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A theoretical study of the three-body recombination of proton and elec-
tron in presence of a spectator electron with electronic beam at near-zero
temperature is presented using field theory and invariant Lorentz gauge.
Contributions from the Feynman diagrams of different orders give an in-
sight into the physics of the phenomena. Recombination rate coefficient is
obtained for low lying principal quantum number » = 1 to 10. At a fixed
ion beam temperature (300 K) recombination rate coeflicient is found to in-
crease in general with n, having a flat and a sharp peak at quantum states
3 and 5, respectively. In absence of any other theoretical and experimental
results for low temperature formation of H-atom by three-body recombina-
tion at low lying quantum states, we have presented the theoretical results of
Stevefelt and group for three-body recombination of deuteron with electron
along with the present results. Three-body recombination of antihydrogen
in antiproton—positron plasma is expected to yield similar result as that for
three-body recombination of hydrogen formation in proton—electron plasma.
The necessity for experimental investigation of low temperature three-body
recombination at low quantum states is stressed.

PACS numbers: 32.80.Fb, 33.55.Ad

1. Introduction

When electron combines with atomic ion in absence of any third body, the
energy which is liberated is carried off as radiation. This type of radiative recom-
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bination (RR) occurs in thin plasma. In the case of dense plasma, part of the
energy liberated may be given to a neighbouring electron. This is collisional re-
combination or three-body recombination (TBR). In the dense plasma TBR is one
of the major causes of loss of free electrons. If the temperature of the ions is such
that the mean thermal energy is much smaller than the first excitation energy of
the ion—electron bound state, radiative recombination becomes slow but excited
hydrogenic ions are rapidly formed by TBR.

The radiative transition rates for hydrogen atom have been extensively cal-
culated on the basis of quantum mechanics [1]. In very tenuous plasma, recombina-
tion will proceed by radiative electron capture, preferentially into lower quantum
levels. This radiative recombination has been theoretically studied by many au-
thors [2-6]. In laboratory plasmas, however, energy exchanges through electron
collisions are expected to play an important role as well. In heavy ion cooler rings
the phase space cooling of ion beams have been realized by merging the heavy-ion
beams with dense and very cold electron beams at the cooler. When cooling bare
ions with electrons, recombination processes between them provide the main de-
cay channel in a ring. Theoretical models, describing recombination of bare ions
with electron, combine two basic processes, namely RR and TBR. The TBR has
recently gained increased interest as a promising mechanism for antihydrogen pro-
duction in ion traps [7, 8]. Beyer et al. [9] have suggested that TBR may play
a role 1n electron cooler rings. Recently, electron cooler beams of very low tem-
peratures have been produced through an adiabatic beam expansion technique.
Theoretical models for TBR [10, 11] predict that mainly high lying Rydberg states
are populated and that its total rate depends strongly on plasma temperature and
Saha equilibrium electron density. At low equivalent plasma temperatures avail-
able at electron cooler, TBR becomes comparable to RR in populating n > 15
Rydberg states. Several experiments have addressed these issues by measuring
rate coefficients through the detection of recombined particles [12-17]. These mea-
surements are sensitive mostly to low n states of ions and many of them report
higher recombination rates than could be accounted for by radiative recombina-
tion theory. To explain the discrepancy between theory and experiment in the RR
process one of the authors (S.B.) have conjectured a second channel [5a], namely,
two-step radiative recombination (TSRR) channel over and above the spontaneous
RR channel [6]. However, the observed enhancement of ion—electron recombina-
tion rate for bare ions is yet poorly understood. Several conditions, ranging from
TBR [13] to the effect of interaction field in the interaction region [18], have been
proposed as a possible case of the observed enhanced rates. Since TBR. 1s thought
to lead mainly to the population of high n Rydberg states, attempts were made at
studying the population of such states via recombination [19]. Quinteros et al. [17]
investigated spontaneous electron—ion recombination mechanism at near-zero rel-
ative velocities. In early 1960s Bates et al. suggested that it is appropriate to con-
sider electron—ion recombination processes as components of a collision—radiative
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complex model [2, 10]. This model predicted that the TBR process may play an
important role in low temperature dense plasma. Stevefelt et al. employed classical
trajectory Monte Carlo calculation to derive simple analytical formula for TBR.
TBR rates of Dt with electron are calculated by Stevefelt et al. [10, 11]. In Bates
et al. approach [10] TBR diverges for high n as n*. Bates et al. model differs from
that of Stevefelt et al. by predicting a temperature dependence o« 7~2. Thus we
find that low temperature TBR phenomena are not yet clearly understood both at
low and high n states. Since there is still scope for theorisation, we use quantum
electrodynamics (QED) to compute TBR. Feynman diagrams, covariant Lorentz
gauge, and QED have previously successfully explained various bound state colli-
sion phenomena [20-22]. As such, we are tempted to apply QED to study TBR.

The four lowest order Feynman diagrams contributing to TBR are shown in
Figs. la—d. Using the nomenclature from previous works [20, 21] we can identify
two mechanisms in TBR, such as shake-in (SI) mechanisms and two-step (TS)
mechanisms. The two second-order Feynman diagrams (Figs. la,b) are due to SI
processes being named as SI-1 and SI-2, respectively. In SI-1, one of the electrons
after being scattered by the spectator electron is attracted towards the bare ion
and forms bound state with the ion. In SI-2 process it is the bare ion which scatters
the spectator electron. Due to change in the Coulomb field of the ion the second
electron is attracted towards the ion to form bound state. The two fourth-order
Feynman diagrams (Figs. lc,d) represent TS mechanisms, being named respec-
tively as TS-1a and TS-1b. In TS-1a process (Fig. 1c) the spectator electron is at
first scattered due to exchange of virtual photon with the second electron which in
turn emits another photon to be absorbed by the bare ion and ion—electron recom-
bination takes place at various quantum states. In TS-1b process (Fig. 1d), at first
virtual photon exchange occurs between the ion and the spectator electron which
is scattered. The ion subsequently emits a second photon, which the neighbouring
electron absorbs and gets bound to the ion.
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Fig. 1. Feynman diagram for three-body recombination of proton with electron in pres-
ence of a spectator electron. Double lines represent bare ions and single lines represent
electrons. The wavy lines represent transverse photon exchange. The dashed lines rep-
resent Coulomb photon exchange in the bound state. Shake-in mechanism: (a) SI-1,

(b) SI-2. Two-step-one mechanism: (c) TS-1a, (d) TS-1b.
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2. Theoretical formalism

In QED, a composite system of bound particles are represented by a string
of field operators operating on particle vacuum and multiplied by unperturbed
solution of Schrédinger equation [23]. The creation and annihilation operators of
the particles bound to the Coulomb field of the nucleus obey free field equal-time
commutation relations. There will be no loss of generality to represent the bound
particles by the Feynman directed lines. An odd half spin bare ion can also be rep-
resented by the Feynman directed line [24]. The Feynman diagrams of appropriate
order are computed to study TBR reaction

A7 e e — (AT e (1)
where AZ" is an odd half spin bare ion of atomic number 7.

In the second-order SI processes recombination occurs due to change in the
Coulomb field of the ion. In the fourth-order TS processes one of the electrons gets
scattered either due to electron—electron interaction (Fig. 1¢) or due to electron—ion
interaction (Fig. 1d), while the capture of the second electron occurs due to ex-
change of a transverse photon between the ion and the second electron. We find,
in the case of TS-1a and TS-1b, the particle propagators are, respectively, electron
propagator and 1on propagator. Although we have restricted ourselves to low-order
perturbation theory with regard to radiation field (orders e and e?, S-matrices),
we can obtain results accurate to all orders in the Coulomb coupling by suitable
choice of the wave functions. The Coulomb distortion factor is included in the
wave function to estimate this effect of the Coulomb coupling over the S-matrix
particle-radiation field coupling. To write S-matrices for reaction (1) from Feyn-
man diagrams (Figs. la—d) we define the following terms.

2.1. Definition

4-momenta of the initial ion and two electrons are, respectively, Q(Qo, Q),
p1(p1o, p1), and pa(pao, po) and after recombination 4-momenta of the ion, scat-
tered electron and bound electron are, respectively, P(Py, P), pi(Pio, P}),
and b(bg, b).

r1(r10, 1), 72(r20,72), and R(Ro, R) are the 4-coordinates of the two elec-
trons and ion, respectively, and R'(Rj, R') is the 4-coordinate of the final ion in
Fig. 1d. The wave function of the electron is given by [25]:

W’e(pi)]h = Fc(m',pi) ﬁ\/ %u(pi)eipi”’ i=1,2 (2)

where the Coulomb distortion factor

Fo(ri,pi) = e M2 01 +ig) Fil—ims, 1, i(|p; || 7] — p; - 7)), (3)
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i = [mM/(77Z;|;]|\4)]6 Z’ (3a)

m and M are the masses of electron and bare 1on, respectively; V' is the volume,

u(p;) is electron spinor.
The relativistic energy of incident and scattered electrons are, respectively
Ep, = pio = mc® + Ej, (4)
By, = pho = me* + Y, (5)
where E; are the kinetic energies of the two incident electrons and Ff is the kinetic

energy of the scattered electron. The wave function for the bound electron in (n,{)
state is given by [23]:

_ Lt 27 f (b, ri)mi(a (6)

V (b, r;) is spinor of a bound electron given by

Vb, ri) = (1 - %‘“Z'm : “) (2m) =% 2u(b)e’, (7)

where n = |;—:|, o = 1=, Y(71,72,73) is the Dirac y-matrix.

In our computation we shall consider only the first term of the expansion (7)
since the second term is small of the order «. Fy, is the relativistic energy of bound
electron,

By = by = mc? —¢, (8)
where ¢ is the binding energy of the electron, ¢ni(x) is the Schréodinger solution
for one-electron ion,

z=7ry— R. (9)

The wave function for the incident ion 1s

[ 1 | M QR
Vaz+(Q) = eE E—QU(Q)GQ : (10)

The relativistic energy of incident ion is given by

Eq=Qo=Mc+E,

where F is the kinetic energy of the incident ion, M is the mass of the ion, U(Q)
is the spinor of the incident ion. The wave function of the ion after recombination
is given by

Uass (P) = \ [ 5 U ()™ (11)

The relativistic energy of the ion after recombination is Ep = Py = Mc? + E/,
where B’ is the kinetic energy of the ion after recombination, U(P) is the spinor



28 S. Bhattacharyya, A. Roy

of the ion after recombination. The photon propagator between r; and ry is given

by

1 ei‘]1(7‘2—7‘1) 4
D(rg—r) = TR p d*qq. (12)

The electron propagator between rs and r» is defined as

is(rs—ra) is(rs—r2) (%
S(Tg —7“2) _ 1 /e d45: 1 /e (5+m)d45, (13)

(2m)4 sS—m (2m)4 52 —m2

where
5= s7. (14)
The ion propagator between R’ and R is given by

1 SR —R) 1 SR —R) (lA—l— m)
Si(R/ - R) = (27‘_)4 / IA_ . d4l = (27‘_)4 / 72— M2 d4l, (15)

where

7= 1. (16)

The electron current is given by

JE(ph pis i) = %We@;)we(pmn. (17)
The ion current is
.
Tear(P.Q ) = Z=[yos (Priutipe (. (1)

Let the S-matrices corresponding to Figs. la—d be respectively S1, Sa, Ss, and Sy
and are given below

Sl = Jeu(pllapla 7“1)D(7°2 - Tl)Jg(b,pz, rz)[1/)AZ+ (P)’l/)AZ‘F(Q)]Ra (19)

Sy = Jél(pll’pl’ rl)D(R - 701)ng+ (P’ Q, R)[Ee(b)dje(pZ)]Tza (20)

Sz = J¢(py, p1, 1) D(rs — 11) (;%)2

X [0e(b, 73)70 S (r3 — r2)vse(p2, r2)] D(R = 3) % 4 (P, Q, R), 21
Sa = JE(Py, pr, ) D(R — 1) (%)2

X[ 2+ (P)70Si(R' = R)Ystp a4 (Q)]R,r D(ra — R)JE(b, pa,72).  (22)
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2.2. Cross-section

The matrix element for the process (1) is the sum of the contributions from
all the diagrams as given below

|Mfi|251—|-52—|-53+54. (23)
Hence the TBR cross-section for recombination into nl state becomes
2m 27 d3p, AP
Ont = / ———— | M;|* plg,—g,, (24)
|py +pao| A (2m)3 (27)

where py, p, are the space parts of the momenta of the two incident electrons,

and p} andP are the space parts of the momenta of the scattered electron and
final ion, respectively, and

|Myi|* = (S1 + S + 53 4+ S4)(S1 + S + S5+ Sy)*
= SlST + SQS; + SgS§ + S4SZ

where 5155 = 5557 and so on. Calculation of the terms in the right-hand side of
Eq. (25) are shown in the following subsections.

2.2.1. Coefficient S1 S}
From (19) using Eqs. (2)—(14) we get

St = CiT1 1y T31s,, (26)
where
_e? 1 ’ m2 m2M?  (2m)* 2«
1= (%/(27)3) ¢EPIIEP1 ¢EbEp2EpEQ (27)% \/pips (27)
T = [a(p))yuul(pr)], (28)
Ty = [a(b)ysu(p2)], (29)
Ty = [U(P)U(Q)] (30)

and the overlap integral
eiql(r2—7‘1) L, ) ) )
IS1 = / 726—11717‘1elp17‘1e—1b7'261p2r2
i
Xe_iPReiQR¢nl($>d4qld4T1d4T2d4R, (31)

The energy é-function §(E; — Ey) is obtained after equal time-integration for
which rig = 720 = Ro = t. The momentum é-function §3(P; — Py) is obtained
after integration over R. Integration over ry gives

g1 = p1— P (32)
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The overlap integral (31) on using (9) becomes

Is, = 8(E; — Ep)8*(P; — Py)(pr — ph)~* 1, (33)
where

I = /e—ix.(pl—p’1+ﬂ»2)¢nl(l,)d3l,.
From Eq. (26) the product of S; and its conjugate S¥ is

$187 = CHITT (T T5 )(TT3) I3, (34)

Calculation of the integral I; for recombination into the ground state and that of
the trace parts are shown in Eqs. (2A) and (6A)—(8A) of Appendix.

2.2.2. Coefficient S2.5%
Substituting Eqgs. (2)-(14) in (20),

Sy = CyTY Ty ThIs,, (35)
where
6
_7e2 2 2A72
Cy = e 1 m m2M 27 ’ (36)
he V(2x)3 EpflEp1 EyEy,EpEqg \/p1p2
Ty = [U(P)nU(Q)), (37)
T3 = [u(b)u(ps)], (38)

and 77 is given in Eq. (28).
The overlap integral

ei‘h(R_rl) .y . b .
152 — 5 e—lplTlelplTle—l 7‘2611727‘2

41

><e_iPReiQR¢nl($)d4Q1d47°1d47°2d4R~ (39)

On using (9) and making equal-time integration and integration over R in (39) we
get

Is, = 6(E; — E)8%(Pi = Pr)(p1r — ph) "I, (40)
where

I = /e_i”'“q/)nl(x)d?’az.
From (35) we get

$285 = C3 (DT )Ty )(T5157) I3, - (41)

Calculation of the trace parts and the integration I for 1ls state are shown in

Eqgs. (6A), (9A), (10A), and (3A).
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2.2.3. Coefficient S35%
From (21) using the definitions as given in Sec. 2.1 we get (Fig. lc):

Ss = CsTy Ty T Is. (42)
where
6
O —Ze* 1 m? m2M?
TR \\\VeEn? ) | BB\ EvEnErEq
3
1 27
<n | o] | 13
(2m) ot o (43)
75" = [u(b)yv (5 + m)ysu(ps)], (44)
I3 = [U(P),U(Q)], (45)
and 77 is given in Eq. (28). The overlap integral
1g1(ro—ry 1s(rs—ro) (o g2 (R—r3
153 — / el ( > )e—ip'lrleiplrle—ibrgeip2r2 € ( - )(52—1— m) el ( - )
47 §t—=m 43
><e_iPReiQR(/)nl(y)d4q1d4q2d45d4Rd4r1d4r2d4r3, (46)
where
Yy=7r3— Ra (47)
and 73 is the position vector of the electron (Fig. lc). Integrating over ro we get
s =p1—p)+pa2 (48)
From the Feynman diagram (Fig. 1c)
¢, =P-Q. (49)

After substituting Eq. (47) in (46) and performing equal-time integration and
integrating over R we get

Is, = 8(Ei — Ep)6*(Py — Py)(p1 — p)) TP~ %[(p1 — Pl + p2)” —m?] L5, (50)
where
I3 = /e‘iy'($‘92)¢m(y)d3y.

The result of integration for recombination in the ground state is shown in Ap-

pendix (Eq. (4A)). Using (42) we get
S385 = C3(TVTT ) (T3 T3 ) (T T5™) I3, - (51)
The traces are calculated in Eqgs. (6A), (11A) and (12A) of Appendix.
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2.2.4. Coefficient S4S;
From (22) using the definitions in Sec. 2.1 we get

54 = C4T1t2t3[54, (52)
where
Zet 1 ’ m?2 m2M? s
©= e (%/(27)3) ¢E,,QEP1 ¢EbEp2EpEQ (2m)
1 1% 2=
* [(%)4] VPips (53)
ts = [U(P)y (I + M)y U(Q)], (54)
t3 = [u(b)vou(p2)], (55)

and 77 is as in (28). The overlap integral

igr(R—r1) ) L (R -R)(] igz(r2—R')
154 — / € e—lp'lrlelplrle—lbr2€1p2r2 € (l + M) €

a1 2= M> q3
xe PR QR 4 (1)d4 gy d* gydHd* RA R d*ry d*ry, (56)

where (Fig. 1d)

Yy=17y— R/ (57)
and

¢ =p —pi— P (58)
Integrating over R we get

l=p—p1+Q. (59)

Substituting for 75 from (57) in (56) and making equal-time integration and inte-
gration over R we obtain
Is, = 6(E; — E)6*(P; — Py)

x(pr = 24) 2Py — Py = P)72 [(p1 — p) + Q) — M?] 7 L, (60)

where I, = fe_iy'(qg'i'“)(bnl(y)d?’y, which for recombination into 1s state is shown
in Appendix (Eq. (5A)).

From (52) the product of S; and its conjugate S5 becomes

S5 = CE(TVTT ) (tat3)(t515) 13, (61)
The trace parts are shown in Egs. (6A), (13A), and (14A).
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2.2.5. Interference terms

Using (26), (35), (42) and (52) we get

S18% = C1Cols, Is, (T TP To T4 ) (T5T37), (62)
S18% = C1Csls, Is, (T TP (ToTo ™ Y (T5T3™), (63)
5185 = C1Culs, Is, (TVT7 ) (Tuts)(Tst3), (64)
SoS% = CoCslg, Is, (TY TP (THTa ™ Y(THTS™), (65)
So85 = CoCuls, Is, (VT ) (Tots)(Tht3), (66)
5385 = CsCyls, Is, (TVTI) (T3 (THt3), (67)

Respective traces are calculated in Appendix.
2.8. Recombination rate

To obtain the TBR rate coefficient ay,; for hydrogen formation in nl state at
near-zero temperature plasma environment, we consider Maxwellian distribution
of velocity v:

ant = {onv), (68)

where oy is the cross-section as given in Eq. (24). The average is performed over
Maxwellian distribution function f(v), where

fv) = (Q;ZT)S/ZGXP G%) ' (69)

T is the absolute temperature and & is the Boltzmann constant. With the two

electrons involved in TBR the rate becomes
ani = o[ f(v)]? (70)
and the total rate 1s

aT = Zanl. (71)
n,l

3. Results and discussions

Present results for TBR rate coefficients (RC) ayn; and recombination
cross-sections (CS) oy, of proton with electron in presence of an observer elec-
tron at 300 K into the orbital states n = 1 to 10, are shown in Figs. 2 and 3,
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Fig. 2. Rate coefficient vs. principal quantum number for formation of H-atom at 300 K.
Continuous line represents present TBR results, open triangles represent theoretical
TBR results of Stevefelt et al. [11] for formation of deuterium. Stars represent radiative

recombination rate [5b].
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Fig. 3. Present result for cross-section for three-body recombination vs. principal quan-

tum number for formation of H-atom at 300 K.

respectively. In the numerical calculation the Coulomb distortion to the plane
wave (3) for low temperature reactions [5a, b] is approximated by Sommerfeld
factor \/ﬁ .

Although our formulation for TBR is true for all ! states, we have done
numerical calculation for capture into s states only. The overlap integrals (33),
(40), (50), and (60) determine the contribution from different [ states. We found in
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[5a, b] that contributions from these type of integrals rapidly fall with the increase
in [ value. Thus our knowledge from previous work on radiative recombination
suggests that capture into the s state dominates the process as compared to the
capture into the higher [ states.

The present formulation for TBR is true for all the n states. In Fig. 2 we
have shown RC for the states n = 1 to 10 where results are meagre. From our
previous knowledge we know that RR rate, where photon takes away the extra en-
ergy, decreases [ba, b] rapidly with the increase in orbital quantum number n while
the present TBR rate, where extra energy is carried away by a third-body elec-
tron, increases with n. RR rate for recombination into atomic states 1 and 2 from
our previous calculation [5b] lies between 10712 ¢cm3/s and 10713 cm?3/s (Fig. 2),
while the corresponding TBR rates are respectively of the order 1072% ¢cm3/s and
10725 ¢cm3/s. The TBR rate, however, increases to the order 10712 ¢cm3/s for
n = 10. The results of Stevefelt et al. [11] for TBR of electron with deuteron into
9th and 10th orbits are shown in Fig. 2. It is to note that in the present work
TBR has peaks, one flat and one sharp (Figs. 2, 3) for recombination into 3rd
and bth orbits. The present results for RC at bth and 6th orbits are respectively
10=1® cm3/s and 10722 cm3/s. Above n = 6 there is a monotonic rise of RC until
n = 8, beyond which there is a steep rise of the curves till n = 9. From n = 9
to n = 10 the rate of increase in RC is slow, being from 8 x 107 ¢cm3/s to
5 x 10713 ecm3/s. Results of Stevefelt et al. for TBR, of deuterium into 9th and
10th orbits are closer to the present result for TBR, as compared to the results by
Bates et al. [10]. A decrease in RC (Fig. 4) and CS (Fig. 5) with temperature

TBR RATE (cm?/s)
) LI B L L) I'

200.00 300.00 400.00 500.00 600.00
TEMPERATURE (K)

Fig. 4. Rate coefficient for three-body recombination vs. temperature for principal

quantum numbers 9 and 10.
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200.00 300.00 400.00 500.00 600.00
TEMPERATURE (K)

Fig. 5. Cross-section for three-body recombination vs. temperature for principal quan-

tum numbers 9 and 10.

for recombination into 9th and 10th orbits is found. Any difference between the
present values and Stevefelt results may be due to mass difference of the isotopes.

Of all the four Feynman diagrams the maximum contribution comes from
second-order diagrams (Figs. la and b) and the contribution from fourth-order
Feynman diagram (Fig. 1d) is the lowest of all the states. We find that most of the
contribution comes from SI process and contribution from higher-order TS process
is several order smaller compared to SI process. Contribution from the interference
of SI and TS processes is quite appreciable. TBR of antiparticles can be obtained
in antiproton—positron plasma for the reaction

P +et +et —>ﬁ—|—e+,
H and et being the antihydrogen and positron, respectively. From symmetry con-
sideration in QED, the Feynman diagrams with antiparticles will yield similar

results in antiparticle plasma as the results in particle plasma. The present result
agrees in principle with the results of Stevefelt et al. [11].

4. Conclusion

In conclusion we find it most encouraging that this compact yet simple for-
mulation gives a good physical description of TBR, process. The Feynman diagrams
give some idea about the physics behind the recombination process. Formulation
of this typical atomic collision problem in a gauge invariant language, which can
describe most of the fundamental processes in nature, has its own intrinsic appeal.
A comparative study between radiative recombination and three-body recombina-
tion shows that the RR decreases with the increase in orbital quantum number
n while TBR increases. Although we have considered TBR recombination into s
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states of low orbits (n = 1, 10) we hope to work on higher nl states in our subse-
quent work. Finally, more experimental work is necessary on TBR. in the low-lying
states to verify our results.

Appendix

Calculation of the integrals I; in (33), (39), (46), and (56) for recombination
into the ground state of hydrogenic ions.
The wave function of the 1s ground state is

$15(x) = Ne™ 2%, (1A)
/
where o = aZ—D, N = (%) ﬁ and for recombination into 1s state
N87«
I = , 2A
C 07+ (o 2l ) (24)
N87«
Ih= ————, 3A
*7 (a2 4 p3)? (34)
Iy = N87« — (4A)
[0 + (pr = Py + pp = PJ?
and
I = N87« (5A)

[a? + (py — P} — P+ py)°]*

The above integrals are also calculated with the help of [26] for recombina-
tions into orbital quantum numbers n = 2 to 10.

Following the trace formulae in [25] and using Eqgs. (28)-(30); (37), (38); and
(44), (45) for the spinors we obtain for the trace parts the following results:

Iy = m[—S(P/me —pi - py) + 16m7], (6A)
Ty = ﬁ(—Sbopzo + 16m?), (TA)
T = ﬁ(ZLPoQo +4M?), (8A)
Ty = ﬁ(—m@o +16M2), (9A)
T3T4" = L(4bopzo + 4m?), (10A)

4m?2
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Ty = m[bopzosg — 2boso(ps - 8) + bopao(s?) — 4m?bosg + m?bopao
—4m®pagso + 47712(p2 - 8) + 4mzsg — 4m2(32) + 4m?], (11A)
1
TITY" = ——(—8P, 16M7? 12A
313 4M2( 8PoQo + 16M7), (124)
16
iats = M[PoQolé —2Qolo(P - ) + PoQo () — AM?Pyly + 4M*(P - 1)
—4M?*Qqolo + M?PoQq + AM 212 — AM*(IP) + 4M*], (13A)
tals = ——(—8bopso + 16m?) (14A)
33 = 42 0p20 m=),
o1
15" = —(bagav + p259pv), (15A)
« 1
T3T2/ = M(PWgWV + Qngnu)~ (16A)

Taking the product of (15A) and (16A) we get
(T2T57) x (T5T35)

=37 [boPo + boQo + paoPo — (P - P) + p20Qo]. (17A)

Similarly, we obtain the following traces after some lengthy calculations:

(ToTy") x (T5T57) = —bosop20Po — bosop20Qo — m* (bo Po + boQo)

2
Mmz[
+2m?(p20Po + p20Qo + 50Po + 50Q0) + (p5 - P)(bosg — 2m?)

+(5 - P)(bopao — 2m”) + (5 - py)(bo Lo + boQo)], (18A)

1
(T5t5) x (T5t5) = I [bolopaoPo + bolop20Qo

UrE
+bop20PoQo + M?bopao + m*(PoQo + Polo + Qolo) — 2bolo(py - P)
—2(py - D(boPo + boQo) + (P - 1)(3bopao — m*) + m* M?], (19A)
(T3T57™) x (T51357) = ﬁ[PoQosobo + PoQosop20 + PoQobopao

+m? PoQo + M?*(byso + bopao + paoso) — 2(P - 8)(Qobo + Qop2o)

_QQOSO(P . pz) —|— (p2 . S)(3POQ0 — Mz) —|— Mzmz], (QOA)
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(T3t3) x (Tst3) = Vi

[— PoQolobo — PoQolopao — M*(Pobo + Popao)
+2M2(Qobo + Qopao + lobo + lopao) + (P H)(Qobo + Qopao)
+(1- p2)(PoQo = 2M?) + (P p2)(=loQo + M), (21A)

(T9't5) x (T5't5) = ﬁ{bolm‘?o@opzopo + 5[bolo PoQo(s - ps)
—bolosoQo(Pz : P) - POQObOSO(pz : l) - onQobolo(S : P)
+boQosopao( P - )] — boQop20Po(s - 1) + boQo[2(s - )(p, - P)
+2(s - P)(py - ) + (P (s - po)] + M*[p20Qoboso + boPosopao
+bopaosoly + (5 P2)(—=3bo Py + boQo + boly) — 3(s - Hbopao
+(py - P)boso + (py - Dboso + (5 P)bopso] + m? [PoQobolo
+PyQosolo + PoQopaolo + (P - D(=3p20Q0 + boQo + s0Q0)
—3PQo(s- 1) + Qolo(s - P) + PoQo(ps - 1) + Qolo(p, - P)]

+m? M?[bo Py + boQo + bolo + 50 Po + 50Qo + solo + p20Po

+p20Qo0 + p2olo — (5 - P)— (5-) — (py - P) — (p, - l)]} (22A)
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