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W e study the evolution from BC S to Bose limit in a two- dimensional
d -w ave superconductor at zero temp erature and low density of charge carri-
ers w ithin the mean- Ùeld theory . W e examine single quasipa rticl e prop erties
w hen particle density and attraction strength are varied. For su£ciently high
interaction strength there is a critical density b elow w hich the system has a
gap. The spectral and thermo dynami c prop erties of the system do not evolve
smoothly from the BC S-like to the Bose- like regime.

PACS numb ers: 74.20. {z, 74.25.Gz, 67.40.Db

1. I n t rod uct io n

T he problem of the evolut ion from BCS to Bose superconducti vi ty is an old
one [1, 2] but recentl y i t has received considerable attenti on in connecti on wi th
hi gh temperature superconduct ors [3{ 12]. W hi le the ẽ ect of d -wa vepairi ng on the
opening of a pseudogap above Tc was discussed in the l itera ture, there wa s a lack
of detai led studi es of the ground state properti es in the interm ediate regime. It is
wel l kno wn tha t the s-wave system exhi bi ts a smooth crossover between the weak
and stro ng coupl ing regimes. Ho wever, pa irs wi th non-s -wa ve sym metry cannot
contra ct in real space to point bosons due to Ùnite angular m omentum of the pai rs.
Thus one m ay exp ect d -wa ve system s to behave in a qual ita ti vely di ˜erent way
from thei r s-wave counterpa rts as the bosoni c l imi t is appro ached. Here we discuss
the single quasiparti cl e pro perti es (exci ta ti on spectrum , m om entum distri buti on,
and density of sta tes) as a functi on of attra cti on streng th or parti cle density .

The weak coupl ing (BCS) l im it is characteri zed by a positi ve chemical po-
tenti al ñ = ¯ F and a large size of Co oper pai rs ( ¿pai r ƒ k À 1

F
) , whi le the stro ng

coupl ing (Bo se) regim e is characteri zed by a large and negati ve chemical potenti al

ñ = À E
‘

b , where E
‘

b i s the bi ndi ng energy of the two -body probl em in the ‘ -th
angular m omentum channel , and by a smal l size of pai rs ( ¿pa ir § k À 1

F ) .

(691)
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2. T he m odel

W e start wi th the two -dim ensional Ham i l toni an

H =
X

kk ¥

¯ kk ê y

kk ¥
ê kk ¥ +

X

kk kk 0 qq

V by b ; (1)

where b = ê
À = #

ê = "
. The intera cti on potenti al V i s expanded in an-

gul ar mom entum components as V =
1

‘ À1
V

‘ exp( i ‘ ¢ ) , where

¢ = arccos( ^ ^
0

) i s the angle betwen the vecto rs and 0 and

V
‘

= 2 ¤
1 d r r J ‘ ( k r ) J ‘ ( k 0 r ) V ( r ) . The index ‘ labels angular mom entum states

in two spati al di mensions, wi th ‘ = 0 ; 1 ; 2 ; . . . corresp onding to s; p; d ; . . .

channels respectivel y. A possibl e choice of the real space potenti al is V (r ) =

V È (R r ) V È ( r R ) È ( R r ) , whi ch is repul sive at short distances r < R ,
attra cti ve at interm ediate distances R < r < R , and vani shesf or r > R .

General ly, i t is not possibl e to Ùnd a separabl e potenti al in mom entum space
V = Ñw Ê ( ) w (

0

) , neverthel ess in the spiri t of Ref. [2] we choose to study a
separable potenti al tha t conta ins most of the general features described above. W e
consider only sing let superconducti vi ty , where the s -wa ve and the d -wave channels
are studi ed separatel y. We use potenti al of the form V = Ñ ‘ w ‘ ( ) w ‘ ( 0) . The
intera cti on term w ‘ ( ) can be wri tten as a product of two functi ons, w ‘ ( ) =

h ‘ ( k ) g ‘ ( ^ ) , where h ‘ ( k ) = (k =k ) ‘ = [ 1 + ( k =k ) ] ‘ = contro ls the range of the

intera cti on and g ‘ ( ^ ) = cos( ‘¢ ) is the angular dependence of the intera cti on. Here
k R À and k sets the scale at low mom enta . We assume tha t pai ri ng at T = 0

occurs wi th the same to tal m omentum = 0 onl y. Thi s sim pl iÙcati on leads to the
fol lowi ng saddl e point and numb er equati ons:

1

Ñ ‘

=
w ‘ ( )

2 E ‘ ( )
; (2)

n = 2 n ‘ ( ) ; (3)

where n ‘ ( ) = [ 1 ( ¯ ñ ) =E ‘ ( )] =2 i s the m omentum distri buti on, E ‘ ( ) =

[ ( ¯ ñ ) + Â ‘ ( ) ] = i s the sing le parti cle exci ta ti on energy, and Â ‘ ( ) =

Â ‘ w ‘ ( ) i s the order param eter. For a given intera cti on range R k À , the
tra nsiti on from the BCS lim it (largely overl appi ng pai rs) to the Bose l im it of
(wea kl y overl appi ng pairs) may occur either by changing the attra cti on strength
Ñ ‘ or the density n . In either case, thi s evoluti on can be safely analyzed wi th the
appro xi m atio ns used here provi ded tha t the system is di lute enough, i .e., n k .
Thi s m eans tha t below a m axi mum density n k , the intera cti on range R

i s much smal ler tha n the interpa rti cle spaci ng k À , R k À , or equivalentl y
k =k 1. Thus we choose to scale al l energ ies wi th respect to the maxi mum
Ferm i energy ¯ , whi ch Ùxes the m axi mum density n = n = 2 £¯ , and
al l m omenta wi th respect to k = 2 m¯ . The coupl ing consta nt is scaled
wi th respect to the two- dimensional density of sta tes £ . From now on we use thi s
scaling.
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3. R esul t s

Num erical soluti ons for Â 0 ‘ and ñ , when k 1 = k 0 = 1 0 are shown in Fi g. 1
for Ùxed density n = 1 , and changing Ñ‘ . Sim ilar plots can also be m ade for Ùxed
intera cti on and varyi ng density n . In the weak coupl ing l imit the am pl itude of the
order param eter (¢ = 0 ) is given by

Â ‘ (k ñ ) ¿ exp f 2 [ Ñ
À 1

0 ‘
( k ñ ) À Ñ

À 1

‘
] =h 2

‘ ( k ñ ) g :

W ith our choice of h ‘ ( k ); Ñ 0 d ( k ñ ) ' 8 + ñ= 2 4 ¯ 1 + O [ ( ñ= ¯ ) ] , val id for ñ= ¯ § 1 ,
where ¯ = k . The rati os between Â ‘ ( k ñ ) and the cri ti cal tem perature T ‘ sati sfy
the usual relati ons Â s ( k ñ ) =T s = 1 : 7 6 , and Â d ( k ñ )=T d = 2 : 1 4 . The param eters
Â d and ñ have conti nuous Ùrst derivati ves and disconti nuous second deri vati ves
as a functi on of Ñ d . Thi s behavi or always occurs when ñ = 0 in both Â d and ñ ,
for varyi ng intera cti on Ñ d (see Fi g. 1) or varyi ng density n .

Â

Â
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W eÙrst look at the singlequasiparti cle exci ta ti on spectrum E d (k ) . For ñ > 0 ,
incl udi ng the BCS l im i t, the excita ti on spectrum is gapless at k ñ along the special
di recti ons ¢ = Ï ¤ =4 ; Ï 3 ¤ =4 , near whi ch the excita ti on spectrum disperses l inearl y
wi th mom entum . The energy gap at k = k ñ and ¢ = 0 ; E g (k ñ ) = j Â d ( k ñ ) j i s a
nonm onoto nic functi on of k ñ for Ùxed density , and thus a nonm onotoni c functi on
of Ñ d . The maxi mum E g (k ñ ) i s reached at interm ediate values of ñ > 0 . At ñ = 0 ,
the m inimum gap is E g(0 ) = j Â d (0 ) j = 0 , and occurs at the sing le point k = 0.
In thi s case the exci ta ti on spectrum is E d (k ) = ( ¯ 2

kk + j Â d ( k) j
2 ) 1 = , whi ch behaves

quadra ti cal ly for smal l mom enta at any given angle ¢ , since Â d ( ) ¿ k cos(2 ¢ )

and ¯ = k =2 m . The shri nki ng of the energy gap to zero at = 0 is a consequence
of the dim inishi ng pai ri ng intera cti on h d ( k ñ ) for ñ ! 0 . As soon as ñ < 0 , incl uding
the Bose l im it, a f ul l gap in the exci ta ti on spectrum appears, but the mini mal gap
rem ains at = 0, E g( 0) = j ñ j , since Â d (0 ) = 0 , see Fi g. 2 [3].

Fi gure 3 shows the l ines where ñ = 0 on the graph of n vs. Ñ ‘ . The low
density l imit of the s -wa ve system is always Bose-like, i .e., a tw o-body bound
state appears at arbi tra ri ly smal l Ñ s . The d -wa ve system is qual i ta ti vely di ˜erent:
i t is BCS- like for Ñ d < Ñ cd and Bose-l ike for Ñ d > Ñc d , where the cri ti cal coupl ing
Ñ c separati ng the two regimes is Ùnite, i .e., the app earance of a two -body bound
state in the d -wa ve case requi res Ùnite Ñ d .

Let us bri eÛy discuss the behavi or of the mom entum di stri buti on at low k

for three di ˜erent regim es: ñ > 0 ; ñ = 0 , and ñ < 0 . For positi ve ñ the m o-
m entum di stri buti on is n s ( k ñ + £k ) ' [ 1 À 2 k ñ £k =Â s ( k ñ )] =2 near k ñ . At low k ,

however, n s ( k ) ' [ 1 + Ûp (1 + ˜ k =2 k )] =2 , where Ûp = ñ= ñ + Â s , and
˜ = Â s =( ñ + Â s ) . For ñ = 0 and small k ; n s ( k ) ' (1 À k =Â s ) =2 . For neg-
ati ve ñ; n s ( k ) = [ 1 À Ûn (1 + ˜ k =2 k )] =2 for smal l k , wi th Ûn = j ñ j = ñ + Â s .
Ob vi ously, n s ( k ) i s a conti nuous functi on of ñ for al l k .
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Fig. 3. The line ñ = 0 for b oth s - and d- wave order parameters for k 1 = k 0 = 10 .

The m omentum di stri buti on in the d -wa ve case has the f orm
n d ( k ) = [ 1 À sgn ( k 2

À ñ )] along the di recti on of the nodes (¢ = Ï ¤ =4 ; Ï 3 ¤ =4 ).
Near k ñ we have n d ( k ñ + £k ) ' [ 1 À 2 k ñ £ k =Â d (k ñ )] =2 , for k cl ose to k ñ , and
n d ( k ) ' 1 À (Â 2

0 d
= ñ )( k =4 k ) for smal l k . W hen ñ vani shes, at k = 0 i s

n d (0 ) ' (1 À ç ) =2 , where ç = (1 + Â
d

=k ) = . Fi nal ly, when ñ becom es negati ve,
n d ( k ) ' ( Â

d
=ñ )( k =4 k ) for smal l k . The disconti nui t y of n d ( k ) at ñ = 0 and

low k , see Fi g. 4, coinci des wi th the col lapse of the four D i rac points to a sing le
point at k ñ = 0 , and wi th the appearance of a f ul l gap as soon as ñ < 0 . Sim i lar
behavi or of n d ( k ) was also found recentl y in R ef. [13, 14] for a latti ce model wi th
attra cti ve intera cti on of nearest-neighbor parti cles.

The qual i ta ti ve changes in E ‘ ( ) and n ‘ ( ) , as a functi on of ñ , a˜ect sub-
stanti al ly the quasiparti cle density of sta tes N ‘ ( ! ) = N

‘
( ! ) + N

‘
( ! ) , where

N
‘

( ! ) = (2 ¤ ) d [ 1 À n ‘ ( )] £ [ ! À E ‘ ( )] (4)

corresp onds to addi ng a quasiparti cle, and

N
‘

( ! ) = (2 ¤ ) d n ‘ ( ) £ [ ! + E ‘ ( )] (5)

corresp onds to rem ovi ng a quasiparti cl e. At low frequenci es N d ( ! ) changes di s-
conti nuously from l inear in ! for ñ > 0 , where E d ( ) i s l inear in m omentum close
to the nodes, to a constant at ñ = 0 (where E d ( ) / k at low k ), to zero for
ñ < 0 (where E d ( ) ' j ñ j + O ( k ) for smal l k ), as can be seen in Fi g. 5. In the
calculati on of the densi ty of sta tes we have neglected the e˜ects of quasiparti cle
l i feti m es . The lack of parti cle{ hole symm etry seen in Fi g. 5 is a general pro perty



696 L. S. Bor kowski , C .A.R. SÇa de Mel o

Fig. 4. The momentum distributi on of quasipartic les for ¢ = 0 ; n = 1 ; k 1 = k 0 = 10 ,
and several values of ñ for a d -w ave order parameter. The inset show s results for ñ ç 0 .

Fig. 5. Density of states for a d -w ave order parameter near ñ = 0, for n = 1 ; k

k , and varying Ñ .

of superconduct ing system s wi th smal l chemical potenti al (see R ef. [15] for resul ts
in the norm al state of a boson{ ferm ion model in the regim e of positi ve ).

The contri buti ons from quasiparti cles to speciÙc heat and spin suscepti -
bi l ity change f rom , and for , to , and const for

, and to exp , and exp for . The slopes
of and wi th respect to tem perature are di sconti nuous at when .
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4. Co n cl usion s

In summ ary, we studi ed the evoluti on from BCS to Bose l imi t for varyi ng in-
tera cti on strength in a d -wa ve superconducto r. The ground state properti es of thi s
system change signiÙcantl y when the chemical potenti al ñ changes sign. The enti re
m omentum di stri buti on n d ( k ) i s redistri buted, wi th largest changes occurri ng at
low k . Thi s reorganizati on in m omentum space is related to the tra nsiti on f rom
an extended to a local character of the pai r wave functi on. The symm etry of the
wa ve functi on is preserved but i ts to pology is al tered y . The character of spectro-
scopic and therm odyna m ic pro perti es changes from a power-law to an exponenti al
behavi or, as ñ becomes negati ve.

For constant pai ri ng streng th Ñ and varyi ng parti cl e density , quanti ti es such
as pai r size, correl ati on length and com pressibi l i ty diverg e at ñ = 0 in the saddl e-
-point appro xi m atio n. Thi s might indi cate the existence of a quantum phase tra n-
siti on. We wi l l publ ish these and other results separatel y [16]. In order to answer
the questi on whether these disconti nui ties indi cate the quantum phase tra nsi ti on
or are simpl y an arti fact of the m ean-Ùeld theo ry one needs to incl ude the Ùnite
l i feti m es of the quasiparti cles.
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