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Th e m ax im um limi t of rotatio nal energy tran sfer w as in vestigate d over

a wide range of collisi on energy , reduced mass of the system, potential func -
tions, and potential parameters for the N 2 {N e system . The classical limit
of maximum rotational energy transf er, ( Â E ) m a x , w as review ed for a hard
ellips oid potential model. I t was found that (Â E ) m ax predicted by the hard

ellips oid model is comparable to a w ell- know n parameter j Â E j
Ê given by the

p ower- gap law. T he numerical equiv alence of j Â E j
Ê with (Â E ) m ax suggests

that the value of (Â E ) m ax given by hard ellipsoi d potential model can b e
used as one parameter j Â E j

Ê of the p ower- gap law.

PAC S numb ers: 34.50.Ez, 34.50. {s

1. I n t rod uct io n

One of the im porta nt features regardi ng rota ti onal energy tra nsfer (R ET) in
ato m { diato m col lisions is to expl ore the region of m olecular intera cti on where there
is m axi mum exchange between the orbi ta l angular m omentum and the angular
m omentum of the m olecule. It has been noted by several wo rkers [1{ 6] in recent
years tha t when an ato m appro aches a diato m ic m olecule the m axi mum amount
of conversi on of orbi ta l angular m omentum into the angular m omentum of the
m olecule, or vi ce versa, occurs near the classical turni ng point.

Mc Ca ˜ery and co-workers [3{ 6] expl ored vari ous aspects of R ET by trea t-
ing the conversi on of orbi ta l angul ar m omentum to the angul ar m omentum of
the molecule at the repul sive wal l of ani sotro pi c interm olecul ar potenti al . They
obta ined the m aximum cl assical l imit of ro ta ti onal energy tra nsfer by usi ng hard
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el lipsoid potenti al model. Thi s m odel trea ts the ta rget as a hard core ell ipsoid
and the coll ision between an ato m and a diato m is considered equi valent to the
col lision between the ato m and the hard core el l ipsoid.

Co nsidering the sum of the orbi ta l angul ar mom entum , r È p, and the angular
m omentum of the m olecule, J , as a to ta l angular m omentum , J T , the conservati on
of angul ar momentum can be expressed as

Â J T = Â (r È p ) + Â J = 0 ; (1)

whi ch gives

Â J = À r È Â p ; (2)

i f r is trea ted as constant.
The relati onshi p between the shape of the potenti al surface and the energy

tra nsfer is cruci al for understa ndi ng col l ision processes of ato ms and m olecules.
The l ink between the two is pro vi ded by the general quantum theo ry of col l isions
for hard shapes. The problem of the rota ti onal ly inelastic col l ision of a parti cle
wi th a hard el l ipsoid potenti al [7{ 9] can be solved usi ng the three pri nci ples of
conservati on: the tota l energy conservati on, the l inear mom entum conservati on,
and the angular m omentum conservati on. Followi ng Bosanac [8], Osb orne and
Mc Ca˜ery [6] assumed the ta rget as a hard core el lipsoid and computed the
m axi mum possible value of r È Â p at the potenti a l wal l to arri ve at the maxi mum
l im it of angul ar momentum tra nsfer in term s of the dyna m ical param eters of the
system . Recentl y, Agrawa l and co-workers [10{ 12] have noted tha t the classical
l im it of the rota ti onal energy tra nsfer, (Â E )m ax , predi cted by the hard ell ipsoid
m odel is com parabl eto a wel l -known param eter j Â E j

Ê given by the power-gap law
[13] and the RET cro ss-sections computed on the real potenti als.

One more interesti ng point m ay be to study the above-m enti oned classical
l im it of the angular m om entum tra nsfer in quantum m echanica l cross-sections.
Owi ng to quantum m echanical tunnel l ing and the softness of the real isti c poten-
ti als, one expects the pro babi l ity of a rota ti onal tra nsi ti ons to be nonzero even in
the classical ly forbi dden region predi cted by Bosanac [8] on the basis of the hard
el lipsoid potenti al and Eq. (2). However, we shal l see tha t the scal ing and Ùtti ng
laws [13{ 17] such as the power-gap law [15] wi l l pro ve useful in separati ng the
cl assical ly al lowed and classical ly forbi dden regions.

In thi s study , in addi ti on to the val idit y of the hard el lipsoid potenti al model,
we shal l also reconÙrm tha t the divi sion between the classical ly al lowed and f or-
bi dden tra nsiti ons given by the power-gap law is excellent.

The classical l im i t of the angular m omentum tra nsfer for the hard ell ipsoid
potenti al model is revi ewed in Sec. 2. The com puta ti onal deta ils and the procedure
for determ inati on of the classical l imit of rota ti onal energy tra nsfer are then given
in Sec. 3. The num erical results are presented and discussed in Sec. 4. Fi nal ly, the
conclusi ons are summ arized in Sec. 5.
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2. H ar d el l ipso id pot enti al m odel

W e present here a sim pl iÙed model for the m axi mum l im it of angul ar m o-
m entum tra nsfer. The hard ell ipsoid potenti al m odel is shown in Fi g. 1. The point
O in the Ùgure refers to the centre of m ass of the diato m ic m olecule. Bef ore the
col lision i t is assumed tha t the el l ipsoid is non-rota ti ng. At the point of im pact,
M , the component of l inear m omentum ta ngenti al to the surface of ell ipsoid does
not change i ts value. Theref ore, the di recti on of change in mom entum , Â p, due to
col lision wi th the hard ell ipsoid potenti al woul d be along the norm al I M in the
Ùgure. To determ ine the rota ti onal angular mom entum J of the m olecule in the
Ùnal state we use the pri nci ple of conservati on of angular mom entum. Af ter the
col lision for such a change in the l inear m omentum the m agni tude of the conver-
sion of orbi ta l angular mom entum of the system into the angular momentum of
the diato m ic m olecule given by Eq. (2) would be

Â J = bn j Â p j ; (3)

where bn i s the length of the perpendicul ar O P on the norm al I M N . By using the
pro perti es of an ell ipsoid one can wri te the f ol lowing equati on for the maxi mum
possible value of :

( ) = À (4)

where and are the lengths of the semi-major and semi-m inor axes, respectively.

Further, for the maxi mum possibl e value of Â p we can wri te

j Â pj = À ( À ) = 2 À ( À 2 ) = 2 (
p

+
p

) (5)

where is the reduced m ass of the col lidi ng system , and and are the ini ti al
and Ùnal tra nslati onal ki neti c energies of the system , respecti vely.

Co mbining Eqs. (3){ (5), we can now wri te the fol lowing relati on for the
cl assical l im it o f the angular m omentum tra nsfer:

(Â ) = 2 (
p

+
p

)( À ) (6)
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From the above expression the l imi t of the rota ti onal energy tra nsfer in the
m olecule can be easily obta ined. For sim pl icit y, i f the di atom ic m olecul e is consid-
ered ini ti al ly in the ground state, then the expression for the maxi mum amount
of ro ta ti onal energy tra nsfer would be

(Â E ) ma x = [ (Â J ) ma x ] 2 =2 I = ( ñ= I )( A À B ) 2 ( E + E + 2
p

) (7)

where is the m oment of inerti a of the diato m ic molecule. Equati on (7) to gether
wi th the fol lowi ng energy conservati on equati on:

= À (Â )ma x (8)

can be used to com pute (Â ) ma x from kno wl edge of , and .

j Â j

The param eter j Â j i s determ ined wi th the use of integ ral inelastic cro ss-
-sections (I ICS) obta ined from scatteri ng calcul ati ons and the power- gap law.

3.1. Pot ent ial energy sur faces

For the com puta ti on of I ICS the hom onucl ear di ato mic m olecule, N , is
trea ted as a rigid roto r and the intera cti on between the m olecule and the ato m,
Ne, is ta ken as a pai rwi se sum of the potenti al term s, i .e.

= ( ) + ( ) (9)

where and are the N { Ne and N À Ne di stances, respecti vely, as shown in
Fi g. 2.

For ( ) the fol lowing general form of the Lenna rd{ Jones (L{ J) potenti al
is ta ken wi th di ˜erent va lues of and :

( ) = f [ ( À )] ( ) À [ ( À )] ( ) g = 1 2 (10)

where and are ta ken [18, 19] as 3.63 ¡A and 5.352 m eV, respect ively.
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The varia ti on in the potenti al f uncti on is obta ined by putti ng n = 9 and 12
in Eq. (10), keeping m = 6 , givi ng the potenti al functi ons whi ch we shal l denote
as V (9 , 6) and V (12, 6).

In addi ti on to the above-menti oned potenti al f uncti ons, purel y repul sive
term s of the potenti al functi ons have also been inv estigated. It is conveni ent to de-
note such potenti als by the notati on V R ( n ) , whi ch has been obta ined by deleti ng
the attra cti ve term from the potenti al V ( n; m ) .

3.2. Comput at ion of cross-sections

The integra l inelasti c cro ss-sections have been com puted usi ng the m odi Ùed
inÙni te order sudden appro xi mati on (IOSAM) [20]. D epending on the energy and
the m assof the system , X 2 { Ne, the numb er of phase shifts were varied in the range
100 to 400. The phase shif ts have been com puted using a 10-point Guass{Mehl er
quadra ture of the W KB phase shif t equati on as described by Pack [21].

3. 3. T he power-gap law and the cl assical l imi t of RET

Accordi ng to the power-gap law [15] the cross-secti ons, ¥ ( j i ! f ) , can be
expressed as

( i ! f ) = (2 f + 1 )( f i) j Â j (11)

where i and f are the ini ti al and Ùnal ro ta ti onal quantum numb ers, and are
the Ùtti ng param eters, f and i are Ùnal and ini ti al tra nslati onal energies and
j Â j is the energy gap between ini ti al and Ùnal ro ta ti onal levels.

Equa ti on (11) gives the f ol lowi ng equati on whi ch can be used to separate
the two regions:

= À + ln (12)

where

= ln[ ( i ! f )( i f ) (2 f + 1)] (13)

and

= ln j Â j (14)

A typi cal À pl ot whi ch shows the exi stence of tw o stra ight l ines signi fyi ng
the two regions is given in Fi g. 3. The locati on of the cri ti cal point has been
indi cated by the arro w in the Ùgure. For al l sets of com puted cro ss-secti ons, j Â j

has been obta ined by such plots. The values of j Â j are com pared wi th the
correspondi ng values of (Â )ma x given by Eq. (7).
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Fig. 3. ln [ ¥ ( j i ! j f )( T i =T f ) 1 = 2 = ( 2 j f + 1) ] versus ln j Â E j for j i = 0 at E = 0 : 1 eV

for V R (9) potential. j Â E j
Ê point is show n by an arrow . T he units of Â E and ¥ are eV

and ¡A 2 , respectively .

4. R esul t s an d d iscu ssio n

4.1. E˜e ct of energy

The e˜ect of varyi ng energy on slopes, j Â E j
Ê and ( ) given by the scatteri ng

calculati ons for the potenti al (9 , 6) and (9) is shown in T able I. In al l the
calculati ons the molecule, N , was ta ken ini ti al ly in the rota ti onal ground state.
For com pari son the values of (Â ) predi cted by the hard el l ipsoid model are
also listed in the T able. The l isted values of (Â ) , in general , do not correspond
to deÙnite quantum levels. T o tra nslate the classical inf orm ati on conta ined in
(Â ) into the quantum picture, the perm issible (even) value of rota ti onal
quantum numb er, ( ) , corresp ondi ng to the rota ti onal energy level just before
the occurrence of classical ro tati onal energy (Â ) i s also l isted in the T abl e.

A com pari son of (Â ) given by the hard ell ipsoid m odel wi th the cor-
respondi ng data obta ined by the scatteri ng m etho d shows tha t they are in good
agreem ent. However, in term s of the quantum level expressed by ( ) one notes
tha t the di ˜erence between the scatteri ng resul ts and tha t of ell ipsoid model ex-
tends only up to the next perm issible level.

Ano ther im porta nt parameter is . For a given potenti al we see tha t
is insensiti ve to the change in the coll ision energy. The data reported in T able I
also reveal tha t increaseswi th the rem oval of attra cti ve term in the potenti a l.
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TABLE I

Comparison of maximum amount of rotational energy transf er (Â E ) m ax and
( j f ) m ax values given by the hard ellip soid p otential mo del and those obtained
by using the scattering results for N 2 {N e system.

Potential Energy Ûl o w
a Ûh i gh

a (Â E ) m ax [eV ] ( j f ) m ax

[eV ] Scat- Ellip soid Scat- Ellipso id

tering model tering model

V (9, 6) 0.10 0.76 1.78 0.067 0.070 14 16

0.15 0.78 3.47 0.116 0.104 20 18

0.20 0.79 2.21 0.141 0.139 22 22

0.25 0.80 2.97 0.189 0.175 26 24

0.30 0.81 4.08 0.243 0.210 30 28

0.35 0.81 2.49 0.254 0.246 30 30

V R (9) 0.10 0.90 4.54 0.048 0.057 12 14

0.15 0.94 6.74 0.091 0.089 18 18

0.20 0.92 5.59 0.116 0.121 20 20

0.25 0.93 6.64 0.158 0.154 24 24

0.30 0.92 6.90 0.193 0.187 26 26

0.35 0.92 6.39 0.225 0.220 28 28

0.40 0.93 7.05 0.273 0.254 32 30
a T he units of Û low and Ûh igh are such that in Eq. (11), cross- section is in ¡A 2

and Â E is in eV .

The values of Ûhi gh , however, show a di ˜erent trend. The energy dependence of
these param eters is a matter of further studi es.

4.2. E˜e ct of mass

T able I I gives the results for X 2 { Ne system havi ng r 0 and values of N { Ne
system and the m assesof X are 24.0, 28.0, 32.0 amu for the potenti al R (12) at
di ˜erent col l ision energies. A very good agreement between the (Â ) ma x values
given by the hard ell ipsoid model and the scatteri ng calculati ons is seen f rom
T able I I. Further, a decrease in (Â )ma x values wi th the increase in m ass of the
di ato m, X , is also seen from the T able.

For a system to exhi bi t angul ar m omentum constra int, the Ùnal ro ta ti onal
sta te of the m olecule must be energeti cal ly accessible to elim inate any energeti c
restri cti ons. Thus the (Â ) ma x values m ust be smal ler tha n the available tra nsla-
ti onal energy . Thi s gives

(Â ) ma x 1

or

( )( ) 1 ( using Eq (7))
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TABLE I I

Comparison of maximum amount of rotational energy transf er (Â E ) m ax

given by the hard ellips oid potential model and those obtained by using
the scattering results for X 2 {N e system, as a function of mass of the diatom,
X 2 , at di˜erent colli sion energies. Potential parameters of X 2 are taken as

of N 2 . Potential V R (12) is used.

Mass of X 2 in amu

24.0 28.0 32.0

Energy (Â E ) m ax [eV ]

in eV Scat- Ellipsoi d Scat- Ellipso id Scat- Ellipso id

tering mo del tering model tering model

0.10 0. 068 0.069 0.060 0. 066 0. 056 0.063

0.15 0. 109 0.106 0.099 0. 101 0. 097 0.096

0.20 0. 139 0.142 0.137 0. 136 0. 127 0.130

0.25 0. 186 0.180 0.184 0. 171 0. 169 0.164

0.30 0. 225 0.217 0.223 0. 207 0. 216 0.198

0.35 0. 275 0.255 0.257 0. 243 0. 249 0.232

0.40 0. 326 0.292 0.309 0. 279 0. 282 0.267

or

( ñ= ñ m )[ (A À B ) =R e ] 2 < 1 (15)

where and e are the reduced m ass and bond length of the m olecule. Thus
the rati o is an im porta nt factor in determ ini ng whether a col l ision system is
m omentum or energy constra ined. In N { Ne system the order of À i s 0.47 and
the bond length of N is e = 1 094 ¡A. Hence [ ( À ) e ] 2 i s ¤ 0 2 . Theref ore
the rati o should be smal ler tha n 5 for the inequal ity in Eq. (15) to hold.
In other cases al l the tra nsiti ons perm i tted by the energy conservati on constra int
wo uld be possibl e.

4. 3. E˜e ct of pot ential paramet ers and

The parameters and do not appreci ably change wi th energy . For
exam ple, for R (9) potenti al decreases from 3.393 to 2.9826 and À increases
from 0.3862 to 0.4200 as increases from 0.1 to 0.4 eV, respect ivel y.

Theref ore, to study the dependence of (Â ) ma x on À as given by Eq. (7)
we have vari ed the potenti al param eter from 0 5 to 2 0 , where =

3 2 3 2 ¡A. The so obta ined results for N { Ne system at = 0 1 eV for R (9)
potenti al are given in T able I II. W i th such a change in the range param eters now

vari es from 1.9628 to 6.3274 ¡A and À ranges from 0.536 to 0.2396 as vari es
from 0 5 to 2 0 , respectivel y, for R (9) potenti al . Thus the data presented
in T able I I I exclusively demonstra te the e˜ect of vari atio n of À on (Â ) ma x .
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T ABLE I I I

Comparison of maximum amount of rotational energy transf er (Â E ) m ax and
( j f ) m ax values given by the hard ellip soid p otential mo del and those obtained
by using the scattering results for N 2 À N e system as a function of potential
parameter, r 0 , at colli sion energy E = 0 : 1 eV (R 0 = 3: 232 ¡A ). Potential V R ( 9)

is used.

r 0 =R 0 A B (Â E ) m ax [eV ] ( j f ) m ax

[ ¡A ] [¡A ] Scattering Ellip soid Scattering Elli psoid

model mo del

0.5 1.9628 1.4268 0.076 0.082 16 16

0.7 2.5320 2.0682 0.063 0.071 14 16

1.0 3.3930 3.0068 0.048 0.057 12 14

1.3 4.2640 3.9352 0.043 0.046 12 12

1.5 4.8496 4.5514 0.034 0.039 10 12

2.0 6.3274 6.0878 0.025 0.028 8 8

T ABLE IV

Comparison of maximum amount of rotational energy transf er (Â E ) m ax and
( j f ) m ax values given by the hard ellip soid p otential mo del and those obtained
by using the scattering results for N 2 À N e system as a function of potential

parameter, " , at collisi on energy E = 0 :1 eV (" 0 = 5: 351 94 7 meV ). Potential
V R (12) is used.

" =" 0 A B (Â E ) m ax [eV ] ( j f ) m ax

[¡A ] [¡A ] Scattering Ellip soid Scattering Elli psoi d

mo del mo del

0. 5 3.2332 2.7888 0.062 0.068 14 14

1. 0 3.3938 2.9610 0.060 0.066 14 14

1. 5 3.4942 3.0660 0.060 0.065 14 14

2. 0 3.5640 3.1428 0.059 0.064 14 14

5. 0 3.8052 3.3994 0.057 0.061 14 14

10.0 4.0006 3.6066 0.049 0.059 12 14

20.0 4.2078 3.8260 0.048 0.056 12 14

Here again we see a very good agreement between the scatteri ng results and tho se
given by Eq. (7) f or (Â E ) ma x and ( j f ) ma x .

Unl ike the e˜ect of r 0 , the param eter " has smal l e˜ect on A . Such
an e˜ect of varyi ng from 0 5 to 2 0 0 , where = 5 3 5 2 meV, is shown in
T able IV at = 0 1 eV. Here decreases by about 14% as increasesf rom
0 5 to 2 0 0 f or R (12) potenti al . The data presented in T abl e IV also show a
very good agreem ent between the scatteri ng resul ts and tho se given by the hard
el lipsoid m odel .
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5. Su m m ar y

The maximum l imi t of rota ti onal energy tra nsfer in col l isions of N 2 wi th Ne
wa s investigated over a wi de range of energies, reduced m assof the system , poten-
ti al functi ons, and potenti al parameters. Further, the cl assical l imi t of maxi mum
rota ti onal energy tra nsfer was revi ewed for a hard ell ipsoid potenti al m odel . Co r-
respondi ng to the cl assical l im i t (Â E ) ma x , the Ùnal ro ta ti onal quantum num ber
( j f ) ma x was also com puted in each case, consi dering the m olecule ini ti al ly in the
ground state. A good agreement between the j Â E j

Ê so obta ined by power-gap law
and (Â E ) ma x given by Eq. (7) clearly signi fy tha t the region j Â E j > j Â E j

Ê i s
due to the departure of the real potenti al from the hard el lipsoid potenti al and
quantum mechanica l tunnel l ing.

Al so the system ati c decrease in (Â ) ma x wi th the increase in the reduced
m ass of the system was veri Ùed for X { Ne system , where di ato m X has al l prop-
erti es of N except the m ass, whi ch is ta ken as 24.0, 28.0, 32.0 am u. The j Â j

values given by the scatteri ng results are found to be in good agreem ent wi th the
(Â ) ma x values obta ined using the hard ell ipsoid potenti al m odel .

The dependence of (Â ) ma x and ( f ) ma x for N { Ne system was investigated
for di ˜erent typ es of potenti al surfaces over a wi de range of ini ti al col lision energy
and potenti al param eters. In a ll cases i t is found tha t the agreem ent between
(Â ) ma x and j Â j i s good.

The equivalence of j Â j and (Â )ma x suggests tha t the v alue of (Â )ma x

given by Eq. (7) can be used as one param eter j Â j of the power- gap law. The
physi cal expl anati on of the other four param eters l ow , hig h, lo w , and hig h of
the power-gap law is, however, a matter of f urther research.
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