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Dynamics of a neural network in the form of a linear chain of artificial
neurons S; € (—1,1) influenced by an external sinusoidal stimulation is in-
vestigated as a function of the range k of synaptic connections with random
values. Time evolution of the network is periodic for small &k, however, clus-
ters of neurons oscillating with a triple period of external stimulation, with
quasiperiodic or with chaotic time evolution may occur. For increasing k the
number and width of the chaotic clusters increase and for k > 4 the chaotic
motion occurs in the whole network. A route to chaos in the considered
system is discussed.

PACS numbers: 87.10.4¢, 05.45.—a

1. Introduction

Artificial neural networks (ANNs) are a kind of complex systems which ex-
hibit such phenomena like chaos (see e.g. [1, 2]), quasiperiodic evolution [3, 4], in-
termittency [5, 6], synchronization [3, 7] and stochastic resonance [8-10]. A partic-
ular role plays chaotic time evolution, which may occur in different kinds of ANNs,
because it resembles the time evolution of the brain [11]. For this brain activity the
name stochastic chaos has been recently adopted [12]. Besides, a number of inter-
esting applications may be based on chaotic evolution of neural networks [13], e.g.,
information processing [14], optimization [15] and memory properties [16]. There-
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fore, the number of papers investigating physical properties of ANNs connected
with chaos, like controlling chaos [17], pattern formation [18], necessary conditions
for the occurrence of chaotic time evolution of the network [8, 19], routes to chaos
[8, 19], etc., has recently increased. In the majority of papers, however, no periodic
stimulation was used.

In our work the dynamics of a linear chain of periodically stimulated artifi-
cial neurons with random synaptic connections, limited to 2k nearest neighbors,
is investigated numerically. A route to chaos and both local (referring to a single
neuron embedded in a chain) and global (referring to the whole network) dynam-
ical properties of the system are discussed. An application of periodic stimulation
to this system results in a route to chaos via formation and growth of clusters in
which oscillations with a triple period, quasiperiodic and, finally, chaotic oscilla-
tions appear.

2. The model

Our ANN has a form of a linear chain consisting of N neurons S;, for which
current states are as follows:

Si(t + 1) = tanh[ghs(¢) + 1(1)], (1)
where
itk
hi(t) = Z Jij Sj(t), (2)

and h; is the local field acting on 4-th neuron in the discrete time ¢, J;; is the
synaptic connection between i-th and j-th neuron, g is the gain parameter and
I(t) = Asin(2xt/T) is the external stimulation acting on each neuron. The synap-
tic connections of i-th neuron with its 2k nearest neighbors and itself (J;;) have
random values J;; € [—1, 1]. Periodic boundary conditions are used. Synchronous
updating of the states of neurons is used for the calculation of the time evolution
of the network. As a starting configuration {S;(0)} random values of all neu-
rons S; € (—1,1) were mostly assumed. Sometimes, the uniform initial conditions
{5i(0) = 0} were also used.

An analytic investigation of the neuron system presented here 1s not possible,
because the system is too large. Therefore, numerical simulations of the dynamics
of the system were performed. For the investigation of the local network dynamics,
i.e., dynamics of a single neuron embedded in the chain, profiles of the states of
all neurons S(7) for different times and return maps S;(t + 7')[Si(t)], showing the
character of the Poincaré sections, were calculated, while for the observation of
the global dynamical properties of the whole network average deviation

o(t) =+ Z[Sz’(o) - Si®)] (3)
and the return r;_ap o(t + T)[o(t)] were used.
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Numerical experiments were made for N = 151, gain parameter ¢ = 1, am-
plitude and period of external stimulation A = 1 and 7" = 24, respectively. The
behavior of the network for other values of these parameters was also monitored.
For each value of the control parameter &, calculations were repeated for 10 differ-
ent distributions of [J] and 10 initial states of the network {S5;(0)}, coming from
a random number generator.

The kind of the time evolution of the network was observed as a function
of the number of neighbors, starting with & = 1, which corresponds to the most
diluted synaptic connections, up to a fully connected network with ¥ = N, which
corresponds to the network of Hopfield type, i.e., the network with no internal
geometric structure.

3. Results and discussion

Generally it was found that for a strong dilution of synaptic connections
purely spatial chaos occurs in the chain. The time evolution of the network follows
the external stimulation, i.e., it is periodic with the period 7', although the network
is spatially disordered. For an increasing number and range of synaptic connections
the network dynamics becomes more complex and for k large enough time evolution
of the whole network 1s chaotic, i.e., spatiotemporal chaos appears. Typically,
spatiotemporal chaos occurs via the formation of clusters of neurons which show
periodic (with a triple period), quasiperiodic, and chaotic oscillations. The number
and size of the clusters increase with k.

Let us illustrate the above-mentioned rules with several examples. For k = 1,
the global dynamics of the network, described by o(t), is shown in Fig. la.
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Fig. 1. (a) Average deviation o(¢) as a function of time and (b) return map o(¢t+7")[o(t)]
for the chain with k£ = 1.
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Fig. 2. (a) Profiles of the neurons S(i) in the chain for t = At, 2At, 3A¢t, ... 10A¢

(where At =407 = 960 time steps) superimposed, show the cluster of approximately 12
neurons, lying in the neighborhood of 122-nd neuron (calculations with At =T give the
same result). (b) Return maps S;(t 4+ T)[S;(¢)] for the neuron ¢ = 117 from the cluster
shown in (a) indicates quasiperiodic evolution. (c) Profiles S(z) in the chain depicted as
in (a), but with uniform initial states of the neuron. Two clusters lying near the neurons
i = 60 and ¢ = 140 are seen. (d) Return map S;(t + T)[S;(¢)] for the neuron 1 = 140
from the right cluster shown in (c) and (e) for the neuron ¢ = 60 from the left cluster.

(f) Profiles S() in the chain depicted as in (a), but with the gain parameter g reduced

to g = 0.5.
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It has an almost periodic character. However, a more exact inspection of this
time evolution, identified by the return map o(t + 7)[¢(?)], shows that in a small
scale the time evolution is quasiperiodic (Fig. 1b). This return map proves that
the phase trajectory lies on a surface of a two-dimensional torus corresponding
to two incommensurate frequencies present in the system. An observation of the
local dynamical properties of the network (Fig. 2a) indicates that a cluster of
approximately 12 neurons, lying in the neighborhood of 122-nd neuron, does not
follow the external stimulation. The cluster can be revealed in the superimposition
of a number of profiles S(¢) calculated for the times ¢ = nAt, where n = 1,2,3, ...
and At is the multiple of the period T of external stimulation. In the case of
periodic evolution of the chain with the period T the curves S(i), calculated for
At =T, overlap in the whole chain. On the other hand, when the time evolution of
the chain is irregular, curves S(¢) for arbitrary At do not overlap in these segments
(clusters of neurons) of the chain which do not follow the external stimulation.
The return map S;(t + T)[S;(?)] for the neuron ¢ = 117, one of the neurons lying
inside the cluster, shows that the neurons in the cluster move quasiperiodically
(Fig. 2b). Depending on initial conditions and current distribution of synaptic
connections 0, 1 or 2 clusters with dynamics other than that of external stimulation
can be observed in the network. Varying other parameters exerts also a significant
influence on the network dynamics. For example, for the uniform initial conditions,
{S; = 0} at ¢ = 0, two clusters lying near the neurons ¢ = 60 and ¢ = 140
(Fig. 2¢) are observed in the network. Investigations of the local dynamics of the
network in this case shows that in the first cluster quasiperiodic evolution occurs
(Fig. 2d), while in the second one periodic evolution with the periodicity 37 is
observed (Fig. 2e). On the other hand, decreasing the gain parameter from ¢ = 1
to g = 0.5, with the same values of other parameters, leads to a simplification
of the dynamics of the network — only purely periodic dynamics of the whole
network is observed (Fig. 2f), i.e., all neurons oscillate following the oscillations of
the external stimulation I(t).

For & = 2 a number of clusters may occur in the network too and the case
with pure periodic evolution was not found. Generally speaking, a width of the
clusters increases. Figure 3a shows an example of a cluster with the approximate
width of 27 neurons, lying in the neighborhood of 113-th neuron. The return map
of one of neurons with dynamics typical of this cluster — with ¢ = 115 — indicates
that the time evolution of neurons in this cluster is periodic, with the period 37
(Fig. 3b).

For k = 3 the global dynamics of the network observed at o(t) looks like
chaotic (Fig. 4a), however, the shape of the return map o(t)[o(t + T)], shown
in Fig. 4b, indicates a certain form of intermediate type of time evolution be-
tween quasiperiodic and chaotic. This return map reveals the process of decay
of the two-dimensional torus which is characteristic of the quasiperiodic route to
chaos. The observation of the local dynamical properties shows, e.g., two clusters
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Fig. 3. (a) Profiles S(i) for k = 2; cluster of neurons near the neuron i = 113 is

seen; curves for the same times ¢ as in Fig. 2a. were superimposesd. (b) Return map

Si(t 4+ T)[S: ()] for the ¢ = 113 neuron.
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Fig. 4. (a) Average deviation o(t) and (b) return map o(t+7)[o(¢)] for the chain with
k=3.

(Fig. ba) lying near neurons ¢ = 100 and ¢ = 15. In the first of these clusters
evolution with the period 37T is observed (Fig. 5b). In the second one, however,
the evolution should be again interpreted as “not fully developed chaos” rather
than the quasiperiodic behavior (Fig. 5¢).

For k& = 4 chaotic time evolution is observed in the whole network (see
Fig. 6a,b). A fully disordered form of the return map (Fig. 6b) is typical of chaotic
motion. Comparison between the return maps o(t + T)[co(¢)] for k =3 and k = 4
(Figs. 4b and 6b) justifies the interpretation of the network time evolution in the
case of k = 3 as intermediate between quasiperiodic and chaotic. Local dynamics
of the network is also chaotic, however, return maps of different neurons may be
different (see Fig. Ta,b,c,d), and some of them still have an intermediate character,

like in Fig. 7b.
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Fig. 5. (a) Profiles S(i) for k& = 3; curves for the same times ¢ as in Fig. 2a were

superimposed. (b) Return map S;(t + 7')[Si(t)] for the neuron i = 15 from the left

cluster and (c) for the neuron i = 100 from the right cluster.
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Fig. 6. Chaotic motion of the network for £ = 4. (a) Average deviation as a function

of time o(t). (b) Return map o(t 4+ T')[o(¢)].
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Fig. 7. Local dynamical properties of the network for neurons ¢ = 40, 75, 106, 150 are
shown in (a), (b), (c), and (d), respectively. An intermediate type of dynamics for a

neuron with 1 = 75 can be seen.

For &k = b5 the chaotic cluster incorporates all neurons, as is shown at profiles
S(¢) (Fig. 8a). In this case the return maps of all neurons have a fully disordered
character (Fig. 8b) — the intermediate type of neuron’s evolution disappears.
Thus, 1t can be concluded that for & > 5 the fully developed chaotic evolution
both in space and time occurs in the whole network.

As we see in our system the route from the periodic to chaotic evolution
occurs via the destabilization of oscillations of certain neurons in the chain, in
the neighborhood of which clusters of neurons with similar time evolution, but
different than that of external stimulation, appear. This evolution may have a
quasiperiodic as well as a periodic character, with the period 37. A position of
these destabilized neurons depends on the current realization of the random initial
state of the network and the random distribution of synaptic connections. When
the density of synaptic connections increases, widths and number of the clusters
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Fig. 8. For k =5 cluster of neurons with chaotic motion incorporates the whole chain.

(a) Profiles S(i) for the same times ¢ as in Fig. 2a were superimposed, (b) return map

ot +T)[o(1)].

increase also. In some of these clusters chaotic evolution occurs. The number of
neurons with such evolution increases and for k > 4 chaotic evolution covers the
whole network. It means that the network with random synaptic connections dense
enough, in particular with full connectivity (k = N), as in the Hopfield network,
is prone to chaotic evolution. Such an increase in susceptibility of the network
to chaotic evolution with the increase in the density of synaptic connections was
reported earlier for different types of neural networks [7, 4].

The route to chaos via quasiperiodicity is one of the main routes to chaos as
observed earlier in a number of dynamical systems, in particular in a simple neural
system with N = 2 neurons by Wang [20] and in a greater network with random
synaptic connections by Albers, Sprott and Dechert [19]. Another route to chaos —
by period doubling — was also frequently observed in neural networks of different
kinds [21-23]. In our investigations, however, instead of the period doubling the
route to chaos by the increase in the period of motion of certain neurons to the
value 37" was found. This behavior corresponds to Li—Yorke theorem known as
“period 3 implies chaos” [24].

Thus, it can be stated that the route to chaos of a linear chain of neurons has
a mixed character — by quasiperiodic evolution or by an increase in the period of
oscillations to 37. The current realization of the route to chaos is determined by
the choice of random initial state of the network and the choice of the distribution
of random synaptic connections.

The value of k, defining the lowest limit of the chaotic evolution of the
network, is influenced by the values of the gain parameter ¢ (cf. Fig. 2a and
Fig. 2f), the amplitude A of the external stimulation and the length of the chain N.
Generally speaking, decreasing the value of ¢ and increasing the amplitude A shift
the lowest limit of chaotic motion to greater values of k. Such an influence of
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the gain parameter ¢ on the limit of chaotic motion was observed also in [4, 22].
Decreasing the length N of the chain also increases the lowest limit of chaotic
behavior.

4. Conclusions

It was found that the linear chain of neurons with random synaptic con-
nections and external sinusoidal stimulation has complex dynamical properties,
including different forms of periodic oscillations, quasiperiodic and chaotic time
evolution. The increase in the number of synaptic connections per neuron, which
results in the disappearance of the internal geometrical structure of the network,
leads from periodic to chaotic time evolution. The route to chaos observed in the
chain may be different for its different segments, depending on the initial states
of the neurons and current distribution of synaptic connections. In particular, the
route to chaos by the occurrence of oscillations with a triple period was found.
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