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D ynam ics of a neura l net w ork in t he form of a linear chain of arti Ùcial
neurons S i 2 ( À 1; 1) in Ûuenced by an external sinusoidal stimulation is in-
vesti gated as a function of the range k of synaptic connections w ith random

values. T ime evolution of the netw ork is p erio dic for small k , how ever, clus-
ters of neurons oscill atin g w ith a triple perio d of external stimulation, w ith

quasip eri odi c or w ith chaotic time evolution may occur. For increasi ng k the
numb er and width of the chaotic clusters increase and for k > 4 the chaotic
motion occurs in the whole network. A route to chaos in the considered
system is discussed.

PAC S numb ers: 87.10.+ e, 05.45. {a

1. I n t rod uct io n

Arti Ùcial neura l netwo rks (ANNs) are a ki nd of com plex system s whi ch ex-
hi bi t such phenom ena l ik e chaos (see e.g. [1, 2]), quasiperiodi c evoluti on [3, 4], in-
term i ttency [5, 6], synchro nizati on [3, 7] and stochasti c resonance [8{ 10]. A parti c-
ul ar ro le plays chaoti c ti m eevoluti on, whi ch m ay occur in di ˜erent ki nds of ANNs,
because it resembles the ti m eevoluti on of the bra in [11]. For thi s bra in acti vi ty the
nam e stochastic chaos has been recentl y adopted [12]. Besides, a numb er of inter-
esting appl icati ons may be based on chaoti c evoluti on of neura l netwo rks [13], e.g.,
inf orm ati on pro cessing [14], opti mizati on [15] and m emory properti es [16]. There-
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fore, the num ber of papers inv estigati ng physi cal pro perti es of ANNs connected
wi th chaos, l ike contro l l ing chaos [17], pattern form atio n [18], necessary condi ti ons
for the occurrence of chaoti c ti m e evoluti on of the netwo rk [8, 19], routes to chaos
[8, 19], etc., has recentl y increa sed. In the majori ty of papers, however, no periodic
sti m ulati on was used.

In our work the dyna m ics of a l inear chain of periodi cal ly sti mula ted arti Ù-
ci al neurons wi th random synapti c connecti ons, l im ited to 2 k nearest neighbors,
is investigated num erical ly. A route to chaos and both local (ref erri ng to a sing le
neuro n embedded in a chain) and global (ref erri ng to the who le netwo rk) dyna m -
ical properti es of the system are discussed. An appl icati on of periodic stim ulati on
to thi s system results in a route to chaos vi a form ati on and growth of clusters in
whi ch oscil lati ons wi th a tri pl e period, quasiperiodic and, Ùnal ly, chaoti c oscil la-
ti ons appear.

2 . T he m odel

Our ANN has a form of a linear chain consi sting of N neurons S i , f or whi ch
current states are as fol lows:

S i ( t + 1 ) = ta nh [ g h i ( t ) + I ( t ) ] ; (1)

where

h i ( t ) =

i + kX

j = i À k

J i j S j ( t ) ; (2)

and h i i s the local Ùeld acti ng on i - th neuro n in the di screte ti m e t; J i j i s the
synapti c connecti on between i - th and j -th neuron, g i s the gain parameter and
I ( t ) = A sin(2 ¤ t =T ) i s the externa l sti m ulati on acti ng on each neuron. The synap-
ti c connecti ons of i -th neuron wi th i ts 2 k nearest neighbors and i tsel f (J i i ) have
random values J i j 2 [ À 1 ; 1 ] . Peri odic boundary condi ti ons are used. Synchro nous
up dati ng of the states of neurons is used for the calcul ati on of the ti m e evoluti on
of the netwo rk. As a starti ng conÙgurati on f S i (0 ) g random values of a ll neu-
rons S i 2 (À 1 ; 1 ) were mostl y assumed. Som eti mes, the uni form ini ti al condi ti ons
f S i (0 ) = 0 were also used.

An analyti c investigati on of the neuro n system presented here is not possibl e,
because the system is to o large. Theref ore, num erical simulati ons of the dyna m ics
of the system were perform ed. For the investigati on of the local netwo rk dyna m ics,
i .e., dyna m ics of a single neuron embedded in the chain, proÙles of the states of
al l neurons S ( i ) for di ˜erent ti mes and return maps S i ( t + T )[ S i ( t )] , showi ng the
character of the PoincarÇe sections, were calculated, whi le for the observati on of
the global dyna m ical properti es of the who le netwo rk average devi ati on

¥ ( t ) =
1

N

NX

i = 1

[S i (0 ) S i ( t )] 2 (3)

and the return map ¥ ( t + T )[ ¥ ( t )] were used.
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Num erical exp eriments were m ade for N = 1 5 1 , gain parameter g = 1 , am -
pl i tude and period of externa l sti mul ati on A = 1 and T = 2 4 , respecti vely. The
behavi or of the netwo rk for other values of these param eters wa s also monito red.
For each value of the contro l parameter k , calculati ons were repeated for 10 di ˜er-
ent distri buti ons of [J ] and 10 ini ti al sta tes of the netwo rk f S i (0 ) g , com ing f rom
a random num ber generator.

The ki nd of the ti m e evoluti on of the netwo rk was observed as a functi on
of the numb er of neighbors, starti ng wi th k = 1 , whi ch corresponds to the most
di luted synapti c connecti ons, up to a f ul ly connected network wi th k = N , whi ch
corresponds to the netwo rk of HopÙeld typ e, i.e., the netwo rk wi th no interna l
geometri c structure .

3. R esul t s an d d iscu ssio n

General ly it was found tha t for a stro ng di luti on of synapti c connecti ons
purel y spati al chaos occurs in the chain. The ti m e evoluti on of the netwo rk fol lows
the externa l sti m ulati on, i.e., it is periodi c wi th the period T , al tho ugh the netwo rk
is spati ally disordered. For an increasing numb er and range of synapti c connecti ons
the netwo rk dyna micsbecomes more com plex and for k largeenough ti m eevoluti on
of the who le netwo rk is chaoti c, i .e., spati otem pora l chaos appears. Typi cal ly,
spati otem pora l chaos occurs vi a the form ati on of clusters of neurons whi ch show
periodi c (wi th a tri ple period), quasiperiodic, and chaoti c oscil lati ons. The num ber
and size of the clusters increase wi th k .

Let us i l lustra te the above-m enti oned rul es wi th several exampl es.For k = 1 ,
the global dyna mics of the netwo rk, described by ¥ (t ) , is shown in Fi g. 1a.

Fig. 1. (a) Average deviation ¥ ( t ) as a function of time and (b) return map ¥ ( t + T ) [ ¥ ( t ) ]

for the chain with k = 1 .
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Fig. 2. (a) ProÙles of the neurons S ( i ) in the chain for t = Â t ; 2Â t ; 3Â t ; . . . ; 1 0Â t

(w here Â t = 40 T = 960 time steps) superimp osed, show the cluster of approximately 12

neurons, lying in the neighb orho od of 122-nd neuron (calculation s w ith Â t = T give the

same result). (b) Return maps S i ( t + T )[ S i ( t )] for the neuron i = 11 7 f rom the cluster

show n in (a) indicates quasip eri odi c evolution. (c) ProÙles S ( i ) in the chain depicted as

in (a), but w ith unif orm initial states of the neuron. T wo clusters lying near the neurons

i = 60 and i = 140 are seen. (d) Return map S i ( t + T )[ S i ( t )] for the neuron i = 140

f rom the right cluster show n in (c) and (e) for the neuron i = 60 f rom the left cluster.

(f ) ProÙles S ( i ) in the chain depicted as in (a), but w ith the gain parameter g reduced

to g = 0: 5.
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It has an alm ost periodic character. Ho wever, a more exact inspection of thi s
ti m e evoluti on, identi Ùed by the return map ¥ ( t + T )[ ¥ ( t )] , shows tha t in a small
scale the ti m e evoluti on is quasiperiodic (Fi g . 1b). Thi s return map pro ves tha t
the phase tra jectory l ies on a surf ace of a two- dimensional to rus corresp ondi ng
to tw o incom mensurate frequenci es present in the system . An observati on of the
local dyna mical pro perti es of the netwo rk (Fi g. 2a) indi cates tha t a cluster of
appro xi m atel y 12 neurons, lyi ng in the neighborho od of 122-nd neuro n, does not
fol low the externa l sti mulati on. The cluster can be revealed in the sup erimpositi on
of a numb er of proÙles S ( i ) calcula ted for the ti m est = n Â t , where n = 1 ; 2 ; 3 ; . . .

and Â t is the mul tipl e of the period T of externa l stim ulati on. In the case of
periodi c evoluti on of the chain wi th the period T the curves S ( i ) , calculated for
Â t = T , overl ap in the who le chain. On the other hand, when the ti m eevoluti on of
the chain is i rregular, curves S ( i ) for arbi tra ry Â t do not overl ap in these segm ents
(cl usters of neurons) of the chain whi ch do not fol low the externa l sti mulatio n.
The return map S i ( t + T )[ S i ( t )] for the neuron i = 1 1 7 , one of the neurons lyi ng
inside the cl uster, shows tha t the neurons in the cluster m ove quasiperiodi cal ly
(Fi g. 2b). D epending on ini ti al condi ti ons and current di stri buti on of synapti c
connecti ons 0, 1 or 2 cl usters wi th dyna micsother tha n tha t of externa l stim ulati on
can be observed in the netwo rk. Varyi ng other parameters exerts also a signi Ùcant
inÛuenceon the netwo rk dyna m ics. For exampl e, for the uni form ini ti al condi ti ons,
f S i = 0 g at t = 0 , two clusters lyi ng near the neurons i = 6 0 and i = 1 4 0

(Fi g. 2c) are observed in the netwo rk. Investi gati ons of the local dyna mics of the
netwo rk in thi s case shows tha t in the Ùrst cluster quasiperiodic evoluti on occurs
(Fi g. 2d), whi le in the second one periodi c evoluti on wi th the periodici ty 3 T i s
observed (Fi g. 2e). On the other hand, decreasing the gain param eter from g = 1

to g = 0 : 5 , wi th the same values of other param eters, leads to a sim pl iÙcati on
of the dyna m ics of the netwo rk | onl y purel y periodic dyna m ics of the who le
netwo rk is observed (Fi g. 2f ), i .e., al l neurons oscillate f ollowi ng the oscil lati ons of
the externa l sti mulati on I ( t ) .

For k = 2 a num ber of clusters m ay occur in the netwo rk to o and the case
wi th pure periodi c evoluti on was not found. General ly speaki ng, a wi dth of the
cl usters increases. Fi gure 3a shows an exam ple of a cluster wi th the appro xi mate
wi dth of 27 neurons, lyi ng in the neighborho od of 113-th neuro n. The return map
of one of neuro ns wi th dyna m icstypi cal of thi s cluster | wi th i = 1 1 5 | indi cates
tha t the ti m e evoluti on of neurons in thi s cluster is periodic, wi th the period 3 T

(Fi g. 3b).
For k = 3 the global dyna m ics of the netwo rk observed at ¥ ( t ) looks l ike

chaoti c (Fi g. 4a), however, the shape of the return map ¥ ( t )[ ¥ ( t + T )] , shown
in Fi g. 4b, indi cates a certa in form of interm ediate typ e of ti m e evoluti on be-
tween quasiperiodi c and chaoti c. Thi s return m ap reveals the process of decay
of the two -dim ensional to rus whi ch is characteri sti c of the quasiperiodi c route to
chaos. The observati on of the local dyna m ical properti es shows, e.g., two clusters
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Fig. 3. (a) ProÙles S ( i ) for k = 2; cluster of neurons near the neuron i = 113 is

seen; curves for the same times t as in Fig. 2a. w ere superimp osesd. (b) Return map

S i ( t + T )[ S i ( t )] for the i = 113 neuron.

Fig. 4. (a) Average deviation ¥ ( t ) and (b) return map ¥ ( t + T )[ ¥ ( t )] for the chain w ith

k = 3.

(Fi g. 5a) lyi ng near neurons i = 1 0 0 and i = 1 5 . In the Ùrst of these clusters
evoluti on wi th the period 3 T i s observed (Fi g. 5b). In the second one, however,
the evoluti on should be again interpreted as \ not ful ly devel oped chaos" rather
tha n the quasiperiodic behavi or (Fi g. 5c).

For k = 4 chaoti c ti me evoluti on is observed in the who le netwo rk (see
Fi g. 6a,b). A ful ly di sordered form of the return m ap (Fi g. 6b) is typi cal of chaoti c
m oti on. Com pari son between the return m aps ¥ ( t + T )[ ¥ ( t )] f or k = 3 and k = 4

(Fi gs. 4b and 6b) justi Ùesthe interpreta ti on of the netwo rk ti m e evoluti on in the
case of k = 3 as interm ediate between quasiperiodi c and chaoti c. Local dyna m ics
of the netwo rk is also chaoti c, however, return m aps of di ˜erent neurons may be
di ˜erent (see Fi g. 7a,b,c,d), and some of them sti l l have an interm ediate character,
l ike in Fi g. 7b.
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Fig. 5. (a) ProÙles S ( i ) for k = 3 ; curves for the same times t as in Fig. 2a w ere

superimp osed. (b) Return map S i ( t + T )[ S i ( t )] for the neuron i = 15 f rom the left

cluster and (c) for the neuron i = 100 f rom the right cluster.

Fig. 6. C haotic motion of the netw ork for k = 4 . (a) Average deviation as a function

of time ¥ ( t ) . (b) Return map ¥ ( t + T )[ ¥ ( t )] .
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Fig. 7. Local dynamical prop erties of the network for neurons i = 40 , 75, 106, 150 are

show n in (a), (b), (c), and (d), respectively . A n intermediate typ e of dynamics for a

neuron w ith i = 75 can be seen.

For k = 5 the chaoti c cluster incorp orates al l neuro ns, as is shown at proÙles
S ( i ) (Fi g. 8a). In thi s case the return m aps of al l neurons have a ful ly disordered
character (Fi g. 8b) | the interm ediate typ e of neuron ' s evoluti on disapp ears.
Thus, i t can be concl uded tha t for k Ñ 5 the ful ly developed chaoti c evoluti on
both in space and ti m e occurs in the who le netwo rk.

As we see in our system the route from the periodi c to chaoti c evoluti on
occurs vi a the destabi l izati on of oscil lati ons of certa in neurons in the chain, in
the neighb orhood of whi ch clusters of neurons wi th sim i lar ti me evoluti on, but
di ˜erent tha n tha t of externa l sti mul ati on, appear. Thi s evoluti on m ay have a
quasiperiodic as well as a periodic character, wi th the period 3 T . A positi on of
these destabi l ized neurons depends on the current real izati on of the random ini ti al
sta te of the netwo rk and the random di stri buti on of synapti c connecti ons. W hen
the density of synapti c connecti ons increases, wi dths and numb er of the clusters
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Fig. 8. For k = 5 cluster of neurons with chaotic motion incorp ora tes the whole chain.

(a) ProÙles S ( i ) for the same times t as in Fig. 2a w ere superimp osed, (b) return map

¥ ( t + T )[ ¥ ( t )] .

increase also. In som e of these clusters chaoti c evoluti on occurs. The num ber of
neuro ns wi th such evoluti on increases and f or k Ñ 4 chaoti c evoluti on covers the
who le netwo rk. It means tha t the netwo rk wi th random synapti c connecti ons dense
enough, in parti cular wi th ful l connecti vi ty (k = N ), as in the HopÙeld netwo rk,
is prone to chaoti c evoluti on. Such an increase in susceptibi l i ty of the netwo rk
to chaoti c evoluti on wi th the increase in the density of synapti c connecti ons was
reported earl ier for di ˜erent typ es of neura l netwo rks [7, 4].

The route to chaos vi a quasiperiodi city is one of the m ain routes to chaos as
observed earl ier in a numb er of dyna m ical system s, in parti cul ar in a sim ple neura l
system wi th N = 2 neurons by W ang [20] and in a greater netwo rk wi th random
synapti c connecti ons by Al bers, Sprott and D echert [19]. Ano ther route to chaos |
by period doubl ing | wa s also frequentl y observed in neura l netwo rks of di ˜erent
ki nds [21{ 23]. In our investigati ons, however, instead of the period doubl ing the
route to chaos by the increase in the period of moti on of certa in neuro ns to the
value 3 T was found. Thi s behavi or corresp onds to Li { York e theo rem kno wn as
\ period 3 impl ies chaos" [24].

Thus, i t can be stated tha t the route to chaos of a linear chain of neurons has
a m ixed character | by quasiperiodi c evoluti on or by an increase in the period of
oscil lati ons to 3 T . The current real izati on of the route to chaos is determ ined by
the choice of random ini ti al state of the netwo rk and the choice of the distri buti on
of random synapti c connecti ons.

The value of k , deÙning the lowest l im it of the chaoti c evoluti on of the
netwo rk, is inÛuenced by the values of the gain param eter g (cf . Fi g. 2a and
Fi g. 2f ), the am pl i tude A of the externa l stim ulati on and the length of the chain N .
General ly speaki ng, decreasing the value of g and increasing the ampl itude A shift
the lowest l imi t of chaoti c m oti on to greater values of k . Such an inÛuence of
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the gain param eter g on the l imit of chaoti c m oti on was observed also in [4, 22].
D ecreasing the length N of the chain also increases the lowest l im it of chaoti c
behavi or.

4 . Co n cl usion s

It wa s f ound tha t the linear chain of neurons wi th random synapti c con-
necti ons and externa l sinusoidal sti mul ati on has compl ex dyna m ical pro perti es,
incl udi ng di ˜erent form s of periodi c oscil lati ons, quasiperiodi c and chaoti c ti m e
evoluti on. The increase in the num ber of synapti c connecti ons per neuro n, whi ch
resul ts in the disappearance of the interna l geom etri cal structure of the netwo rk,
leads from periodi c to chaoti c ti m e evoluti on. The route to chaos observed in the
chain m ay be di ˜erent for i ts di ˜erent segm ents, dependi ng on the ini ti al states
of the neuro ns and current di stri buti on of synapti c connecti ons. In parti cular, the
route to chaos by the occurrence of oscillati ons wi th a tri ple period was found.
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