion representat ion of as a hom omorphi sm

: : ( )

so ( 1 2 ) = ( 1 ) ( 2 ) . Identi fyi ng wi th ( ) one obta ins the equivalence
of these deÙniti ons. Since is not, in general , a monomorphi sm then i ts kernel
Ker may be non- tri vi al and i ts im age Im , denoted also by ñ , is isom orphi c
wi th / Ker . Som eti mes thi s im age is considered instead of a ful l sym m etry
group : for exam ple in the case of spin ri ngs we omit the horizonta l sym me-
try plane and consider the dihedra l group instead of the group . Thi s
group is importa nt, f or exam ple, in constructi ng sym m etry coordi nates of vi bra t-
ing m olecules or crysta ls, when m ovements along the axi s have to be classiÙed,
to o.

The acti on gives ri se to two im porta nt structures : an ( ) =

, conta ining al l elements whi ch can be obta ined from and a
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s t a bi l i z e r G x = f g j g x = x g , consi sting of group elements leavi ng x inv ariant. It is
easy to show tha t [18]

j G ( x ) j = (1)

Stabi l izers of elements from the sam e orbi t are conj ugated, since for = and
one obta ins ( ) = ( ) = . Thi s pro perty is the crucia l point of

sim i larit y [18] between the acti on of on an orbi t ( ) and the natura l acti on of
on left cosets

: ( ) ( )

Since orbi ts are equivalence cl asses then is decom posed into a di sjoint sum of
orbi ts

= _ ( )

where the conta ins (arbi tra ri ly chosen) representa ti ves of orbi ts. If
= ( ) then we say tha t the acti on is and acts on .

D ue to the above dissection of into orbi ts each tra nsiti ve acti on
( ) ( ) can be consi dered separatel y. It corresp onds to a decom po-

siti on of the perm uta ti on representa ti on into a di rect sum of tra nsiti ve repre-
sentati ons ( ) (suba cti ons ( ) ). Since orbi ts are characteri zed by
thei r stabi l izers , then tra nsi ti ve representa ti ons are as usual labelled by
and denoted [13], so = . Orbi ts ( ) and ( ) wi th conj u-
gated stabi l izers, i .e. when there exi sts such tha t ( ) = ( ) , are in
the same typ e (they f orm the so-called ), since both acti ons, ( ) and

( ) , are sim ilar to the acti on ( ) , where represents a class of
conjugated subgroups of . Let denotes a tra nsversal (a set of representa ti ves)
of classes of conj ugated subgroups. Then each permuta ti on representa ti on can
be decom posed into a di rect sum of tra nsi ti ve acti ons

= ( ) (2)

where the m ul ti pli cit y ( ) equals a numb er of orbi ts in the typ e or, in
other wo rds, a length of the -stra tum .

The group is supp osed to be Ùnite [18] and hence the set of the conj ugacy
cl assesof subgroups of is Ùnite and parti al ly ordered wi th respect to the incl usion
order

:

Thi s set is in fact a latti ce, since there is the m axim al element, = , and
the m inim al one | the class conta ini ng the tri vi al subgroup = . The
Ùrst determ ines one-element orbi t ( ) = wi th = for al l , whereas
the latter deÙnesthe (left) acti on and the orbi t consi sting of
elements wi th the tri vi al stabi l izer: = f or al l ( ) . Regul ar orbi ts
form the so-cal led stra tum .
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Al l tra nsiti ve acti ons G (G =U ) (represe nta ti ons R G :U ), U 2 eU , can be com -
pl etely investigated for a Ùnite group G . In parti cul ar cases, when the mul tipl ica-
ti on rul e in G can be given analyti cal ly, som e general form ulas can be derived. T o
appl y the obta ined resul ts to a given acti on G we have to Ùx representa ti ves
of conj ugacy classes and representa ti ves of left cosets (1 ,

1 = ). For a given acti on al l orbi ts can be generated/ construc ted in such
a way tha t thei r tra nsversal consists of elements wi th stabi l izers =

(i t m eans tha t ) and orbi t elements are uni quely identi Ùed by
coset representa ti ves , i .e. labelled by the index .

2.2. Probl em l inear izat ion

In many physi cal appl icati ons a set is, or at least can be f orm al ly trea ted
as, a base of an -dim ensional uni ta ry space . The operato rs ( ) permute
basis vecto rs , so they form a uni tary (vecto r) representa ti on of .
The decom positi on of into orbi ts ( ) corresponds to the decompositi on of
into disjoint subba ses , and, theref ore, to the decom positi on of into a
di rect sum of subspaces . Since these subspaces are invari ant under the acti on of
operato rs ( ), then is decom posed into di rect sum of tra nsiti ve representati ons

: or, more preci sely, Eq. (2) is also val id i f and : are trea ted as vecto r
representa ti ons.

T ransiti ve representa ti ons, whi ch are \ bui lding blocks" of perm uta ti on rep-
resentati ons, are, in a general case, reduci bl e and, theref ore, can be decom posed
into i rreduci ble representati ons (i rreps) of

: = ( : ) (3)

In the specia l cases one obta ins

: = 0 and : = [ ]

where 0 denotes the uni t representa ti on and [ ] i s the di mension of an i rrep .
In interm ediate cases the m ulti pli cit y ( : ) ta kes values from 0 thro ugh [ ].
The actua l form ul a is presented in Sec. 2.4.

2.3. Act ion on mappi ngs

Let and be Ùnite sets and let be a set of al l m appi ngs from
into

= :

An acti on can be ra ised to in the fol lowing way:

: ( ) = ( ) 1

i .e. ( ) i s m apped onto determ ined as ( ) = ( 1 ) .



8 W. Fl orek

Al l structures and pro perti es presented in the previ ous sections can be imme-
di atel y appl ied to thi s acti on. In addi ti on, we can exclude certa in typ es of orbi ts,
whi ch m eans tha t not al l subgroups U can be stabi lizers of m appi ngs. Any sub-
group U £ G decom poses X into disjoint orbi ts X j £ X . Thi s decompositi on
deÙnes a Young subgroup

Q
j

Ï X j
of the sym m etri c group . The subgroup

can be a stabi lizer of a mappi ng i f and onl y i f [18]

(4)

It is easy to check tha t both tri vi al subgroups and can be stabi l izers of
m appi ngs. In the case of acti ng on an -element ri ng thi s theo rem
excludes, among others, the cycl ic subgroup . No des of the ri ng form a
regular orbi t of , so the Young subgroup is identi cal wi th and, therefore,

.
There are also other possible acti ons on but thi s one is im porta nt in

the case of Ùnite spi n system s. The roles of and are played by the set
of nodes (sites, spin carri ers) and the set of spin
pro jections for a given spin numb er , respectivel y. Ma ppi ngs are
in a one-to -one corresp ondence wi th the so-cal led Isi ng conÙgurat i ons

(5)

These states form a natura l basis of the quantum space of states wi th
di m . In a general case, however, these states are eigenvec-
to rs of the Heisenberg-l ike Ham i lto ni ans. Theref ore, i t is necessary to solve an
eigenproblem wi th tho usands or m i ll ions equati ons whi ch, even using contem po-
rary com puters, is alm ost im possibl e. Thi s is especial ly im porta nt when one is
interested not only in eigenvalues (e.g. the ground state energy), but also wants
to inv estigate eigenvectors to determ ine, for exam ple, spi n correl ati ons. The prob-
lem is parti al ly solved by ta ki ng into account operato rs commuti ng wi th a given
Ha mi l to nian: good quantum num bers as the to ta l m agneti zati on and i rreps of
the Ha mi l to ni an symm etry group . Appl icati on of i rreps leads to the concept of
sym m etry adapted (or i rreduci bl e) basis

(6)

where is an i rrep of , labels i ts vecto rs, and the so-cal led repe-
ti ti on index disti ngui shescopies of ( denotes a num ber of
these copi es). D ue to the Schur Lem ma [19] eigenvecto rs of an operato r commuti ng
wi th symm etry operato rs are linear com bina ti ons of these vecto rs wi th and
Ùxed, so they can be wri tten as and, theref ore, one obta ins eigen-
pro blems wi th di mensions . They sti l l can be very large and much e˜o rts have
been devoted to replace a sing le index by a series of indi ces wi th a wel l -deÙned
physi cal or/ and m athem atica l meaning [10, 12, 13, 21, and the references quoted
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in these papers]. The Ùrst typ e is consti tuted by, menti oned earl ier, good quantum
num bers, especial ly tho se corresp ondi ng to operato rs wi th the sam e (or higher)
sym m etry as the Ham i lto ni an and wi th the known eigenvalues (l ike the to ta l spin
S or the m agneti zati on M ). As a rul e, the others do not lead to smal ler eigenpro b-
lems but thei r m athem atica l nature enables us to wri te general analyti cal form ulas
for m atri x elements. Thi s paper is m ainl y devoted to such indi ces. The operato r
eigenproblem is the standard num erical ta sk, so i t is not discussed here.

2.4. Reduct ion coe£ cient s

An i rrep À of a group G i s, as a rul e, a reduci ble representa ti on of i ts sub-
group U £ G . Hence, À can be decom posed into a di rect sum

À # U =
M

Ë

( )

over irreps of a subgroup . In the same wa y the carri er space of de-
composesinto a di rect sum of subspaces , = 1 2 . . . ( ) . The basis
related to thi s decom positi on can be wri tten as

= (7)

where and label basis vectors of and , respecti vely. The numb ers
are referred to as the reduct ion coe£ ci ents.

In the probl em discussed in thi s paper we are interested in the reducti on of
i rreps appearing in decompositi ons of tra nsiti ve representati ons . D ue to the
Frobenius reci procity theo rem [13, 18]

( ) = ( )

Mo reover, 0 ( ) [ ] . Theref ore, we are interested in the reducti on
coe£ cients for a given and = ( may be omi tted)

= (8)

wi th no larger tha n [ ] . These num bers appear in the form ula (7) wri tten for
= :

= (9)

Since ( ) = for then the sam e equal i ty is sati sÙed
by the r. h.s. o f Eq. (9). Taking into account tha t

( ) = ( )

one obta ins (f or )

= ( ) (10)



10 W. Fl orek

It has to be stressed tha t À 0 # U = Ë 0 for all U £ G , so À 0 appears exactl y
once in the decompositi on of each R G :U and A = 1 (the indices and can
be om i tted).

For a given group and i ts two subgroups and a double coset determ ined
(represented) by an element is a set [18, 19]

= 1 (11)

A set of al l doubl e cosets is denoted . If (or ) is a tri vi al subgroup
= then a left (respecti vely, ri ght) coset is obta ined, so doubl e cosets

consti tute a sim ple, but not tri vi al , general izati on of \ sing le" cosets. It can be
considered as an acti on of a di rect product on wi th ( ) = 1 . Thi s
acti on leads to non- tri vi al stabi lizers

( ) = 1 (12)

so, in a general case, doubl e cosets conta in fewer elements tha n and they
can have di ˜erent cardi na l i ti es, since, accordi ng to Eq. (1),

=
1

For the given subgroups , the num ber of doubl e cosets is given as [18]

=
( ) ( )

( )
(13)

where ( ) denotes a conj ugacy class of a element and is a set of conj ugacy
cl assesrepresenta ti ves.

Am ong di ˜erent appl icati ons of doubl e cosets (see, for exam ple, Al tm ann' s
m onograph [19]) we are interested in acti on of on an orbi t ( ) in typ e .
Thi s orbi t consists of elements labelled by representati ves of left cosets in the
fol lowi ng decompositi on

= _
=1

The acti on of on ( ) i s simi lar to the acti on of on , so orbi ts are labelled
by doubl e coset representati ves [18]. In the tri vi al case = i t corresp onds to
the regul ar acti on of on , so to the cosets.

The second importa nt point is when we consider an acti on of on the
Ca rtesian pro duct ( ) ( ) of two orbi ts wi th the stabi l izers = and

( ) = . Thi s acti on is deÙned as fol lows

( ( )) ( )

and has the fol lowing properti es ( and are Ùxed) [18]:
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¯ Each orbi t conta ins an element of the form ( y ; g x );

¯ The stabi l izer of ( y ; g x ) , given by Eq. (12), is G y \ g G x g À 1 ;

¯ The m appi ng ( ( ) i s a bi jection, so orbi ts of the intro duced
acti on can be labelled by doubl e coset representati ves.

These properti es yi eld relati ons between m atri x elements of an operato r com -
m uting wi th al l symm etry operators ( ) . Since is a uni ta ry representati on then

( 1 ) = ( ) and for any basis vecto rs one obta ins

= ( 1 ) ( ) = ( ) ( )

Hence, i f then

= ( ) (14)

Theref ore, al l sta tes in the orbi t ( ) = resul t in the same value of
the matri x element . R ecall tha t these orbi ts are labelled by representa ti ves
of doubl e cosets . Vi ewi ng thi s problem as an acti on of on the
Ca rtesian pro duct ( ) ( ) we see tha t each orbi t conta ins an element ( )

so al l m atri x elements can be derived from the acti on of the Ham i l tonia n on
the orbi t representa ti ve .

In m any cases i t is easy to decom pose the space of states into subspaces
labelled by good quantum numb ers, i .e. by eigenvalues of operato rs commuti ng
wi th a Ha mi l to nian. In the case of Heisenberg magnets wi th at m ost uni axi al
ani sotro py the to tal magneti zati on (eigenvalue of the pro j ection of to ta l spi n) pl ays
thi s ro le [3, 8]. Mo reover, the sym metry operato rs do not mix these subspaces, so
in the f urther consi derati ons we restri ct ourselves to one of such subspaces wi th a
base regardl essof the actua l values of good quantum num bers. As the sym m etry
group we ta ke onl y tho se symm etri es of a Ha mi lto nian, whi ch perm ute basis
vecto rs , so a perm uta ti on representa ti on : (or, in other words,
an acti on of on ) is considered.

The acti on in questi on decom poses into di sjoint orbi ts

( ) = = ( )

T aki ng into account the orbi t typ e (the conj ugacy class conta ining ) al l states
can be labelled by three indi ces: (i ) a subgroup denoti ng the typ e

of an orbi t; (i i ) a state wi th a stabi l izer representi ng an orbi t ; (i i i ) an
element representi ng a coset | due to the sim i lari t y of acti ons ( )

and ( ) states in the orbi t ( ) are in one-to -one correspondence wi th the
left cosets . W i thi n thi s fram e states of wi l l be denoted as
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j U x g i = P ( g ) j U x eG i = P ( g ) j x ( ) =

The representati on restri cted to an orbi t ( ) in typ e is a tra nsiti ve repre-
sentati on and decom posesinto i rreps of accordi ng to Eq. (3)

= ( ) 0 ( ) [ ]

The i rreduci ble basis ; can be constructed separatel y for each orbi t
usi ng Eq. (6) and i ts vecto r can be wri tten as

; = ( ) ; (15)

the elements , 1 wi th = , represents the left cosets .
The coe£ cients , determ ini ng a uni ta ry tra nsform ati on, can be expressed by
m atri x elements of the i rrep and the reducti on coe£ cients , see Eq. (8),
and are expressed as (cf . [10, 13])

( ) =
[ ]

( )( ) (16)

Ma tri x elements of any operato r, e.g. a Ham i lto nia n , com muting wi th al l ( )

are group ed in bl ocks labelled by and depend only on , and . They are
given by the f ollowing f orm ula [9]:

( ) = ( ) (17)

where

( ) = ( ) ( ) (18)

Note tha t the i rreduci bl e basis is used in thi s form ula in the expl ici t way, so,
in fact, one does not need to determ ine vecto rs ; . Intro duci ng the noti on
of doubl e cosets [18, 19] and ta ki ng into account Eq. (14) thi s form ula can
be m odiÙed as:

( ) = ( ) (19)

where elements represent doubl e cosets , or orbi ts of the natura l acti on
( ) , and ( ) = ( ) . However, as fol lows from the

pro perty (10), the coe£ cients ( ) are constant on the doubl e coset .
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Let g j 2 V g d U . Theref ore, there exi st v 2 V and u 2 U such tha t gj

and

It yi elds the fol lowing form of Eq. (19)

(20)

where is an orbi t obta ined by the acti on of on the set of left cosets .
Each left coset has the cardi na l ity , then and, Ùnal ly,

(21)

These equati ons sim pl if y for the uni t representati on . The m atri x elements ,
the reducti on coe£ cients and thei r pro ducts are equal to 1, so

The operato r m atri x elements are

(22)

If there is only one doubl e coset, represented by , then al l left coset representa-
ti ves belong to i t and

so i t is enough to calculate matri x elements for orbi t representa ti ves.
Both equati ons, (17) and (20), lead to two \ techni cal " probl ems: (i ) calcula-

ti on of the coe£ cients and (i i ) determ inati on of f or given , , , , and
and then calcul ati on of non-zero elements . The Ùrst problem is

di scussed in the next paper [17] for the dihedra l groups , whereas soluti on of
the second one shoul d be made wi thi n the fram eof algebra ic combina to ri cs(gener-
ati on of orbi t representati ves wi th a given stabi l izer , an acti on of on ,
etc. ) and com puter metho ds (sto ring of conÙgurati ons, acti on of a Ham i l to nian,
searchi ng conÙgurati ons or, equivalently , ). Possibl e soluti ons of
the la tter probl em are presented elsewhere [15, 16].



14 W. Fl orek

5. P ar t it io n s

Bef ore we appl y form ula s presented above to spin ri ngs wi th the sym m etry
D N , we analyze the space of states using the to ta l z -pro jection operato r S z

S z
j m 1 m 2 . . . m =

=1

1 2 . . . (23)

It is assumed tha t thi s operato r com mutes wi th a Ham i l tonia n, so i ts eigenvalue, the
m agneti zati on , is a good quantum numb er. Theref ore, subbases

= : = span eigenspaces of the Ham i lto ni an, and al l con-
siderati ons can be l im i ted to these subspaces. Mo reover, due to the ti m e-reversal
sym m etry , i t su£ ces to investigate the cases 0 .

The operato r com mutes wi th the who le sym metri c group and the
value of depends on a non-ordered par ti ti on [ ] = [ +1 . . . ] of into
2 + 1 non-negati ve parts. Each , [ ] = + 1 . . . , denotes a
num ber of pro j ections equal to , so the magneti zati on equals

=

[ ]

A num ber of conÙgurati ons for a given parti ti on [ ] f ollows from the rela ti on
between an orbi t order and i ts stabi l izer, see Eq. (1). In the case considered, a
stabi l izer of each conÙgura ti on wi th the parti ti on [ ] i s isom orphi c to the Young
subgroup

[ ] =

[ ]

Since conÙgurati ons wi th the sam eparti ti on [ ] form an orbi t [ ] of the sym m etri c
group , then

[ ] =
[ ]

=
!

[ ]
!

(24)

so i t is given by the polyno m ia l coe£ cient [8]. The relati ons between 0

and non-ordered parti ti ons [ ] for six spins = 1 are col lected in T able I. Two
im porta nt rem arks are in pl ace. At Ùrst, we note tha t the acti on of bi l inear term s

+ can m odi fy at m ost four parts of the parti ti on. Na mely, if in the ori ginal
conÙgurati on = and = and + 2 or , the Ùnal conÙgura ti on
(obta ined by the acti on of + ) conta ins = + 1 and = 1 . Theref ore,
the parti ti on [ . . . +1 . . . 1 . . . ] i s m odiÙed to [ . . . 1 +1 + 1 . . . 1 +

1 1 . . .] . In the special cases, especial ly f or smal l spin num bers, = 0

or 1 whi ch yi elds the modiÙcati on of only three or even none of parts , =

0 1 . . . 2 . For exam pl e, +
2 4 + 0 0 = + + , so the parti ti on [1 2 1 ] i s

m odi Ùed to [2 0 2 ]. On the other hand, the acti on of +
2 1 does not m odi fy the

parti ti on. Theref ore, one can construct a graph (wi th loops) wi th verti ces labelled
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T ABLE I

Relations b etw een M Ñ 0 and non- ordered partitions for
N = 6 and s = 1 .

M [k ] j B [ k ] j Representative of B [ k ]

6 [006] 1 j + + + + + + i

5 [015] 6 j 0 + + + + + i

4 [105] 6 j À + + + + + i

[024] 15 j 00 + + + + i

3 [114] 30 j À 0 + + + + i

[033] 20 j 000 + + + i

2 [204] 15 j À À + + + + i

[123] 60 j À 00 + + + i

[042] 15 j 0000 + + i

1 [213] 60 j À À 0 + + + i

[132] 60 j À 000 + + i

[051] 6 j 00000 + i

0 [303] 20 j À À À + + + i

[222] 90 j À À 00 + + i

[141] 30 j À 0000 + i

[060] 1 j 000000 i

by non-ordered parti ti ons [k ] and edges joini ng such pai rs of verti ces, [ k ] and [ k 0 ]

say, tha t there is a term s + in the operato r considered, whi ch tra nsform s a
conÙgurati on in [ ] into a conÙgurati on in [ ]. The edges can be trea ted as
non-di rected, since Herm i ti an operato rs conta in both term s + and + . In
the simpl est case = 1 2 onl y loops are adm issible, since the magneti zati on
uni quely determ ines a non-ordered parti ti on [ ] = [ 2 2 + ] . In the
exam ple considered here ( = 1 ) a graph is linear and i ts verti ces can be labelled
by 0 . In a general case the graph obta ined has a m ore com pl icated structure. For
exam ple, the case of six spi ns = 3 2 and = 4 yi elds the fol lowi ng structure
(the loops are om itted, since they are always adm issible in thi s case) :

[0,0,5,1] [0,1,3,2]

[0,2,1,3]

[1,0,2,3]

[1,1,0,4]

The second importa nt point fol lows from the noti on of stra ta (typ es of or-
bi ts) intro duced in Sec. 2.1. In the case consi dered a stra tum is label led by an
ordered parti ti on [ ] = [ . . . ] wi th the addi ti onal condi ti on +1 for
al l . The tra i l ing zeroes (the last parts equal zero) are, as usual , om i tted

+1
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and a numb er of non-zero parts is cal led a parti ti on length. In the case consid-
ered there are seven ordered parti ti ons of N = 6 wi th no more tha n 2 s + 1 = 3

parts: [6 ], [5, 1], [4, 2], [4, 1, 1], [3, 3], [3, 2, 1], and [2, 2, 2]. Al l orbi ts B [ k ] in
typ e [ ç ] decom pose into orbi ts of P ( G ) ² ñG £ Ï N in the same way, because they
are related to doubl e cosets ñ

[ ] [18]. Theref ore, i t is enough to consider
ordered parti ti ons and then appl y the results to non-ordered ones. For exampl e,
the ordered parti ti on [ ] represents 2 + 1 non-ordered parti ti ons and al l of them
correspond to ful ly sym m etri c states . . . , [ ] . A more deta i led
presenta ti on of parti ti on- related questi ons can be found in som e earl ier papers [8],
wo rks on num erical a lgori thm s [15, 16], and, the last but not least, Kerb er' s mono-
graph [18].

A system of four spins = 1 wi th the symm etry group = 4 i s very
sim ple, but some characteri sti cs features m ay be observed even in thi s case. In the
di scussion presented below som eresul ts of the previ ous works [8] and the fol lowi ng
paper [17] are expl oi ted. The Sch�onÛies sym bols of groups and thei r elements are
used [20].

There are eight classesof conj ugated subgroups (see, for exam ple, [17] or [18]),
but only Ùve of them can be stabi l izers of m agneti c conÙgura ti ons (see Sec. 2.3).
Besides tri vi al stabi l izers 4 = 4 2

1
4 0 1 2 3 and 1 =

they are

0
2

= 2 0 2
0
1

= 0
1
1

= 1

If we consider a Hei senberg- l ike Ha mi l to nian wi th at most uni axi al ani sotro py,
then the m agneti zati on is a good quantum numb er and subspaces wi th =

0 1 2 3 4 can be considered separatel y. The case = 4 ( = 4 ) is the
sim plest one, since there is the uni que Ising conÙgura ti on + + + + ( ).
On the other hand, there are 19 conÙgurati ons wi th = 0 whi ch can be decom -
posed into Ùve orbi ts. Thei r stabi l izers (a l l are di ˜erent) and representa ti ves are
as fol lows:

4 : 1 = 0 0 0 0 0
2 : 2 = + + 0

1 : 3 = + 0 0

1
1 : 4 = + + 1 : 5 = + 0 0

Orders of these orbi ts are: 1, 2, 4, 4, and 8. No te tha t orbi ts in typ es 0
2 and 1

1

are labelled by non-ordered parti ti on [ 2 0 2 ] , whereas the orbi ts in typ e 0
1

and

1 by [ 1 2 1 ] . Since there is only one orbi t in each typ e, then they need not be
di stinguished by the parti ti on label and, theref ore, it wi l l be om i tted in further
considerati ons. In the next step we decompose the tra nsiti ve representati ons into
i rreps:

: = 1
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R D 4 :D
0

2 = A 1 ` B 1 ;

R D 4 :D = 1 1

: = 1 2

: = 1 2 1 2 2

Let us consider the isotro pic anti ferrom agneti c Hei senberg Ha mi lto nian wi th the
nearest and next- nearest intera cti ons

= 1 ( 1 2 + 2 3 + 3 4 + 4 1 ) + 2 2 ( 1 3 + 2 4 )

where 1 0 and the f actor 2 is intro duced to m imic four pai rs of next- nearest-
-neighb ors. Note tha t in the special case 1 = 2 2 = 2 we have = 2 8 . The
eigenvalues of 2 are kno wn and they can be easily related to irreps [8, 15], as shown
in T abl eI I. In a general case, the decom positi ons of tra nsi ti ve representa ti ons lead
to the fol lowing classiÙcati ons of states:

Fi ve states are to ta l ly sym metri c ( = 1 ); they are l inear com binati ons of
al l sta tes wi th = 0 ; they are related to even to ta l spin num bers;

Onl y one state has sym m etry 2 obta ined from the orbi t wi th a stabi lizer

1 and related to = 1 ;

Three states are labelled by 1 (orbi ts 2, 3, and 5); they should give =

1 2 3 ;

The i rrep 2 labels two states (orbi ts 4 and 5, = 0 2 );

The two- dimensional irrep labels doubl y degenerated levels wi th states
and . It appears in orbi ts 3, 4, and 5 (twi ce) and correspond to

= 3 2 , and 1 (two states).

T ABLE II

Let us consider the states labelled by 2 . No n-zero m atri x elements are
possible only between the fourth and Ùfth orbi t, so they wi l l be denoted wi th

= 4 5 . For al l one-dim ensional i rreps we have = 1 i f app ears in the
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decompositi on of R G :U (indi ces Û and r m ay be om i tted since both of them have
onl y one value). Theref ore, see Eq. (18), B U V À ( g j ) = À (g j ) . In the case considered
we have

2 ( ) = 2 ( 2 ) = 2 ( 1 ) = 2 ( 3 ) = +1

2 ( 4 ) = 2 ( 1
4

) = 2 ( 0 ) = 2 ( 2 ) = 1

Next we have to consider doubl e cosets 4 for = 1
1 1 . For = 1

1

there are four left cosets represented by 4 2 , and 1
4 . They are also double

cosets for = 1 , but they f orm three doubl e cosets for = 1
1 : the acti on of 1

m erges the second and the fourth coset and, in thi s case, one obta ins

1
1

1
1

= 1
1 2

1
1

= 2 1
1 4

1
1

= 4

These form ulas are also v alid f or = 1 and = 1
1 . For = = 1 there are,

of course, eight doubl e cosets represented by al l elements of the group 4 .
In the case = = 1

1
one has to consider three elements wi th

= + + and = , = ( 4 ) , and = ( 2 ) , i.e.

+ + + + + + + + + + + +

It can be noti ced tha t the last two are equal to zero, since the Ham i lto ni an con-
sidered does not conta in the operato r

2 2
(necessary to change 2 = +1 to

2
= 1 ). The Ùrst element is non-zero only for the diagonal term s and

gives the value 2 2 ( 1 3 + 2 4 ) = 4 2 . Since 2 ( 2 ) = 1 , thi s is the value
of the m atri x element 4 4 .

Let us consider now = 1 . There are four term s whi ch should be considered
(f or =

4
, = 0 1 2 3 ):

+ + + 0 0 + + + 0 0

+ + + 0 0 + + + 0 0

Onl y the Ùrst one is non-zero, since the others needs the term +
4

+
4

or
1 1

to
be present in the Ham i lto ni an. Thi s non-zero term corresponds to ( +

2 3
) 2 and,

theref ore, give the value 1 . It has to be mul tipl ied by 1
1
1 = 2 and divi ded

by ( ) 1 2 = 2 .
T o Ùnish the calculati ons i t is enough to consi der the case = = 1 , but

we start wi th = 1 and = 1
1 to check the value just obta ined. The dou-

bl e cosets are again represented by = 4 ( = 0 1 2 3 ), so four term s have to be
considered:

+0 0 + + 0 0 + + +

0 +0 + + + 0 0 + +
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Onl y the Ùrst one is non-zero and equals J 1 and has to be m ulti pl ied by
p

2 , as in
the previ ous case. Theref ore, the Ha mi lto nian m atri x is sym metri c.

In the last case U = V = C 1 one has to consider al l eight elements since
every double coset V g d U = f g d g . No te tha t in thi s case = = = 1 .
It can be noti ced tha t onl y three scalar pro ducts are non-zero:

+0 0 + 0 0 + 0 0 + 0 0 0 0 + + 0 0

The Ùrst is obta ined for = and has the value 1 , whereas the others equal
2 2 and are related to = 0 2 , so they have to be mul ti pli ed by 2 ( ) = 1

in thi s case. As the resul ts one obta ins a 2 2 sym metri c m atri x

4 2 2 1

2 1 1 4 2

wi th eigenvalues

1 = 2 1 4 2 2 = 1 4 2

For 1 = 2 2 = 2 one has 1 = 8 and 2 = 2 , whi ch agrees wi th T abl e I I. The
eigenvectors are

2 1 = ( 1
1

4 ; 2 2 1 5 ; 2 ) 3

2 2 = ( 2 1
1

4 ; 2 + 1 5 ; 2 ) 3

where vecto rs ; 2 for = 1
1 1 and = 4 5 ( labels orbi ts) can be

determ ined accordi ng to Eqs. (15) and (16).

The form ula (20) and i ts special case (22) m ake a basis for constructi on of
operato r m atri ces, especial ly for a Ham i lto ni an . It has to be stressed tha t one
inv estigates onl y the acti on of on orbi t representa ti ves or, stri ctl y speak-
ing, elements for al l representati ves of doubl e cosets .
At the Ùrst glance both ta sks, determ inati on of and calcul ati on of ,
are equivalent. And i t is true from the point of vi ew of the mathem ati cal theory
and the physi cal meaning of the form ul as. Ho wever, they are di ˜erent ta sks when
one considers thei r actua l real izati on, e.g. impl ementa ti on of algori thm s.

Let us assumetha t a given Ham i l to nian can be wri tten as a sum of such term s
tha t is exactl y one conÙgurati on. In the case of spin system s i t m eans

tha t one of these term s, say 0 , conta ins only operato rs, since conÙgura ti ons are
thei r eigenvecto rs. For exam ple, the Hei senberg intera cti on of the nearest neighbors
in -element ri ng leads to

0 =

=1

+1
+ 1 1
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Each of al l 2 N other term s s+
j

s À

j +1
and sÀ

j
s+

j +1
pro duces a new (and di ˜er-

ent) conÙgura ti on or an empty state j i . Theref ore, for each = =

0 1 2 . . . 2 , one has to perf orm the fol lowi ng steps: (i ) determ inati on of i ts stabi -
l izer ; (i i) search f or an orbi t (i n fact, i ts representa ti ve ), to whi ch belongs;
(i i i ) determ inati on of a doubl e-coset representati ve such tha t ( ) = ;
(i v) addi ti on of the pro duct ( ) to ( ) . In
thi s way the m atri x is constructed colum n by colum n.

In the second appro ach one can construct thi s m atri x by elements. For a
given i rrep these elements are labelled by and . Theref ore, these
indi ces are Ùxed in f urther calcula ti ons, whi ch are perform ed as fol lows: (i ) take
al l representa ti ves of doubl e cosets (they are kno wn from the
group- theoreti cal consi derati ons); (i i ) construct the state ( ) ; (i i i ) check i f the
element is non-zero and, i f yes, calcul ate i t; (i v) add the product

( ) to ( ) .
Thi s appro ach has some advanta ges. At Ùrst, one determ ines onl y the upper

(or lower) part and the diagonal of the m atri x for Herm i ti an (sym m etri c) opera-
to rs. Mo reover, in som e cases i t can be easily checked whether the conÙgura ti on

( ) can be obta ined from the conÙgurati on acti ng wi th a given Ha mi l to -
ni an. For exam ple, conÙgurati ons of system s wi th = 1 2 can be stored as binary
num bers 1 2 . . . 2 1 0 , where is the length of a m achi ne wo rd ( = 3 2

or 64, as usual ; one can use an arra y of words i f ) and = + 1 2 for
= 1 2 . For two given conÙgurati ons, say 1 . . . 1 0 and

1
. . .

1 0
, one

calculates the bi t- wi se \ exclusive or" (XOR )

= XOR =
0 i f =

1 otherwi se

If the obta ined numb er 1 . . . 1 0 has only two non-zero dig its and + ,
then = +

+
or +

+
. In both cases = 2 i f the

Ha mi l to nian conta ins intera cti ons + . In the case 1 2 , the calcu-
lati ons are not so simpl e, but, neverthel ess, faster tha n di rect determ inati on of
conÙgurati ons +

+
, when one has to check i f and + .

Such an appro ach is especial ly useful in the case of m esoscopic ri ngs or l inear
chains wi th the periodic bounda ry condi ti ons, whereas in the case of two- and
three- dim ensional system s the Ùrst soluti on may be m ore adequate. Let us con-
sider a -di mensional (hyp er)cubi c latti ce wi th the Born{ vo n KÇarm Çan period
in each di recti on. Then i ts (Ùni te) space group has (2 ) ! elements [22] and i t
is the length of m ost orbi ts, since they belong to the generic stra tum . On the
other hand, the Hei senberg Ha mi lto nian wi th the nearest neighbor intera cti ons
has 2 term s + , whi ch may produce new conÙgura ti ons . Theref ore, a
loop over doubl e coset representa ti ves is longer tha n a loop over al l Ham i lto ni an
term s, since [ (2 ) ! ] (2 ) = 2 1 ( 1 )! Ho wever, an intro ducti on of addi -
ti onal term s to the Ha mi lto nian or considerati on of 2 operato r (wi th ( 1 )
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term s s +
j

s À

j 0 ) m ay change thi s com parison signiÙcantl y.
The above considerati ons are elicited by possibl e \ pra cti cal " appl icati ons

of the form ulas obta ined. Ho wever, they also describe general pro perti es of an
operato r H com muti ng wi th symm etry operato rs P (g ) , g 2 G . Ma tri x elements

of such operato rs are constant on pai rs belonging to the same orbi t de-
term ined by the acti on of on a Cartesi an pro duct of orbi ts ( ) ( ); these
orbi ts are labelled by doubl e coset representa ti ves . W hen a discrete pro blem
of the Ùnite acti on is l inearized, i .e. (vecto r) i rreduci bl e representa ti ons are
intro duced, then matri x elements in the sym metry adapted basis ; can
be determ ined using the reducti on coe£ cients . Al l m odel param eters de-
pending only on the probl em sym metry can be determ ined before calcul ati ons of
m atri x elements and appl ied to al l models/ Ha mi lto ni ans wi th the sam e sym me-
try . In the case of sim ple groups, l ike cyclic or di hedra l ones, these param eters
can be expressed in the analyti c form for the who le fam ily of groups. In the next
paper [17] the results obta ined for the dihedra l groups are presented. These
groups are im porta nt in the investigati ons of m esoscopi c ri ngs and chains wi th the
periodi c boundary condi ti ons. It can be pro ven [22] tha t a (Ùnite) space group of
the -dim ensional (hyp er)cubi c latti ce is a wrea th pro duct and, therefore,
the results obta ined for ( = 1 ) are useful in the investigati ons of two - and
three- dim ensional latti ces ( = 2 3 ).

Thi s work is parti al ly supported bythe State Co mm ittee for Scienti Ùc Re-
search wi thi n the pro ject No. 2 P03B 074 19. The autho r is indebted to Prof. A. Ker-
ber for frui tf ul discussions. The valuabl e rem arks of Pro f. G. Ka mieniarz and
D r. S. Wa¤cerz are also acknowl edged.
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