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The grou p- theoretical classiÙcatio n of states of identical particle pairs
is presented. T hen obtained states are coupled with those of an antiparticle
to construct states of a three- particle system. I nvestigations are perf ormed
using pro ducts of irreducib le pro j ective representations of the 2D translatio n
group. For a given Born {von K ÇarmÇan p erio d N degeneracy of pair states
is N , w hereas three- particle states are N

2 -fold degenerated. I t has to b e
underlin ed that the case of even N is more complicated since pair states
are lab elled by four inequiv alent irreducib le proj ective representations. T he
problem of symmetry prop erties w ith resp ect to particles transp ositi on is
brie Ûy discussed.

PAC S numb ers: 73.20.D x, 71.70.Di, 02.20. {a

1. I n t rod uct io n

T he quantu m Hal l ẽ e ct and high tem perature superconducti vi t y have ra ised
interest in pro perti es of the t wo-dimensional electro n gas subjected to electri c and
m agneti c Ùelds. The observati on of (negati vel y) charged exci to ns [1] has recal led
a forty- years old concept of excito ns, \ tri ons" or \ charged exci to ns" , intro duced
by Lam pert in 1958 [2]. R ecently, such excito ns, consisti ng of two holes and an
electron or two electrons and a hole (denoted X Ï , respectivel y), have been inv es-
ti gated both experim ental ly and theo reti cal ly [3{ 5]. In the earl ier paper [6] the
tri on states have been discussed; they have been classiÙed using a di rect coupl ing
of three one-parti cle states and in a two -step pro cedure: (i ) coupl ing of parti cle
and anti parti cle states to obta in states of an electri cal ly neutra l system and then
(i i ) coupl ing wi th hole (electron) states to determ ine states of a tri on X Ï . The aim
of thi s work is to present classiÙcati on of three- parti cl e states (stri ctl y speaki ng,
states of parti cle{ parti cle{ anti parti cle systems) when at Ùrst step states of a pai r
of identi cal (cha rged) parti cl es are constructed. The anti parti cle states are ta ken
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into account in the second step. Such an appro ach al lows to discuss pai r sta tes,
whi ch m ay be im porta nt in considerati ons of high-T c superconducto rs, where the
Co oper pai rs are conÙned to Cu{ O planes.

The classiÙcati on presented in thi s paper, l ike in the previ ous one [6], is
based on tra nslati onal symm etry in the presence of a periodi c potenti al and an
externa l , constant and hom ogeneous, m agneti c Ùeld. T o perf orm thi s ta sk the
so-cal led m agneti c tra nsl ati on operato rs, intro duced by Bro wn [7] and Zak [8], are
used. These operato rs com mute wi th the standard Ha mi lto nian of an electron in
the magneti c Ùeld H = r È A and a periodic potenti al V ( r ) :

H =
1

2 m

±
p +

e

c
A

² 2

+ V ( r ) : (1)

The Born{ von KÇarm Çan (BvK) periodic condi ti ons imposed on a system lead to a
Ùnite- dim ensional pro jective representa ti on of the 2D tra nslati on group form ed by
the m agneti c tra nslati on operato rs. The Kro necker pro ducts of i rreduci bl e pro jec-
ti ve representa ti ons can be appl ied to describe m ul ti parti cle states [9, 10], whi ch
has been done latel y for tri ons [6]. It seems tha t inv estigati ons of pai rs shoul d be
m uch easier. Ho wever, tri ons, consisti ng of two electrons and a hole or two holes
and an electron, have the tota l charge Ï e and, theref ore, behave in a simi lar way
as a sing le electron and a hole, respecti vel y. On the other hand, a pai r of elec-
tro ns (holes) have the charge ´ 2 e and one has to ta ke into account pari ty of the
Born{ von KÇarm Çan period N . It m eans tha t cases of odd and even period should
be consi dered separatel y.

Investi gating pro blems, whi ch involve the magneti c Ùeld H determ ined by
the vecto r potenti al A , one has to keep in m ind tha t some results m ay depend
on a chosen gauge, tho ugh physi cal properti es should be gauge-indep endent. Two
gauges are m ost frequentl y used in descripti on of the 2D electro n system s: the
La ndau gauge wi th A = [ 0 ; x H ; 0 ] and the anti symm etri c one wi th A =

( H È r ) =2 . The rel ati ons between these gauges wa s discussed in the earl ier ar-
ti cle [11], theref ore thi s pro blem is left out in the present considerati ons. Ho wever,
i t should be underl ined tha t a form of representa ti on m atri ces depends on cho-
sen gauge and, moreover, obta ined representati ons are inequivalent, whi ch means,
am ong others, tha t thei r bases are not related by a uni ta ry tra nsform ati on. Since
i t is a sym metry adapted basis whi ch resul ts from the presented m ateri al , then
i t is im porta nt to stress tha t the La ndau gauge is assumed and the obta ined re-
sul ts cannot be im mediatel y appl ied to other gauges. For the sake of sim pl icit y
the considerati ons are l im ited to thi s case and the presented results correspond to
the lim i t of high magneti c Ùelds, i .e. there is no Landau level mixi ng.

2. P ai r s of id enti cal par t i cl es

The m ovement of two -dim ensional charged parti cles in a periodi c poten-
ti al and, l ike in the Hal l e˜ect, subj ected to a m agneti c Ùeld is described by the
m agneti c tra nsl ati on operato rs intro duced by Brown [7] and Zak [8]. These op-
erators form a pro jecti ve representa ti on of the two-dimensional tra nslati on group
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T = f R = [n 1 ; n 2 ] j n 1 ; n 2 2 Z g [8]; a series of arti cles on such representa ti ons were
presented by Backhouse and Bradl ey [12]. Possibl e appl icati ons to m ul tipa rti cle
states were presented by the autho r in som e earl ier works [9, 13], where products
of pro jective representa ti ons have been considered, but the i rreduci bl e basis has
not been determ ined. The Ùrst attem pt to determ ine tri on states wa s based on two
appro aches: (i ) a di rect coupl ing of three one-parti cl e states and (i i ) constructi on
of parti cle{ anti parti cle states and then coupl ing wi th one-parti cle state [6].

Investi gating m ovement of charged parti cles in a m agneti c Ùeld, one has
to disti ngui sh the periodi c (Born{ von KÇarm Çan) condi ti ons related to the period-
icity of a crysta l latti ce and the m agneti cally periodi c condi ti ons intro duced by
Bro wn [7, 11]. Let D be a pro jective representati on of T wi th basis vecto rs la-
belled by j w i . Then, in short, the magneti c period N m ag i s determ ined by the
equal i ty D ( N ma g R ) j w i = ei '

j w i , whereas the Born{ von KÇarm Çan period N re-
qui res ei ' = 1 . It m eans, for exampl e, tha t standard (one-di mensional ) i rreduci ble
vecto r representa ti ons À k 1 ; k 2 [ n 1 ; n 2 ] j w i = exp [ 2 ¤ i (k 1 n 1 + k 2 n 2 ) =N ] j w i correspond
to N ma g = 1. To simpl i fy the present considerati ons i t is assumed tha t the m ag-
neti c Ùeld and the Born{ von KÇarm Çan period N are such tha t sing le parti cle states
are related to an N -dim ensional pro jective representati on (i .e. N ma g = N ):

D l
j k [ n 1 ; n 2 ] = £ j ; k ! ; (2)

where l is mutua l ly pri m e wi th N ; ! = exp(2 ¤ i=N ); j; k ; n 1 ; n 2 = 0 ; 1 ; . . . ;

N À 1 and al l expressions are calculated m odul o N [11]. Thi s form ul a can be
also expressed by the acti on of D on basis vecto rs j s i ; s = 0 ; 1 ; 2 ; . . . ; N À 1 :

D [ n 1 ; n 2 ] j s i = !
( )

j s À n 2 i : (3)

It is assumed tha t a sing le parti cle in questi on is a hole (or any parti cle wi th the
charge q > 0 ) but thi s assumpti on does not lead to any lossof general i ty .

2. 1. Representati ons wi th odd di mension

The case of N odd is very sim ple. Since N i s odd and l i s m utua lly pri m e
wi th N , then also 2 l i s m utua lly pri me wi th N . Theref ore (cf . [9, 10])

D ¨ D = N D 2 ; (4)

i.e. two-parti cle states are N - fold degenerated and related to the pro j ective repre-
sentati on D 2 . One of the possible form s of the i rreduci ble basis is

j s i 2 = j s + r ij s À r i ; s; r = 0 ; 1 ; 2 ; . . . ; N À 1 ; (5)

where the subscri pt \ 2" indi cates states of a pai r and r i s the repeti ti on index. For
the sake of sim pl icit y, here and therea fter the sym bol \ ¨ " is om i tted in the tensor
pro duct of vecto rs. Thi s result can be easily veri Ùed usi ng Eq. (3):

( D ¨ D )[ n 1 ; n 2 ]j s i 2 = D [ n 1 ; n 2 ] j s + r i D [n 1 ; n 2 ] j s À r i

= !
2 ( )

j s + r À n 2 ij s À r À n 2 i = D 2 [ n 1 ; n 2 ] j s i 2 :
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2.2. Representations wi th even dimension

The case N = 2 M leads to the pro duct of representati ons in the fol lowi ng
form [9]:

D l
¨ D l = M ( D l ; 0 0

` D l ;1 0
` D l ;0 1

` D l ;1 1 ) ; (6)

where each of four representa ti ons on the ri ght- hand side is M -di mensional and
they form a com plete set of inequi valent i rreduci ble pro j ective representati ons
of Z N ¨ Z N (or, in the other words, the magneti c tra nsl ati on operato rs wi th
N ma g = M and the Born{ von KÇarm Çan period N ). The Ùrst representa ti on, labelled
by \ 00" , is analogous to tha t given by Eqs. (2) and (3)

D [ n 1 ; n 2 ] = £ ! ; (7)

D [ n 1 ; n 2 ] j s i = !
( )

j s À ² 2 i ; (8)

where s = 0 ; 1 ; 2 ; . . . ; M À 1 now and ² = n m od M ; i = 1 ; 2 . Al l representati ons
can be expressed by a general form ula [12]

D ; [ n 1 ; n 2 ] j s i = !
(2 2 + )

( À 1 ) j s À ² 2 i ; (9)

where k 1 ; k 2 = 0 ; 1 and ˜ = 1 for 1 ç n 2 À s ç M and ˜ = 0 otherwi se. The
i rreduci bl e bases can be chosen in the fol lowing way (vecto rs are not norm al ized
thro ughout thi s paper):

j s i
;0 0

2 = j s + r ij s À r i + j M + s + r ij M + s À r i ; (10)

j s i
;1 0

2 = j s + r ij s À r + 1 i + j M + s + r ij M + s À r + 1 i ; (11)

j s i
;0 1

2 = j s + r ij s À r i À j M + s + r ij M + s À r i ; (12)

j s i
;1 1

2
= j s + r ij s À r + 1 i À j M + s + r ij M + s À r + 1 i ; (13)

where s; r = 0 ; 1 ; 2 ; . . . ; M À 1 . These form ulae can be veri Ùed by sim ple calcula-
ti ons.

In the presented appro ach tri on states are constructe d from states of a pai r,
di scussed in the previ ous section, and anti parti cl e states rela ted to the N -dim en-
sional representa ti on D . Theref ore, we start from inv estigati ng the products
D 2

¨ D and D ;
¨ D , for odd and even N , respectivel y. In both cases, the

resul ta nt representa ti on is a mul tipl icit y of D [6], namely

D 2
¨ D = N D ; (14)

D ;
¨ D = M D : (15)

The Ùrst case (N odd) is again very simpl e. Let j w i denote a tri on state
and j u i | a state of an anti parti cle, then one of possible choices of basis vecto rs
is as fol lows:

j w i = j w + v i 2 j w + 2 v i ; w = 0 ; 1 ; 2 ; . . . ; N À 1 ;
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where v = 0 ; 1 ; 2 ; . . . ; N À 1 i s the repeti ti on index. Since pai r sta tes have addi ti onal
repeti ti on index r , then the tri on states in thi s case are labelled by w ; r ; v =

0 ; 1 ; 2 ; . . . ; N À 1 , where w i s a vecto r index and r ; v are repeti ti on indi ces. T aki ng
into account Eq. (5), one obta ins

j w i
r; v
t = j w + v i

r
2 j w + 2 v i À = j w + v + r ij w + v À r ij w + 2 v i À : (16)

The states

j w i
p q
t

= j w + p ij w + q ij w + p + q i
À

(17)

obta ined previ ously [6] correspond to p = v + r and q = v À r (calcul ated m od N , of
course). Note tha t for N = 2 M thi s relati ons cannot be inverted since v = ( p + q )= 2

and r = ( p À q) =2 have no soluti ons mod N f or odd p + q and p À q , respectively.
In the case N = 2 M , the considerati ons are a bi t more di £ cul t but since

one kno ws the Ùnal results, states j w i
pq , then they may serve as a useful hi nt.

There are N 2 = 4 M 2 di ˜erent bases labelled by p; q = 0 ; 1 ; 2 ; . . . ; N À 1 , however
i f p 0 = p + M and q0 = q + M then states j w i

pq and j w i
p

0

q
0

have the same thi rd
element in the tensor products because (see Eq. (17))

j w i = j w + p + M ij w + q + M ij w + p + q i
À

: (18)

Theref ore, they can be gathered into 2 M 2 = N M pai rs

j w i and j w i
( + )( + ) :

The ranges of the indi ces have to be chosen in such a way tha t pai rs pq and
( p + M )( q + M ) run over two separate sets. Thi s probl em wi l l be discussed below
in more deta i l . For each pai r p; q one can f orm two new bases, labelled by " +" and
" { " , respecti vely,

j w i
Ï = j w i Ï j w i

( + )( + ) ; (19)

theref ore

j w i
Ï = ( j w + p ij w + q i Ï j w + p + M ij w + q + M i ) j w + p + q i

À
: (20)

These vecto rs have the Ùrst part (in parentheses) in the form resembl ing
Eqs. (10){ (13). Theref ore, one has to relate the repeti ti on index r and a label u of
a vecto r j u i À of the representati on D À wi th the repeti ti on indi ces p; q and Ï in
Eq. (20). Mo reover, due to the relati on (15) the repeti ti on index v = 0 ; 1 ; . . . ; M À 1

has to be ta ken into account. The sim i lari t y of Eq. (20) and Eqs. (10){ (13) suggests
tha t the i rreduci ble basis of the pro duct D ;

¨ D À can be chosen as tensor
pro ducts j s i 2 j u i À . The sim plest to solve is the case of representa ti ons wi th k 2 = 0 ,
i .e. D ; 0 :

j w i = j s + v i
0 0
2 j w + 2 v i À ; (21)

j w i = j s + v i
1 0
2 j w + 2 v + 1 i À ; (22)

wi th s = w mod M ; s + v i s calcul ated m od M , whereas w + 2 v and w + 2 v + 1

are calculated m od N . For exam ple, when N = 6 and l = 1 one obta in bases in
the fol lowing form :
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f j 0 i
0 0
2

j 0 i À ; j 1 i
0 0
2

j 1 i ; j 2 i
0 0
2

j 2 i À ; j 0 i
0 0
2

j 3 i ; j 1 i
0 0
2

j 4 i À ; j 2 i
0 0
2

j 5 ig ;

f j 1 i
0 0
2

j 2 i À ; j 2 i
0 0
2

j 3 i ; j 0 i
0 0
2

j 4 i À ; j 1 i
0 0
2

j 5 i ; j 2 i
0 0
2

j 0 i À ; j 0 i
0 0
2

j 1 ig ;

f j 2 i
0 0
2 j 4 i À ; j 0 i

0 0
2 j 5 i ; j 1 i

0 0
2 j 0 i À ; j 2 i

0 0
2 j 1 i ; j 0 i

0 0
2 j 2 i À ; j 1 i

0 0
2 j 3 ig ;

f j 0 i
1 0
2 j 1 i À ; j 1 i

1 0
2 j 2 i ; j 2 i

1 0
2 j 3 i À ; j 0 i

1 0
2 j 4 i ; j 1 i

1 0
2 j 5 i À ; j 2 i

1 0
2 j 0 ig ;

f j 1 i
1 0
2 j 3 i À ; j 2 i

1 0
2 j 4 i ; j 0 i

1 0
2 j 5 i À ; j 1 i

1 0
2 j 0 i ; j 2 i

1 0
2 j 1 i À ; j 0 i

1 0
2 j 2 ig ;

f j 2 i
1 0
2 j 5 i À ; j 0 i

1 0
2 j 0 i ; j 1 i

1 0
2 j 1 i À ; j 2 i

1 0
2 j 2 i ; j 0 i

1 0
2 j 3 i À ; j 1 i

1 0
2 j 4 ig :

These results can be used to determ ine the set over whi ch the pai rs of indi ces
pq run. Ho wever, in each case one has tw o possibi l i ti es, pq and ( p + M )( q + M ) ,
and the appro pri ate choice can be done after consideri ng representa ti ons D l ; k 1 1 .
Equa ti ons (10) and (12) wi th form ulae (21) and (22) give us bases j w i

r; v ;0 0
t

and
j w i

r; v ;1 0
t

, respectivel y (as above s = w mod M )

( j s + r + v ij s À r + v i + j M + s + r + v ij M + s À r + v i ) j w + 2 v i À ; (23)

( j s + r + v ij s À r + v + 1 i

+ j M + s + r + v ij M + s À r + v + 1 i ) j w + 2 v + 1 i À : (24)

Theref ore, the adm issiblevalues of indi ces ( pq ) are ( v + r )( v À r ) and ( v + r )( v + 1 À r )

for v ; r = 0 ; 1 ; . . . ; M À 1 and all values are calcula ted mod N . In the considered
exam ple N = 6 one obta ins the fol lowi ng 18 pairs: \ 00" , \ 11" , \ 22" , \ 15" , \ 20" ,
\ 31" , \ 24" , \ 35" , \ 40" , \ 01" , \ 12" , \ 23" , \ 10" , \ 21" , \ 32" , \ 25" , \ 30" , \ 41" . In a
general case the two fol lowi ng arra ys can be constructed:

v r 0 1 2 . . . M À 1

0 00 1 ( N À 1 ) 2 ( N À 2 ) . . . ( M À 1 )( M + 1 )

1 11 20 3 ( N À 1 ) . . . M ( M + 2 )

2 22 31 40 . . . ( M + 1 )( M + 3 )

. . . . . . . . . . . . . . .

M À 1 ( M À 1 )( M À 1 ) M ( M À 2 ) ( M + 1 )( M À 3 ) . . . (N À 2 )0

v r 0 1 2 . . . M À 1

0 01 10 2 ( N À 1 ) . . . ( M À 1 )( M + 2 )

1 12 21 30 . . . M ( M + 3 )

2 23 32 41 . . . ( M + 1 )( M + 4 )

. . . . . . . . . . . . . . .

M À 1 ( M À 1 ) M M ( M À 1 ) ( M + 1 )( M À 2 ) . . . (N À 2 )1

It can be easily observed tha t the index p has N À 1 values 0 ; 1 ; . . . ; N À 2 and
the index q has the same p + 1 values for p and p 0 = N À 2 À p . These values are
N À p; N À p + 2 ; . . . ; p in the Ùrst case and N À p + 1 ; N À p + 3 ; . . . ; p + 1 for
the representati on D l ;1 0 .



T wo-Di mensi onal Elect ron Gas in a Per iodi c Pot ential . . . 607

T o compl ete the di scussion one has to consider representati ons D l ; k 1 1 . The
i rreduci bl e basesof pro ducts D l ; k 1 1

¨ D À l have a form simi lar to tho se given by
Eqs. (21) and (22):

j w i
v
t = ( À 1 ) ˜

j s + v i
0 1
2 j w + 2 v i À ; (25)

j w i = ( À 1 ) j s + v i
1 1
2

j w + 2 v + 1 i
À

; (26)

where ˜ i s an integ er part of ( w + v ) =M . Since w + v = 0 ; 1 ; 2 ; . . . ; N + M À 2 ,
then ( À 1 ) = À 1 for w + v = M ; M + 1 ; . . . ; N À 1 . The sam e exam ple as in the
previ ous case (N = 6 ; l = 1 ) leads to the fol lowi ng bases:

f j 0 i
0 1
2

j 0 i
À

; j 1 i
0 1
2

j 1 i ; j 2 i
0 1
2

j 2 i
À

; Àj 0 i
0 1
2

j 3 i ; Àj 1 i
0 1
2

j 4 i
À

; Àj 2 i
0 1
2

j 5 ig ;

f j 1 i
0 1
2

j 2 i
À

; j 2 i
0 1
2

j 3 i ; Àj 0 i
0 1
2

j 4 i
À

; Àj 1 i
0 1
2

j 5 i ; Àj 2 i
0 1
2

j 0 i
À

; j 0 i
0 1
2

j 1 ig ;

f j 2 i
0 1
2

j 4 i
À

; Àj 0 i
0 1
2

j 5 i ; Àj 1 i
0 1
2

j 0 i
À

; Àj 2 i
0 1
2

j 1 i ; j 0 i
0 1
2

j 2 i
À

; j 1 i
0 1
2

j 3 ig ;

f j 0 i
1 1
2 j 1 i À ; j 1 i

1 1
2 j 2 i ; j 2 i

1 1
2 j 3 i À ; Àj 0 i

1 1
2 j 4 i ; Àj 1 i

1 1
2 j 5 i À ; Àj 2 i

1 1
2 j 0 ig ;

f j 1 i
1 1
2 j 3 i À ; j 2 i

1 1
2 j 4 i ; Àj 0 i

1 1
2 j 5 i À ; Àj 1 i

1 1
2 j 0 i ; Àj 2 i

1 1
2 j 1 i À ; j 0 i

1 1
2 j 2 ig ;

f j 2 i
1 1
2

j 5 i
À

; Àj 0 i
1 1
2

j 0 i ; Àj 1 i
1 1
2

j 1 i
À

; Àj 2 i
1 1
2

j 2 i ; j 0 i
1 1
2

j 3 i
À

; j 1 i
1 1
2

j 4 ig :

Formul ae (21) and (22) have to be m odi Ùed accordi ng ly. However, the elements
j v + r ij v À r i and j v + r ij v À r + 1 i , corresp onding to w = s = 0 , always have
coe£ cient +1 , since v < M and w = 0 when one calculates ˜ in Eqs. (25) and (26).
Theref ore, the set of indi ces pq determ ined in the previ ous cases does not need to
be changed. If one wa nts to replace a pai r pq by i ts counterpa rt ( p + M )( q + M ) ,
for exampl e35 by 02 in the consi dered exampl e, then the sign in the corresp ondi ng
form ula, (25) or (26), has to be changed, i.e. ˜ i s repl aced by ˜ + 1 .

In the previ ous section the relati on between the basis j w i , determ ined
in [6] by a di rect evaluati on of a product of three representati ons D ¨ D ¨ D À ,
and the basis j w i

; , presented in thi s paper, has been establ ished. Since the
sym m etri zati on of the basis j w i and its relati on wi th the basis related to the
pro duct D ¨ (D ¨ D À ) are considered in the earl ier paper [6], then the pro blem
stated in the ti tl e of thi s section m ay be left out. Ho wever, havi ng at hand the
basis j s i 2 for pai rs of identi cal parti cles i t is natura l and obvi ous to investi gate the
sym m etry properti es related to the tra nspositi on of parti cles.

As in a ll above pro blems the case of odd N = 2 M + 1 is qui te easy. It fol lows
from Eq. (5) tha t r = 0 leads to sym m etri c states

j 0 ij 0 i ; j 1 ij 1 i ; . . . ; j N À 1 ij N À 1 i :

The other N 2
À N vecto rs are grouped in N À 1 = 2 M representati ons label led by

r = 1 ; . . . ; N À 1 . T o construct sym m etri c (anti sym metri c) states i t is enough to
ta ke com bina ti ons
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j s i
r Ï

2
= j s + r ij s À r i Ï j s À r ij s + r i ; (27)

where r = 1 ; 2 ; . . . ; M now.
In the case of even N = 2 M the pro duct D l

¨ D l decomposes into M

copies of four M -dim ensional pro jecti ve representati ons. Since the sym m etri zati on
of states has a slightl y di ˜erent form in each of these cases, then they are considered
separatel y.

The non-sym m etri zed basis of the representa ti on D l ;0 0 i s given by Eq. (10) as

j s i
r ;0 0
2 = j s + r ij s À r i + j M + s + r ij M + s À r i :

The case r = 0 again gives M sym metri c states. To consider the other M À 1

representa ti ons one has to check the pari ty of M . If M = 2 ñ , then for r = ñ we
have M À r = r and M + r = N À r , theref ore in thi s case al l vecto rs are sym metri c.
The other vecto rs form sym metri c and anti sym metri c states in the standard way
and i t also concerns the case of odd M .

The \ addi ti onal " sym metri c state found above for N = 4 ñ i s \ lost" consid-
ering D l ;1 0 . Its i rreduci bl e basis (11):

j s i
r ;1 0
2

= j s + r ij s À r + 1 i + j M + s + r ij M + s À r + 1 i

has no sym metri c states for M = 2 ñ , but for odd M = 2 ñ À 1 and r = ñ the above
form ula reads

j s i
ñ ;1 0
2

= j s + ñ ij s À ñ + 1 i + j s À ñ + 1 ij s + ñ i ; (28)

theref ore these states are sym metri c.
The sim ilar considerati ons have to be perform ed for representa ti ons D l ; 1

wi th special attenti on to the fact tha t

j s À r ij s + r i À j M + s À r ij M + s + r i

= À ( j s + r 0
ij s À r 0

i + j M + s + r 0
ij M + s À r 0

i ) ;

where r = 0 ; 1 ; . . . ; M À 1 and r 00 = M À r .

The presented consi derati ons have shown tha t the pari ty of the BvK period
stro ngly inÛuences the obta ined results, whereas free tri ons behave in a sim i lar
wa y as f ree electrons or holes and, theref ore, thei r states do not depend on the
pari ty . Of course, coupl ing of three (in general , n ) identi cal parti cles wi l l lead to
pro blems when N = 3 M ( N = nM , in general case). It should be stressed tha t
the degeneracy of the obta ined states is very hi gh and there are many possibi l i ti es
to construct sta tes j s i 2 of pai rs and j w i of three- parti cle systems. Theref ore we
have to keep in m ind tha t only a few possibl e choicesof the i rreduci ble baseshave
been presented in thi s paper. For exampl e, form ul ae (5){ (13) and f ol lowing them
Eqs. (16), (23), (24) are asym m etri c wi th respect to the tra nspositi on of identi cal
parti cl es. Symm etri zati on of such states has been bri eÛy discussed in Sec. 4. In
these sim pl iÙed considerati ons there are no intera cti ons between tri ons or the Lan-
dau level m ixing and, m oreover, the spin or angul ar mom entum num bers. T aki ng
into account spi ns wo uld al low a constructi on of states compl etely anti symm etri c
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wi th respect to the perm uta ti onal sym m etry . Such a probl em has been discussed
latel y by D zyub enko et al . [5] in the absence of a periodi c potenti al V ( r ) , so there
is no discrete tra nsl ati onal symm etry . The relati ons for the to ta l angul ar mom ent
pro jections he obta ined are the sam e as tho se presented in thi s paper for indi ces
of vecto rs (ta ki ng into account the sign of charges). For exam ple, in Eq. (16) one
obta ins

w = ( w + v + r ) + (w + v À r ) À ( w + 2 v ) :

It is interesti ng tha t Dzyub enko et al . obta ined thei r resul ts in the anti symm etri c
gauge A = ( H È r ) =2 , wherea s in the presented considerati ons the Landau gauge
has been used. It conÙrms tha t the physi cal properti es are gauge-independent. On
the other hand, the actua l form of wav efuncti ons is not di scussedhere, but only the
relati ons between representa ti ons and thei r pro duct are ta ken into account. These
relati ons are independent of the matri x representati ons and, simi larl y, the f orm
of resulta nt basis is independent of the functi on form : for a given BvK period N

and any gauge i rreduci ble pro jective representati ons are N -dim ensional and thei r
acti on on basis vecto rs are simi lar (up to a factor system ) [7, 8, 11, 14].
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