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In this pap er w e analyse theoreticall y the trans mission of two strong
laser beams through a medium exhibiti ng optical nonlinea rity of the second
order combined w ith a linear anisotropy . A standard mo del of two wave
mixing w as applie d and closed formulas for intensity and polari satio n state
w ere obtained. N umerical calculati ons show that outgoing b eams are very
sensitive to the state of incoming beams and to the material characteristics.
U nder some realistic condition s we w ere able to obtain bistabil ity of both
intensity and polarisati on state. The results also show how to mo dulate the
intensity and polarisati on state of one w ave by another one.

PAC S numb ers: 42.65.H w , 42.65.K y

1. I n t rod uct io n

T here is a number of ẽ e cts resul ti ng from the three -wave intera cti on vi a
nonl inear media of second order. Am ong them the opti cal bistabi l i t y belongs to
m ost spectacular ones. Thi s phenom enon m ay be attri buted both to intensi ty
and to polari sati on state of the wave. Both cases were intensi vel y investigated
since years as thei r potenti al appl icati ons seemed to be very wi de (see [1{ 3] for
a revi ew). In m edia exhi bi ti ng thi rd- order nonl ineari ty thi s e˜ect is pretty well
understo od and described, whereas in second- order m edia (f or instance a vari ety
of organic m ateri als) the theo ry of bistabi l i ty is m uch less devel oped. Addi ti onal
di £ cul ty ari sesfrom ani sotro py (exam ple of materi al exhi bi ti ng anisotro py as well
as nonl ineari t y of second order is Li JO3 ). In thi s paper we ta ke into account both
pro perti es.

Opti cal bi stabi l i ty is usual ly observed by al lowing a probe laser beam tra ns-
m i t a pl ate. The outg oing beam depends on the incoming one in a manner typi cal
of m ateri als exhi bi ti ng hysteresi s. Much m ore com pl icated is the bi stabi l i ty ari s-
ing from tw o-wave intera cti on when both waves have comparable intensi ti es. The
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pro blem is su£ cientl y wel l solved for thi rd- order media [4]. In thi s paper we con-
centra te attenti on on processes leadi ng to second- order bi stabi l i ty . Fol lowi ng the
m etho d developed in [5] we have derived analyti cal form ulas for intensi ti es and
polari sati on describing parameters and then perf orm ed num erical calcul ati ons.

2. P h y sic a l m od el an d equ at ion s of m ot i on

The l inear anisotro py of any m ateri al is described by the electri c perm itti vi ty
tensor " . Its form depends on the choice of coordi nate axes. If the O z axi s coinci des
wi th the m ain axi s of the sym metry of the m ateri al, then

" =

2

6
4

" ( o ) 0 0

0 " ( o ) 0

0 0 " ( e )

3

7
5 : (1)

The nonl inear susceptibi li ty â i s a tensor of the thi rd rank, whi ch for Li JO 3 has
onl y 7 di ˜erent f rom zero com ponents. Six of them are the sam e, one has another
value

â 1 3 3 = â 2 2 3 = â 2 3 2 = â 1 3 1 = â 3 1 1 = â 3 2 2 ² b; â 3 3 3 = a: (2)

Appro xi m ate values of these two param eters for thi s materi al are b =

À 9 6 : 5 È 1 0 À 1 5 C/ V 2 and a = À 7 4 : 2 È 1 0 À 1 5 C/ V 2 .
No w we assumetha t two beam s of the f requenci es ! 1 (l et i t be 3 : 6 7 È 1 0 15 Hz)

and ! 2 (3 0 0 È 1 0 1 5 Hz) fal l on the plate made of the above-m entio ned m ateri a l.
Thei r electri c vecto rs are E 1 and E 2 , respecti vel y; both are of the order 300 V/ m.
Insi de the plate each vecto r m ay be decomposed into two com ponents: perpen-
di cular (i ndex p) and paral lel (index r) to the inci dent plane: E = ep E p + er E r .
The versor ep = ey (O y axi s is perpendicul ar to the inci dent plane), whereas
e r = ˜ ex + Ùez , where ˜ and Ù determ ine the angle between the er and the m ain
axi s of the crysta l ( ˜ 2 + Ù 2 = 1 ).

In the sam eway one can decom posethe electri cal vector E of al l wa vesgener-
ated in the pro cessof nonl inear intera cti ons of the second order of the frequenci es:
2 ! 1 ; 2 ! 2 ; ! Ï ! 2 . In each component we m ay separate the compl ex am pli tude A

and the phase factor accordi ng to the form ula

E = A eÀ i kk rr + i ! t : (3)

Thi s f orm ula appl ies independentl y to both typ es of polari sati on (p and r).
No n-vanishing elements of the nonl inear electri cal susceptibi li ty tensor in the

fram ework connected wi th ep and er are

ep â ep er = b Ù; ep â e rep = bÙ; er â ep ep = b Ù;

e r â ep er = b(2 ˜ + Ù) ˜ Ù : (4)

The nonl inear polarisati on P can be expressed as a sum of com ponents P p

and P r for each frequency. For the sake of sim pl ici t y we adopt the fol lowi ng rul e
for the index j (always the lower one) of parti cul ar frequenci es:

frequency ! 1 ! 2 2 ! 1 2 ! 2 ! 1 À ! 2 ! 1 + ! 2

j 1 2 3 4 5 6
:



I n tensit y and Polar isat ion Bi stabi l i ty . . . 657

These com ponents may be calcul ated analyti cal ly (we omi t here the deta ils). At
the end we get the fol lowi ng form ul ae:
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1 A r
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Equa ti ons (5){ (10) are su£ cient for wri ti ng exact form ulae for am pl i tudes
A of the six wa ves considered. In the slowl y- varyi ng ampl i tude appro xi matio n i t
is possibl e to wri te expl icit form ul aef or the Ùrst derivati ves of these variabl eswi th
respect to the space coordi nate s ( s i s measured along the O z axi s, para l lel to the
pro pagati on vecto r ). For instance, the A

p
1 ful Ùls | in the lack of absorpti on |

the equati on
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Sim ilar form ulae hold for the remaini ng eleven com ponents of .
Successive di ˜erenti ati on wi th respect to s leads to a new set of equati ons,

in whi ch we neglect term s conta ining rapi dly varyi ng phase factors. In thi s way
from Eq. (11) we get
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Ana logous equati ons describe other ampl itudes. The m ost importa nt now is tha t
the expression in the bra cket [. . . ] incl udes only term s proporti onal to the m odul e
j A j of the compl ex am pl itudes A , whi ch in turn are di rectl y proporti onal to corre-
spondi ng intensi ti es. Usual ly, one may assume tha t intensi ti es of wa ves parti cipat-
ing in the nonl inear intera cti on do not change essential ly; much more importa nt
are changes of phases( ` ) of the wa ves. They m ay be described as fol lows. Ma ki ng
use of the nota ti on

A = j A j ei

and of the condi ti on

j A j = const ;

we get the equati on: A 00 = [ À (` 0 ) 2 + i ` 00 ] j A j ei . Neglecting second deri vati ves and
usi ng the above appro xi mati ons, we obta in from (12) the fol lowing equati on:

d `

ds
=

s X
À j A j
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where the coe£ cients À m ake a set of 16 num bers, whi ch may be divi ded into
4 m atri cesof the rank 2 È 2 wi th respect to lower (f requency) indexes. They have
the fol lowing form :
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The right- hand side of Eq. (13) is | wi thi n the appro xi mati on of consta nt intensi ty
| independent of space coordi nate s, theref ore phases of al l waves are l inear
functi ons of s:

`
ñ
j ( s ) = ²

ñ
j s + `

ñ
j (0 ) (15)

(ñ = p or r). Under som e natura l condi ti ons we may assume tha t ini ti al values of
al l phases are equal to zero. Thi s assumpti on was used in num erical calculati ons.

It is worthy stressing tha t coe£ cients ² and, consequentl y, also the pha ses
` depend on intensi ti es of the intera cti ng wa ves (see Eq. (13)).

The conti nui t y condi ti ons for the left (z = 0 ) and ri ght (z = L ) side of the
pl ate inv olve two coe£ cients: the reÛection R and the tra nsmission T . In general ,
they m ay depend both on the frequency and on the polarisati on of the wa ve. For
s = 0 (tha t is z = 0 ) we have
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For z = L (or s = L =˜ ) we have
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The sym bol B denotes the ampl itude of the backwa rd wa ve, equivalent of A . From
the last equati on i t fol lows tha t
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Thi s relati on holds for the who le plate. Theref ore the change of the phase of
backwa rd wa ves (denoted as ˆ ) inside the materi al is equal to
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The sign m inus reÛects the change of phase connected wi th the change of the
di recti on of pro pagati on.

The bounda ry condi ti on leads to the Ùnal form for modul e of am pl i tudes
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Consequentl y, the equati on for the tra nsmi tted intensi ti es I has the f orm
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where we have intro duced the intensi ty param eters and , depending on the
correspondi ng am pl i tude param eters (T and R ) in the way: = T 2 ; = R 2 :

The denom inato r of the expression on the right- hand side of Eq. (20) conta ins
a periodi c functi on who se argum ent is a m onotoni c f uncti on of intensi ti es of the
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wa ves considered. Theref ore we m ay expect a typi cal bistabl e behavi our for al l
components of the electri c Ùelds. Thi s m eans tha t also the polarisati on state wi l l
fol low simi lar changes.

At the ri ght side of the pl ate the electri c vecto r ta kes on the value

E
ñ

j
= A

ñ

j
e

À i k ñ

j L = ˜
: (21)

These expressions m ay be next put in the coherence m atri x M for each frequency
indi vi dual ly. The matri x is deÙned as fol lows [2]:
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W e wi l l l imit ourselves to two f undam enta l wa ves ( j = 1 , 2) as the secondary
wa ves are of less importa nce for our analysis.

4 . P olar is at io n st at es

The state of the polari sati on of a wave characteri sed by the coherence matri x
m ay be described by m eans of the polarisati on el l ipse. The rati o b =a of i ts axes is
equal to ta ngent of an angle ˚ , whi ch fulÙls the relati ons

sin 2 ˚ = i
M y x À M x y

M x x + M y y

; ta n ˚ = Ï

b

a
: (23)

The angle ê between the main axi s of the ell ipse and the O x axi s is given by the
form ula

ta n 2 ê =
M x y + M y x

M x x À M y y

: (24)

Af ter substi tuti ng (21) for E and then (19) f or ampl itudes A we obta in the fol lowi ng
expressions:

sin 2 ˚ =
2
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I r I p sin [ ` r ( L ) À ` p (L ) À ( k r
À k p ) L= ˜ ]

I r + I p
; (25)
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I r I p cos[ ` r ( L ) À ˆ p ( L ) À ( k r
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I r À I p
: (26)

As the phases ` depend m onoto nical ly on intensi ti es I in a m anner whi ch in
general al lows the bi stabl ebehavi our, the sam em ay be expected for the param eters
characteri sing the polarisati on ell ipse.

5. Nu m er ical cal cu l at ion s

In order to simpl if y num erical calcul ati ons we assumed tha t both inci dent
beam s are polari sed l inearly; the beam wi th the frequency ! 1 had two components:
one para l lel and one perpendi cular to the incident plane whereas the second funda-
m enta l wa ve (wi th the frequency ! 2 ) had only one com ponent | tha t para l lel to
thi s plane. W e have calcul ated intensi ti es and polari sati on state of the Ùrst wa ve
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in dependence on intensi ti es of incom ing waves and on di ˜erent phenomenological
parameters.

1. The dependence of the tra nsmitted wa ve (wi th ! = ! 1 ) characteri stics
on the relati ve intensi ty I 1 (norm al ised to the inci dent beam ) of the Ùrst beam is
shown in Fi gs. 1a{ d and Fi gs. 2a, b. The Ùrst of them (1a) shows the behavi our
of phase of one of the three components. Next three pl ots (1b, c, d) show the
intensi ty of the norm al com ponent ( I 1p ) and intensi ti es of paral lel components I 1r

Fig. 1. T he dependence of the phase (a) and intensity of the Ùrst comp onent of the

Ùrst w ave (b), the intensity of the second comp onent of the Ùrst w ave (c) and intensity

of the second wave (d) on the total intensity I 1 of the Ùrst w ave on the entrance. A ll

intensities are normalised to the incoming intensities of the corresp ondi ng tw o w aves.

Fig. 2. T he dep endence of tw o parameters of polarisati on elli pse: the ratio b= a of axes

(a) and the angle of inclina tion (b) of the Ùrst w ave on the initial intensity I 1 of the

same w ave.
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and I 2r . Fi na l ly, we present the rati o b=a of the axes of polari sati on el lipse of the
Ùrst wa ve (Fi g. 2a) and ta ngent of the (do ubled) angle of incl inati on of the m ain
axi s (b ) of thi s el lipse (Fi g. 2b). In al l caseswe have assumed the f ollowi ng values
of the param eters: am pl i tude reÛection coe£ cient R = 0 : 7 ; ˜ = 0 : 5 and relati ve
ref racti on index n r =n p = 1 :3. Nonl inear susceptibi li ty parameter is combined wi th
length L and the reversed l inear ref racti on index n p . Thei r product (to gether wi th
som e other constants) was chosen to be 97.55. The shape of al l curves app eared
to be very sensiti ve to i ts value; we have chosen the m ost regular ones am ong
tho se exhi bi ti ng the bi stabl e behavi our. It is easy to see tha t at a certa in value
of the intensi ty of the Ùrst wa ve (wi th frequency ! 1 ) al l the quanti ti es considered
underg o a j um p whi ch m ay correspond to a bistable character of thi s dependence.

2. Sim ilar behavi our was observed when we al lowed to change I 2 instead
of I 1 (the latter wa s kept constant at i ts m axim al value). In Fi gs. 3a,b we have

Fig. 3. T he dep endence of tw o parameters of polarisati on elli pse: the ratio b=a of axes
(a) and the angle of inclina tion (b) of the Ùrst w ave on the output on the initi al intensity

I 2 of second w ave.

depi cted two el lipse param eters (the rati o of axes b=a and tan( 2 ê )). Thi s ti m e the
rati o b=a changes i ts sign when passing thro ugh a value of I 2 whi ch m eans the
change of the di recti on of ro ta ti on of the vector E over the el l ipse.

3. Ano ther interesti ng property is connected wi th the angle of polari sati on
of the inci dent wa ve ! 1 . In the fol lowing Ùgures the vari able ˜ denotes the relati ve

Fig. 4. The dependence of the ratio b=a on the direction of (linear) polarisa tion of

the same Ùrst w ave on the input. Part (b) show s how this dep endence manif ests in the

b ehavio ur of the intensity of the second beam.
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percentage of the norm al com ponent to the para l lel one in the incident beam . The
polari sati on state of the tra nsmi tted wave is il lustra ted in Fi g. 4a. The intensi ty
of the second beam behaves as in Fi g. 4b. It is easy to see tha t the angle of polar-
isati on of the inci dent beam m ay signiÙcantl y inÛuence the ell ipti c polari sati on of
the outg oing beam leading to disconti nuit y at a speciÙc value of thi s angle.

4. Sim ilar e˜ects were noti ced i f we changed the ani sotro py of the m edium .
As i ts measure we have used the rati o of refracti ve indi ces correspondi ng to two
m utua lly perpendicular polari sati ons, e.g. n r =n p . In Fi gs. 5a,b thi s rati o is denoted

Fig. 5. The dependence of b=a (a) and tan(2 ê ) (b) on the anisotropy of the medium.

by NR . As in previ ous Ùgures we l imit here to the case of polari sati on ell ipse
parameters. The most interesti ng to us is the behavi our of the rati o b =a . By
changing NR we m ay reduce the ell ipse to a l ine (b =a = 0 ) and then to convert i t
into a circl e (b=a = 1 ). Thi s pro cess repeats successively.

6 . Su m m ar y

Intera cti on of two inci dent m onochrom atic beam s of sim ilar power vi a a
nonl inear and anisotro pic m edium may lead to signiÙcant m odiÙcati ons of these
beam s. Both intensi ty and polarisati on state m ay exhi bi t bi stabl e behavi our. The
underl yi ng m echanism is based on the second- order nonl ineari ty whi ch pro duces
appro pri ate changes of pha se of al l waves invol ved in thi s pro cess. They resul t
in changes of intensi ti es and, consequentl y, changes of the polarisati on state. For
som e values of parameters these changes m ay be drasti c as seen from presented
Ùgures. In som e casesone may observe a bistable behavi our.

The perf orm ed num erical calcul ati ons are only qual i ta ti ve and the choice of
values of physi cal parameters is to some extent arbi tra ry but not unreal istic. W e
hope tha t the m odel may be easily adopted to real situa ti ons.
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