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A t heoret ical st udy of the three -b ody reco mbi nation of proton and elec-

tron in presence of a spectator electron w ith electronic b eam at near- zero
temp erature is presented usin g Ùeld theory and invariant Lorentz gauge.
C ontributions from the Feynman diagrams of di ˜erent orders give an in-

sight into the physics of the phenomena. Recombination rate coe£cient is
obtained for low lying princip al quantum numb er n = 1 to 10. A t a Ùxed
ion b eam temp erature ( 300 K ) recombination rate coe£cient is found to in-
crease in general w ith n , having a Ûat and a sharp peak at quantum states

3 and 5, resp ectively . In absence of any other theoretical and experimental
results for low temp erature formation of H -atom by three- body recombina-
tion at low lying quantum states, we have presented the theoretical results of
Stevef elt and group for three- body recombination of deuteron w ith electron

along with the present results. T hree- body recombination of antihydrogen
in antiproton {p osi tron plasma is expected to yield simil ar result as that for
three- body recombination of hydrogen formation in proton{electron plasma.

T he necessity for experimental investigation of low temp erature three- b ody
recombination at low quantum states is stressed.

PACS numb ers: 32.80.Fb, 33.55.A d

1. I n t rod uct io n

W hen electron combi nes wi th ato mic ion in absence of any thi rd body, the
energy whi ch is l iberated is carri ed o˜ as radiati on. Thi s typ e of radiati ve recom-
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bi nati on (RR ) occurs in thi n plasma. In the case of dense plasma, part of the
energy l iberated m ay be given to a neighb ouri ng electro n. Thi s is col l isional re-
combi nati on or three { body recom binati on (T BR ). In the dense pl asma TBR is one
of the m ajor causes of loss of free electrons. If the temperature of the ions is such
tha t the m ean therm al energy is much smal ler tha n the Ùrst exci ta ti on energy of
the ion{ electron bound state, radi ati ve recom binati on becom es slow but exci ted
hydro genic ions are rapidl y form ed by TBR .

The radiati ve tra nsiti on rates for hydro gen ato m have been extensi vel y cal-
cul ated on the basis of quantum mechani cs[1]. In very tenuo us plasma, recom bina-
ti on wi l l pro ceed by radi ati ve electron capture, pref erenti al ly into lower quantum
levels. Thi s radiati ve recombi nati on has been theo reti cal ly studi ed by m any au-
tho rs [2{ 6]. In laboratory plasmas, however, energy exchanges thro ugh electron
col lisions are expected to play an importa nt role as wel l . In heavy ion cooler rings
the phase space cool ing of ion beam s have been real ized by merging the heavy- ion
beam s wi th dense and very cold electron beam s at the cooler. W hen cool ing bare
ions wi th electro ns, recom binatio n pro cesses between them pro vi de the m ain de-
cay channel in a ri ng. Theo reti cal m odels, describing recom binati on of bare ions
wi th electron, com bine two basic processes, nam ely RR and TBR . The TBR has
recentl y gained increased interest as a pro mising mechanism for anti hydro gen pro-
ducti on in ion tra ps [7, 8]. Beyer et al . [9] have suggested tha t TBR m ay play
a ro le in electron cooler ri ngs. R ecently, electron cooler beam s of very low tem -
peratures have been pro duced thro ugh an adiabati c beam expa nsion techni que.
Theo reti cal m odels for TBR [10, 11] predi ct tha t m ainly hi gh lyi ng Rydb erg states
are popul ated and tha t i ts to ta l rate depends strongly on plasma tem perature and
Saha equi l ibri um electron density . At low equivalent plasma tem peratures avai l -
abl e at electron cooler, TBR becom es com parable to R R in popul ati ng n > 1 5

R ydb erg states. Several exp eriments have addressed these issues by m easuri ng
rate coe£ cients thro ugh the detecti on of recom bined parti cles [12{ 17]. These mea-
surements are sensiti ve mostl y to low n states of ions and m any of them report
hi gher recom binati on rates tha n coul d be accounted for by radiati ve recom bina-
ti on theo ry . T o expl ain the discrepancy between theory and exp erim ent in the R R
pro cess one of the autho rs (S. B. ) ha ve conjectured a second channel [5a], nam ely,
two -step radi ati ve recombi nati on (TSR R ) channel over and above the sponta neous
R R channel [6]. However, the observed enhancement of ion{ electron recom bina-
ti on rate for bare ions is yet poorl y understo od. Several condi ti ons, ranging f rom
TBR [13] to the e˜ect of intera cti on Ùeld in the intera cti on region [18], have been
pro posed as a possible case of the observed enhanced rates. Since TBR is tho ught
to lead mainly to the popul ati on of hi gh n Rydb erg states, attem pts were made at
studyi ng the popul ati on of such states vi a recom binatio n [19]. Qui ntero s et al . [17]
inv estigated sponta neous electro n{ ion recombi nati on m echani sm at near-zero rel -
ati ve veloci ti es. In early 1960s Bates et al . suggested tha t it is appro pri ate to con-
sider electron{ ion recom binati on processes as components of a col l ision{ radiativ e
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compl ex model [2, 10]. Thi s m odel predi cted tha t the TBR pro cess m ay pl ay an
im porta nt ro le in low temperature dense pl asma. Stevef elt et al . empl oyed classical
tra jectory Mo nte Ca rlo calcul ati on to derive sim ple analyti cal form ula f or TBR .
TBR rates of D+ wi th electron are calcul ated by Stevef elt et al . [10, 11]. In Bates
et al . appro ach [10] TBR di verges for hi gh n as n 4 . Bates et al . model di ˜ers f rom
tha t of Stevefel t et al . by predi cti ng a tem perature dependence / T À 2 . Thus we
Ùnd tha t low tem perature TBR phenomena are not yet clearly understo od both at
low and hi gh n states. Since there is sti l l scope for theori sati on, we use quantum
electrodyna m ics (QED ) to com pute TBR . Feynm an diagram s, covari ant Lorentz
gauge, and QED have previ ously successful ly expl ained vari ous bound state col l i -
sion phenom ena [20{ 22]. As such, we are tem pted to appl y QED to study TBR .

The f our lowest order Feynman di agrams contri buti ng to TBR are shown in
Fi gs. 1a{ d. Using the nom enclature from previ ous works [20, 21] we can identi fy
two m echanisms in TBR , such as shake-in (SI) m echani sms and two -step (TS)
m echani sms. The two second-order Feynm an di agrams (Fi gs. 1a,b) are due to SI
pro cesses being named as SI- 1 and SI- 2, respectivel y. In SI- 1, one of the electrons
after being scattered by the spectato r electro n is attra cted to wards the bare ion
and form s bound state wi th the ion. In SI-2 process it is the bare ion whi ch scatters
the spectato r electron. D ue to change in the Co ulomb Ùeld of the ion the second
electron is attra cted to wards the ion to form bound state. The two fourth- order
Feynm an di agrams (Fi gs. 1c,d) represent TS mechanism s, being nam ed respec-
ti vel y as TS- 1a and TS- 1b. In TS- 1a process (Fi g. 1c) the spectato r electron is at
Ùrst scattered due to exchange of vi rtua l pho ton wi th the second electron whi ch in
turn emi ts another photo n to be absorb ed by the bare ion and ion{ electron recom-
bi nati on ta kes pl ace at vari ous quantum states. In TS- 1b pro cess(Fi g. 1d), at Ùrst
vi rtua l photo n exchange occurs between the ion and the spectator electron whi ch
is scattered. The ion subsequentl y emits a second photo n, whi ch the neighbouri ng
electron absorbs and gets bound to the ion.

Fig. 1. Feynman diagram for three- b ody recombination of proton w ith electron in pres-

ence of a spectator electron. Double lines represent bare ions and single lines represent

electrons. The w avy lines represent transverse photon exchange. T he dashed lines rep-

resent Coulomb photon exchange in the bound state. Shake- in mechanism: (a) SI -1,

(b) SI-2. Tw o-step- one mechanism: (c) T S-1a, (d) T S-1b.
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2. T heor et ic a l f or m al ism

In QED , a com posite system of bound parti cl es are represented by a stri ng
of Ùeld operators operati ng on parti cle vacuum and m ulti pl ied by unp erturb ed
soluti on of Schr�odi nger equati on [23]. The creati on and anni hi lati on operato rs of
the parti cles bound to the Coul omb Ùeld of the nucl eus obey f ree Ùeld equal -ti m e
comm utati on relati ons. There wi l l be no loss of general i ty to represent the bound
parti cl es by the Feynman di rected l ines. An odd hal f spin bare ion can also be rep-
resented by the Feynm an di rected l ine [24]. The Feynman di agram s of appro pri ate
order are com puted to study TBR reacti on

A Z
+

+ eÀ + eÀ
! ( A

( Z À 1 )
+

) Ê + eÀ ; (1)

where A Z
+

i s an odd hal f spin bare ion of ato mic numb er Z :

In the second-order SI processesrecombi natio n occurs due to change in the
Co ulomb Ùeld of the ion. In the fourth- order TS pro cesses one of the electrons gets
scattered either due to electro n{ electron intera cti on (Fi g. 1c) or due to electro n{ ion
intera cti on (Fi g. 1d), whi le the capture of the second electro n occurs due to ex-
change of a tra nsverse photo n between the ion and the second electro n. W e Ùnd,
in the case of TS- 1a and TS- 1b, the parti cle pro pagato rs are, respecti vely, electron
pro pagato r and ion propagato r. Al tho ugh we have restri cted oursel ves to low-order
perturba ti on theory wi th regard to radi ati on Ùeld (orders e 2 and e4 ; S -m atri ces),
we can obta in resul ts accurate to al l orders in the Coul omb coupl ing by suita ble
choice of the wave functi ons. The Coulomb distorti on factor is incl uded in the
wa ve functi on to estim ate thi s e˜ect of the Coul omb coupl ing over the S -matri x
parti cl e-radi ati on Ùeld coupl ing. To wri te S -m atri ces for reacti on (1) from Feyn-
m an diagrams (Fi gs. 1a{ d) we deÙne the fol lowing term s.

2.1. DeÙnition

4-mom enta of the ini ti al ion and two electrons are, respect ively, Q ( Q 0 ; Q ) ;

p 1 ( p 1 0 ; p
1

) , and p 2 ( p 2 0 ;
2

) and after recombi nati on 4-m omenta of the ion, scat-
tered electro n and bound electro n are, respecti vely, P ( P 0 ; ) ; p 0

1
( p 0

1 0
; 0

1
) ,

and b( b0 ; ) :

r 1 ( r 1 0 ; 1 ) ; r 2 ( r 2 0 ; 2 ) , and R ( R 0 ; ) are the 4-coordi nates of the two elec-
tro ns and ion, respectively, and R 0 ( R 0

0
; 0) i s the 4-coordi nate of the Ùnal ion in

Fi g. 1d. The wa ve functi on of the electron is given by [25]:

[ ê ( p ) ] = F ( r ; p )
1

V ( 2 ¤ ) 3

m

E
u (p )e ; i = 1 ; 2 ; (2)

where the Coulom b distorti on factor

F ( r ; p ) = eÀ 2 À (1 + i ² ) 1 F 1 [ À i ² ; 1 ; i ( j k j À Â )] ; (3)
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² i =
[ m M =( m + M )] e 2 Z

ñh
2

j pi j

; (3a)

m and M are the m assesof electron and bare ion, respecti vely; V i s the volum e,
u ( p i ) is electron spi nor.

The relati vi stic energy of inci dent and scattered electrons are, respectivel y

E p i
= p i 0 = m c2 + E i ; (4)

E p 0 = p
1 0

= mc 2 + E
1

; (5)

where E are the ki neti c energies of the two inci dent electro ns and E 1 is the ki neti c
energy of the scattered electro n. The wa ve functi on for the bound electro n in (n; l )
sta te is given by [23]:

[ ê ( b)] =
1

V (2 ¤ ) 3

m

E
V ( b; r ) ¢ ( x ): (6)

V ( b; r ) i s spi nor of a bound electron given by

V ( b; r ) = 1 À

1

2
˜ Z Û4 Â (2 ¤ ) 3 2 u ( b) e ; (7)

where = ; ˜ = 1
1 3 7

; (Û1 ; Û2 ; Û3 ) i s the Dirac Û-m atri x.
In our com puta ti on we shal l consi der onl y the Ùrst term of the expansi on (7)

since the second term is smal l of the order ˜ : E is the relati vi stic energy of bound
electron,

E = b 0 = mc 2
À "; (8)

where " i s the bi ndi ng energy of the electron, ¢ ( x ) i s the Schr�odinger soluti on
for one-electron ion,

= 2 À : (9)

The wa ve f uncti on for the incident ion is

ê ( Q ) =
1

V (2 ¤ ) 3

M

E
U ( Q ) e : (10)

The relati vi sti c energy of inci dent ion is given by

E = Q 0 = M c2 + E ;

where E i s the ki neti c energy of the inci dent ion, M i s the mass of the ion, U ( Q )

i s the spinor of the incident ion. The wave functi on of the ion after recom binati on
is given by

ê ( P ) =
1

V (2 ¤ ) 3

M

E
U ( P ) e : (11)

The relati vi stic energy of the ion after recom binati on is E = P 0 = M c 2 + E ,
where E i s the ki neti c energy of the ion after recom binatio n, U ( P ) is the spinor



28 S. Bhat tachar yya, A. Roy

of the ion after recombi nati on. The photo n propagato r between r 1 and r 2 i s given
by

D ( r 2 À r 1 ) =
1

(2 ¤ ) 4

Z
ei q1 ( r 2 À r 1 )

q 2
1

+ i ¯
d4 q1 : (12)

The electro n propagato r between r 3 and r 2 i s deÙned as

S ( r 3 À r 2 ) =
1

(2 ¤ ) 4

Z
e ( À )

s À m
d 4 s =

1

(2 ¤ ) 4

e ( À ) (s + m )

s2 À m 2
d 4 s; (13)

where

s = sÛ : (14)

The ion propagato r between R 0 and R i s given by

S (R 0
À R ) =

1

(2 ¤ ) 4

e ( À )

l À m
d 4 l =

1

(2 ¤ ) 4

e ( À ) ( l + m )

l 2 À M 2
d4 l ; (15)

where

l = l Û: (16)

The electro n current is given by

J ( p 0 ; p ; r ) =
À ie
p

ñhc
[ ê ( p 0 ) Û ê ( p )] : (17)

The ion current is

J ( P ; Q ; R ) =
ieZ
p

ñhc
[ ê ( P ) Û ê ( Q )] : (18)

Let the S -matri cescorresp ondi ng to Fi gs. 1a{ d be respecti vel y S 1 ; S 2 ; S 3 , and S 4

and are given below

S 1 = J ( p 0

1 ; p 1 ; r 1 )D ( r 2 À r 1 ) J ( b; p 2 ; r 2 )[ ê (P ) ê ( Q )] ; (19)

S 2 = J ( p 0

1
; p 1 ; r 1 )D ( R À r 1 ) J (P ; Q ; R )[ ê ( b) ê ( p 2 )] ; (20)

S 3 = J ( p 0

1
; p 1 ; r 1 )D ( r 2 À r 1 )

À ie
p

ñhc

2

È [ ê (b ; r 3 ) Û S (r 3 À r 2 ) Û ê ( p 2 ; r 2 )] D ( R À r 3 ) J (P ; Q ; R ) ; (21)

S 4 = J ( p 0

1 ; p 1 ; r 1 )D ( R À r 1 )
iZ e

p

ñhc

2

È [ ê ( P ) Û S ( R 0
À R ) Û ê ( Q )] D ( r 2 À R 0 ) J ( b; p 2 ; r 2 ) : (22)
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2.2. Cross-sect ion

The matri x element for the pro cess (1) is the sum of the contri buti ons f rom
al l the di agrams as given below

j M f i j = S 1 + S 2 + S 3 + S 4 : (23)

Hence the TBR cro ss-section for recombi nati on into nl state becom es

¥ n l =

Z
2 m

j p
1

+ p
2

j

2 ¤

ñh
j M f i j

2
d3p 0

1

( 2¤ )

d
(2¤ )

; (24)

where 1 ; 2 are the space parts of the mom enta of the two inci dent electrons,
and 0

1 and are the space parts of the m omenta of the scattered electro n and
Ùnal ion, respectivel y, and

j M j
2 = ( S 1 + S 2 + S 3 + S 4 )( S 1 + S 2 + S 3 + S 4 ) Ê

= S 1 S Ê

1 + S 2 S Ê

2 + S 3 S Ê

3 + S 4 S Ê

4

+2 ( S 1 S Ê

2 + S 1 S Ê

3 + S 1 S Ê

4 + S 2 S Ê

3 + S 2 S Ê

4 + S 3 S Ê

4 ) ; (25)

where S 1 S Ê

2 = S 2 S Ê

1 and so on. Ca lcul ati on of the term s in the right- hand side of
Eq. (25) are shown in the fol lowing subsections.

2.2. 1. C oe£ ci ent S 1 S Ê

1

From (19) using Eqs. (2){ (14) we get

S 1 = C 1 T 1 T 2 T 3 I ; (26)

where

C 1 =
e2

ñhc

1

V (2 ¤ ) 3

6

m 2

E E

m 2 M 2

E E E E

(2 ¤ )4

(2 ¤ )4

2 ¤
p

p 1 p 2

; (27)

T 1 = [ u ( p 0

1
)Û u ( p 1 )] ; (28)

T 2 = [ u ( b )Û u ( p 2 )] ; (29)

T 3 = [ U (P ) U ( Q )] (30)

and the overl ap integ ra l

I =
e ( À )

q2
1

eÀ e eÀ e

È eÀ e ¢ ( x ) d4 q 1 d4 r 1 d4 r 2 d4 R : (31)

The energy £ -functi on £( E À E ) i s obta ined after equal ti me-integrati on for
whi ch r 1 0 = r 2 0 = R 0 = t . The mom entum £ -functi on £ 3 ( À ) i s obta ined
after integrati on over . Integ rati on over r 1 gives

q 1 = p 1 À p 0

1 : (32)
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The overl ap integra l (31) on using (9) becom es

I S 1
= £ ( E i À E f ) £ 3 (P i À P f )( p 1 À p 0

1 ) À 2 I 1 ; (33)

where

I 1 =

Z

eÀ Â ( À + ) ¢ (x ) d3 x :

From Eq. (26) the pro duct of S 1 and i ts conjugate S Ê

1
i s

S 1 S Ê

1 = C 2
1 ( T1 T Ê

1 )( T 2 T Ê

2 )( T 3 T Ê

3 ) I 2 : (34)

Calcul ati on of the integ ra l I 1 for recombi nati on into the ground state and tha t of
the tra ce parts are shown in Eqs. (2A) and (6A){ (8A) of App endi x.

2.2. 2. C oe£ ci ent S 2 S Ê

2

Substi tuti ng Eqs. (2){ (14) in (20),

S 2 = C 2 T 1 T 0

2
T 0

3
I ; (35)

where

C 2 =
À Z e2

ñh c

1

V (2 ¤ )3

6

m 2

E E

m 2 M 2

E E E E

2 ¤
p

p 1 p 2

; (36)

T 0

2
= [ U (P ) Û U ( Q )] ; (37)

T 0

3 = [ u ( b )u ( p 2 )] ; (38)

and T 1 i s given in Eq. (28).
The overl ap integ ra l

I =
e ( À )

q 2
1

eÀ e eÀ e

È eÀ e ¢ ( x )d 4 q 1 d 4 r 1 d 4 r 2 d 4 R : (39)

On usi ng (9) and maki ng equal -ti me integ rati on and integ rati on over in (39) we
get

I = £ ( E À E ) £ 3 ( À )( p 1 À p 0

1
) À 2 I 2 ; (40)

where

I 2 = eÀ Â ¢ ( x ) d 3 :

From (35) we get

S 2 S Ê

2 = C 2
2 ( T1 T Ê

1 )( T 0

2 T 0Ê

2 )( T 0

3 T 0Ê

3 ) I 2 : (41)

Calcul ati on of the tra ce parts and the integrati on I 2 for 1 s state are shown in
Eqs. (6A), (9A), (10A), and (3A).
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2.2. 3. C oe£ ci ent S 3 S Ê

3

From (21) using the deÙniti ons as given in Sec. 2.1 we get (Fi g. 1c):

S 3 = C 3 T 1 T 0 0

2 T 00

3 I S 3
; (42)

where

C 3 =
À Z e4

ñh 2 c2

ê s
1

V (2 ¤ )3

! 6 s
m 2

E p 0

1
E p

m 2 M 2

E E E E

È (2 ¤ ) 8 1

(2 ¤ ) 4

3
2 ¤

p

p 1 p 2

; (43)

T 0 0

2
= [ u ( b )Û ( s + m ) Û u ( p 2 )] ; (44)

T 0 0

3 = [ U (P ) Û U ( Q )] ; (45)

and T 1 i s given in Eq. (28). The overl ap integ ra l

I =
e ( À )

q2
1

eÀ e eÀ e
e ( À ) ( s + m )

s2 À m 2

e ( À )

q 2
2

È eÀ e ¢ ( y ) d4 q 1 d4 q2 d4 sd 4 R d 4 r 1 d 4 r 2 d 4 r 3 ; (46)

where

= 3 À ; (47)

and 3 i s the positi on vecto r of the electron (Fi g. 1c). Integ rati ng over r 2 we get

s = p 1 À p 0

1
+ p 2 : (48)

From the Feynm an diagram (Fi g. 1c)

2 = À : (49)

Af ter substi tuti ng Eq. (47) in (46) and perf orm ing equal - ti m e integrati on and
integ rati ng over we get

I = £ ( E À E ) £ 3 ( À )( p 1 À p 0

1 ) À 2 P À 2 [ (p 1 À p 0

1 + p 2 ) 2
À m 2 ] À 2 I 3 ; (50)

where

I 3 = eÀ Â ( À ) ¢ ( y ) d :

The resul t of integ rati on for recombi natio n in the ground state is shown in Ap-
pendix (Eq. (4A)). Using (42) we get

S 3 S Ê

3
= C 2

3
( T1 T Ê

1
)( T 00

2
T 00 Ê

2
)( T 00

3
T 0 0Ê

3
) I 2 : (51)

The tra ces are calcul ated in Eqs. (6A), (11A) and (12A) of App endix.
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2.2. 4. C oe£ ci ent S 4 S Ê

4

From (22) using the deÙniti ons in Sec. 2.1 we get

S 4 = C 4 T 1 t 2 t 3 I S 4
; (52)

where

C 4 =
Z e 4

ñh
2

c2

ê s
1

V (2 ¤ ) 3

! 6 s
m 2

E p 0

1
E p 1

m 2 M 2

E E E E
(2 ¤ ) 8

1

(2 ¤ ) 4

3
2 ¤

p 1 p 2

; (53)

t 2 = [ U ( P ) Û ( l + M ) Û U ( Q )] ; (54)

t 3 = [ u ( b) Û u (p 2 )] ; (55)

and T 1 i s as in (28). The overl ap integ ra l

I =
e ( À )

q 2
1

eÀ e eÀ e
e ( À ) ( l + M )

l 2 M 2

e ( À )

q 0 2
2

eÀ e ¢ (y ) d 4 q1 d 4 q0

2 d 4 l d4 R d 4 R 0 d4 r 1 d4 r 2 ; (56)

where (Fi g. 1d)

= 2
0 (57)

and

0

2
=

1
0

1
: (58)

Integ rati ng over R we get

l = p 1 p 0

1 + Q : (59)

Substi tuti ng for 2 from (57) in (56) and m aki ng equal -ti m e integ rati on and inte-
grati on over we obta in

I = £ ( E E ) £ 3 ( )

( p 1 p 0

1 ) À 2 ( 1
0

1 ) À 2 ( p 1 p 0

1 + Q ) 2 M 2 À 2
I 4 ; (60)

where I 4 = eÀ Â( + ) ¢ ( y ) d 3 , whi ch for recom binati on into 1 s state is shown
in App endix (Eq. (5A)).

From (52) the product of S 4 and i ts conj ugate S Ê

4 becomes

S 4 S Ê

4
= C 2

4
( T1 T Ê

1
)( t 2 t Ê

2
)( t 3 t Ê

3
) I 2 : (61)

The tra ce parts are shown in Eqs. (6A), (13A), and (14A).
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2.2. 5. Int er ference terms

Using (26), (35), (42) and (52) we get

S 1 S Ê

2
= C 1 C 2 I S 1

I S 2
( T 1 T Ê

1
)( T2 T 0

3

Ê

)( T 3 T 0

2

Ê

) ; (62)

S 1 S Ê

3 = C 1 C 3 I S 1
I S 3

( T 1 T Ê

1 )( T2 T 00

2

Ê

)( T 3 T 0 0

3

Ê

) ; (63)

S 1 S Ê

4 = C 1 C 4 I S 1
I ( T 1 T Ê

1 )( T2 t Ê

3 )( T3 t Ê

2 ) ; (64)

S 2 S Ê

3
= C 2 C 3 I I ( T 1 T Ê

1
)( T 0

2
T 00

3

Ê

)( T 0

3
T 0 0

2

Ê

) ; (65)

S 2 S Ê

4 = C 2 C 4 I I ( T 1 T Ê

1 )( T 0

2 t Ê

2 )( T 0

3 t Ê

3 ) ; (66)

S 3 S Ê

4 = C 3 C 4 I I ( T 1 T Ê

1 )( T 00

2 t Ê

3 )( T 00

3 t Ê

2 ) ; (67)

Respecti ve tra ces are calcul ated in App endi x.

2.3. Recombi nat ion rat e

T o obta in the TBR rate coe£ cient ˜ for hydro gen form ati on in nl state at
near-zero tem perature pl asma envi ronm ent, we consi der Ma xwel l ian distri buti on
of velocity v :

˜ = ¥ v ; (68)

where ¥ i s the cro ss-section as given in Eq. (24). The avera ge is perform ed over
Ma xwel l ian di stri buti on functi on f ( v ) , where

f ( v ) =
m

2 ¤ k T

3 2

exp
mv 2

2 ¤ k T
: (69)

T i s the absolute temperature and k is the Bol tzm ann constant. W i th the two
electrons inv olved in TBR the rate becomes

˜ = ¥ v [f ( v )] 2 (70)

and the to ta l ra te is

˜ = ˜ : (71)

Present resul ts for TBR rate coe£ cients (R C) ˜ and recom binati on
cro ss-secti ons (CS) ¥ of pro to n wi th electro n in presence of an observer elec-
tro n at 300 K into the orbi ta l states n = 1 to 10, are shown in Fi gs. 2 and 3,
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Fig. 2. Rate coe£cient vs. principal quantum numb er for formation of H -atom at 300 K .

C ontinuous line represents present T BR results, open triangles represent theoretical

T BR results of Stevef elt et al. [11] for formation of deuterium. Stars represent radiative

recombination rate [5b] .

Fig. 3. Present result for cross-section for three- body recombination vs. principa l quan-

tum numb er for formation of H -atom at 300 K .

respect ively. In the num erical calcul ati on the Co ulomb di storti on to the plane
wa ve (3) for low tem perature reacti ons [5a, b] is appro xi m ated by Som merfeld
facto r

p
2 ¤ ² ñ :

Al tho ugh our form ulatio n for TBR is true for al l l states, we have done
num erical calcul ati on for capture into s states only. The overl ap integ ra ls (33),
(40), (50), and (60) determ ine the contri buti on from di ˜erent l states. W e found in
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[5a, b] tha t contri buti ons from these typ e of integra ls rapi dly fal l wi th the increase
in l value. Thus our kno wl edge from previ ous work on radi ati ve recom binati on
suggests tha t capture into the s state dominates the process as com pared to the
capture into the higher l states.

The present form ula ti on for TBR is true for al l the n states. In Fi g. 2 we
have shown RC f or the states n = 1 to 10 where resul ts are m eagre. From our
previ ous kno wl edge we kno w tha t R R rate, where photo n ta kes away the extra en-
ergy, decreases[5a, b] rapidl y wi th the increase in orbi ta l quantum numb er n whi le
the present TBR rate, where extra energy is carri ed away by a thi rd- body elec-
tro n, increases wi th n . R R rate for recom binati on into ato m ic states 1 and 2 f rom
our previ ous calcul ati on [5b] l ies between 1 0 À 1 2 cm 3 / s and 1 0 À 1 3 cm 3 / s (Fi g. 2),
whi le the correspondi ng TBR rates are respecti vel y of the order 1 0 À 2 8 cm 3 / s and
1 0 À 2 6 cm 3 / s. The TBR rate, however, increases to the order 1 0 À 1 2 cm 3 / s for
n = 1 0 . The resul ts of Stevef elt et al . [11] f or TBR of electro n wi th deutero n into
9th and 10th orbi ts are shown in Fi g. 2. It is to note tha t in the present work
TBR has peaks, one Ûat and one sharp (Fi gs. 2, 3) for recombi natio n into 3rd
and 5th orbi ts. The present results for R C at 5th and 6th orbi ts are respecti vely
1 0 À 1 8 cm 3 / s and 1 0 À 2 2 cm 3 / s. Ab ove n = 6 there is a m onoto nic rise of R C unti l
n = 8 , beyond whi ch there is a steep ri se of the curves ti l l n = 9 . From n = 9

to n = 1 0 the rate of increase in RC is slow, being from 8 È 1 0 À 1 4 cm 3 / s to
5 È 1 0 À 1 3 cm 3 / s. R esults of Stevef elt et al . for TBR of deuteri um into 9th and
10th orbi ts are closer to the present result for TBR as compared to the results by
Bates et al . [10]. A decrease in R C (Fi g. 4) and CS (Fi g. 5) wi th tem perature

Fig. 4. Rate coe£cient for three- b ody recombination vs. temp erature for principal

quantum numb ers 9 and 10.
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Fig. 5. C ross-section for three- body recombination vs. temp erature for principal quan-

tum numb ers 9 and 10.

for recombi nati on into 9th and 10th orbi ts is found. Any di ˜erence between the
present values and Stevef elt results m ay be due to mass di ˜erence of the isoto pes.

Of al l the four Feynm an diagram s the maxi mum contri buti on comes f rom
second-order diagram s (Fi gs. 1a and b) and the contri buti on from fourth- order
Feynm an diagram (Fi g. 1d) is the lowest of a ll the states. W e Ùnd tha t m ost of the
contri buti on comes from SI pro cessand contri buti on from higher-order TS pro cess
is several order smal ler com pared to SI pro cess.Contri buti on from the interf erence
of SI and TS pro cessesis qui te appreci able. TBR of anti parti cles can be obta ined
in anti pro to n{ positro n plasma for the reacti on

p À + e+ + e+
! H + e+ ;

H and e+ being the anti hydro gen and positro n, respectivel y. From sym metry con-
siderati on in QED , the Feynm an di agrams wi th anti parti cles wi l l yi eld sim i lar
resul ts in anti parti cle plasma as the resul ts in parti cle plasma. The present resul t
agrees in pri nci ple wi th the results of Stevefel t et al . [11].

4 . Co n cl u si on

In concl usion we Ùnd i t m ost encouraging tha t thi s com pact yet sim ple f or-
m ulati on gives a good physi cal descripti on of TBR pro cess.The Feynm an di agrams
give some idea about the physi cs behind the recom binati on pro cess. Formula ti on
of thi s typi cal ato mic col l ision pro blem in a gauge invari ant language, whi ch can
describe m ost of the funda menta l pro cessesin nature, has i ts own intri nsi c app eal .
A com parati ve study between radiati ve recom binati on and three- body recom bina-
ti on shows tha t the R R decreases wi th the increase in orbi ta l quantum num ber
n whi le TBR increases. Al tho ugh we have considered TBR recombi nati on into s
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states of low orbi ts (n = 1 ; 1 0 ) we hope to work on higher nl states in our subse-
quent wo rk. Fi na l ly, more experim enta l work is necessary on TBR in the low- lyi ng
states to veri fy our resul ts.

A pp en dix

Ca lcul ati on of the integ rals I i in (33), (39), (46), and (56) for recom binati on
into the ground state of hydro genic ions.

The wave functi on of the 1 s ground state is

¢ 1 s ( x ) = N eÀ ˜ x ; (1A)

where ˜ = Z
a 0

, N =

±
Z

a 0

² 3 2
1

p and f or recom binatio n into 1 s state

I 1 =
N 8 ¤ ˜

[˜ 2 + ( 1
0

1 + 2 ) 2 ] 2
; (2A)

I 2 =
N 8 ¤ ˜

(˜ 2 + 2
2

) 2
; (3A)

I 3 =
N 8 ¤ ˜

[˜ 2 + (
1

0

1
+

2
2 ] 2

; (4A)

and

I 4 =
N 8 ¤ ˜

[˜ 2 + ( 1
0

1
+ 2 ) 2 ] 2

: (5A)

The above integ rals are also calcul ated wi th the help of [26] f or recom bina-
ti ons into orbi ta l quantum num bers n = 2 to 10.

Fol lowi ng the tra ce f orm ulae in [25] and using Eqs. (28){ (30); (37), (38); and
(44), (45) for the spinors we obta in for the tra ce parts the fol lowing resul ts:

T 1 T Ê

1
=

1

4 m 2
[ 8 ( p 0

1 0
p 1 0

0

1 1
) + 1 6 m 2 ] ; (6A)

T 2 T Ê

2 =
1

4 m 2
( 8 b0 p 2 0 + 1 6 m 2 ) ; (7A)

T 3 T Ê

3
=

1

4 M 2
(4 P 0 Q 0 + 4 M 2 ) ; (8A)

T 2 T 0

2

Ê

=
1

4 M 2
( 8 P 0 Q 0 + 1 6 M 2 ) ; (9A)

T 3 T 0

3

Ê

=
1

4 m 2
(4 b 0 p 2 0 + 4 m 2 ) ; (10A)
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T 0 0

2
T 00

2

Ê

=
1 6

4 m 2
[ b 0 p 2 0 s 2

0
À 2 b0 s 0 (p

2
Â s) + b0 p 2 0 ( s2 ) À 4 m 2 b 0 s 0 + m 2 b0 p 2 0

À 4 m 2 p 2 0 s0 + 4 m 2 ( p
2

Â s) + 4 m 2 s2
0

À 4 m 2 ( s2 ) + 4 m 4 ]; (11A)

T 0 0

3 T 00

3

Ê

=
1

4 M 2
( À 8 P 0 Q 0 + 1 6 M 2 ) ; (12A)

t 2 t Ê

2 =
1 6

4 M 2
[ P 0 Q 0 l 2

0 À 2 Q 0 l 0 ( P Â l ) + P 0 Q 0 ( l 2 ) À 4 M 2 P 0 l 0 + 4 M 2 ( Â )

À 4 M 2 Q 0 l0 + M 2 P 0 Q 0 + 4 M 2 l 2
0 À 4 M 2 ( 2 ) + 4 M 4 ]; (13A)

t 3 t Ê

3
=

1

4 m 2
( À 8 b0 p 2 0 + 1 6 m 2 ) ; (14A)

T 2 T Ê

3 =
1

m
( b g + p 2 g ) ; (15A)

T 3 T 0

2
Ê

=
1

M
( P g + Q g ): (16A)

T aking the pro duct of (15A) and (16A) we get

( T 2 T 0

3
Ê

) È ( T 3 T 0

2
Ê

2
)

=
1

mM
[b 0 P 0 + b0 Q 0 + p 2 0 P 0 À (

2
Â ) + p 2 0 Q 0 ] : (17A)

Sim ilarly , we obta in the fol lowing tra ces after som e lengthy calcul ati ons:

( T 2 T 00

2

Ê

) È ( T 3 T 00

3

Ê

) =
2

M m 2
[ À b0 s 0 p 2 0 P 0 À b0 s0 p 2 0 Q 0 À m 2 ( b0 P 0 + b0 Q 0 )

+2 m 2 ( p 2 0 P 0 + p 2 0 Q 0 + s0 P 0 + s0 Q 0 ) + ( 2 Â )( b0 s 0 À 2 m 2 )

+( Â )( b 0 p 2 0 À 2 m 2 ) + ( Â 2 )( b0 P 0 + b0 Q 0 )] ; (18A)

( T 2 t Ê

3 ) È ( T3 t Ê

2 ) =
1

M m 2
[ b 0 l 0 p 2 0 P 0 + b0 l 0 p 2 0 Q 0

+ b0 p 2 0 P 0 Q 0 + M 2 b0 p 2 0 + m 2 ( P 0 Q 0 + P 0 l0 + Q 0 l 0 ) À 2 b0 l 0 (
2

Â )

À 2 (
2

Â )( b0 P 0 + b0 Q 0 ) + ( Â )( 3 b0 p 2 0 À m 2 ) + m 2 M 2 ] ; (19A)

( T 0

2 T 00

3

Ê

) È ( T 0

3 T 00

2

Ê

) =
1

M 2 m
[ P 0 Q 0 s0 b0 + P 0 Q 0 s 0 p 2 0 + P 0 Q 0 b 0 p 2 0

+ m 2 P 0 Q 0 + M 2 ( b0 s 0 + b0 p 2 0 + p 2 0 s0 ) À 2 ( Â )( Q 0 b 0 + Q 0 p 2 0 )

À 2 Q 0 s 0 ( Â 2 ) + ( 2 Â )(3 P 0 Q 0 À M 2 ) + M 2 m 2 ] ; (20A)
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( T 0

2
t Ê

2
) È ( T 0

3
t Ê

3
) =

2

M 2 m
[ À P 0 Q 0 l 0 b0 À P 0 Q 0 l 0 p 2 0 À M 2 ( P 0 b0 + P 0 p 2 0 )

+2 M 2 ( Q 0 b 0 + Q 0 p 2 0 + l 0 b0 + l 0 p 2 0 ) + ( P Â l )( Q 0 b 0 + Q 0 p 2 0 )

+( l Â p
2

)( P 0 Q 0 À 2 M 2 ) + ( P Â p
2

)( À l 0 Q 0 + M 2 )] ; (21A)

( T 0 0

2 t Ê

3 ) È (T 00

3 t Ê

2 ) =
1

m 2 M 2

n
b0 l 0 s0 Q 0 p 2 0 P 0 + 5 [ b0 l 0 P 0 Q 0 ( s Â p 2 )

À b0 l 0 s 0 Q 0 ( 2 Â ) À P 0 Q 0 b 0 s0 ( 2 Â ) À p 2 0 Q 0 b 0 l 0 ( Â )

+ b0 Q 0 s 0 p 2 0 ( Â )] À b 0 Q 0 p 2 0 P 0 ( Â ) + b0 Q 0 [ 2 ( Â )( 2 Â )

+2 ( Â )( 2 Â ) + ( Â )( Â 2 )] + M 2 [ p 2 0 Q 0 b0 s 0 + b0 P 0 s 0 p 2 0

+ b0 p 2 0 s 0 l 0 + ( Â
2

)( À 3 b0 P 0 + b 0 Q 0 + b0 l 0 ) À 3 ( Â ) b0 p 2 0

+(
2

Â ) b0 s0 + (
2

Â ) b 0 s 0 + ( Â ) b0 p 2 0 ] + m 2 P 0 Q 0 b0 l0

+ P 0 Q 0 s 0 l 0 + P 0 Q 0 p 2 0 l 0 + ( Â )( À 3 p 2 0 Q 0 + b0 Q 0 + s0 Q 0 )

À 3 P 0 Q 0 ( Â ) + Q 0 l 0 ( Â ) + P 0 Q 0 (
2

Â ) + Q 0 l0 (
2

Â )

+ m 2 M 2 b0 P 0 + b 0 Q 0 + b0 l 0 + s0 P 0 + s 0 Q 0 + s0 l 0 + p 2 0 P 0

+ p 2 0 Q 0 + p 2 0 l 0 À ( Â ) À ( Â ) À ( 2 Â ) À ( 2 Â ) : (22A)
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