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In this pap er we discuss the line shapes of a two - level atom in the
presence of broad- band squeezed vacuum and colli sional broadenin g. W e
describ e the colli sions and the squeezed vacuum using a sto chastic model
of Rabi amplitud e Ûuctuations. F rom such a sto chastic description the fast
and the slow damping rates of the Blo ch p olarizati ons are obtained. T he
strong Ùeld resonance Ûuorescence spectrum in the presence of sto chastic
broad- band squeezed vacuum and collisi ons is derived.

PACS numb ers: 42.50.Lc, 42.50.C t

1. I n t rod uct io n

T he sto chast ic Bl och equati ons (SBE) wi th m ulti pli cati ve Ûuctua ti ons can
be wri tten in the form of the fol lowi ng stochasti c-matri x- di ˜erenti al equati on [1]
(rep eated indi ces indi cate summ atio n) :

dV

dt
= [M 0 + ix k ( t ) M k ] V ; (1)

where x k are externa l no ises, M 0 i s the determ inisti c (co herent part) of the Bl och
evoluti on and the matri ces M k describe the coupl ing of the Bl och vari ables (de-
noted by V ) to the noise. For a wi de cl ass of externa l noises, stochastic di ˜eren-
ti al Eq. (1) can be avera ged and as a result the stochastic expectati on value of
V ( t ) , denoted here by h V ( t ) i , sati sÙesthe fol lowing di ˜erenti al equati on:

d h V ( t ) i

d t
= (M 0 À Ï ) h V ( t ) i ; (2)

where Ï i s the relaxa ti on m atri x or the l ine broadening operato r (LB O). D epending
on the model and the source of the Ûuctua ti ons, di ˜erent expressions for the l ine
bro adening operato r Ï can be obta ined. In the l i tera ture one can Ùnd extensi ve
revi ews of di ˜erent theo reti cal schemes leading to the LBO.

(545)
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In the fram ework of the quantum noise-operato r metho ds the radiati vedecay
of a two- level ato m intera cti ng wi th a broad-band squeezed vacuum has been in-
vesti gated [2, 3]. It has been shown tha t the Bl och polari zati ons have two di ˜erent
dam ping rates. One of these polari zati ons is dam ped at the enhanced rate and the
other at the reduced rate compared to the norm al radiati ve decay. The quantum
noise-operato r m etho ds have been appl ied to a wi de class of pro blems inv olvi ng
squeezed l ight. R esonance Ûuorescence from an ato m in a squeezed vacuum [4] and
the inhi bi ti on of ato mic-phase decays by squeezed l ight [5] have been inv estigated.

In a di ˜erent appro ach to the quantum noise,stochasti c density- matri x equa-
ti ons for an ato m strongly dri ven by a Ùnite-bandwi dth squeezed light have been
deri ved [6, 7]. The autho rs of [8] have shown tha t the squeezed vacuum can be
incorp orated in the form of the mul tipl icativ e stochasti c equati on (1). It is kno wn
tha t a stochasti c theo ry of sponta neous emission wi tho ut ato m ic Ûuctua ti ons wi l l
predi ct spuri ous e˜ects l ike sponta neous absorpti on of the ground state [9]. The
ato m ic Ûuctua ti ons cancel exactl y the vacuum Ûuctua ti ons of sponta neous absorp-
ti on, leavi ng the ato m in i ts ground state [10]. Thi s e˜ect can be incorporated in
the SBE i f the c-numb er m ulti pl icati ve stochastic process tha t represents the vac-
uum Ûuctua ti ons dri ves onl y the popul ati on p 2 of the exci ted state and is inhi bi ted
due to ato m ic Ûuctua ti ons f or the popul ati on of the ground state p 1 [11].

In thi s paper we present an extensi on of the stochasti c metho d investi gat-
ing a two - level ato m perturb ed by stochasti c col l isions and in the presence of
the broad-band squeezed vacuum . Thi s sim pl e stati stical m odel of the col l isional
relaxa ti ons lead to an expl icit expression for the l ine broadeni ng operato r. W e
show tha t thi s LBO in the long- ti m e l im it can be reduced to two l i feti m es T 1

and T 2 . W e i l lustra te our appro ach, deri vi ng the fast and the slow dam ping rates
of the Bl och polari zati ons from a stochasti c m odel of squeezed vacuum Ûuctua ti ons.
The power- spectrum of the stro ng-Ùeld resonance Ûuorescence in the presence of
bro ad-band squeezed vacuum and col l ision is deri ved and discussed.

Thi s paper is organized in the fol lowing way. In Section 2 we intro duce a
stochasti c model of col l isions based on a random tel egraph signal descripti on of the
ato m ic frequency. In Section 3, we deri ve the essentials of the SBE in the presence
of col lision and a c -numb er stochastic vacuum noise and externa l coherent laser
Ùeld. In Section 4 we derive the dam ping m atri x for a two- level atom coupl ed to a
stochasti c bro ad-band squeezed vacuum and col l isions. Fi nal ly, Section 5 conta ins
som e concludi ng rem arks.

2. St ochast ic m odel of co l l isio ns

W e are going to assume tha t the envi ronm ent of a tw o-level system acts as
a stochastic reservo i r and gives ri se to Ûuctua ti ons of the ato mic resonant fre-
quency ! 0 . W e shal l model the inÛuence of the bu˜er gas on the emi tter assuming
tha t the insta nta neous frequency of the two -level atom is ! 0 + x c ( t ), where x c ( t )

describes the col l isional stochastic Ûuctua ti ons.
In the simpl est appro ach to the stochastic descripti on of the bu˜er gas reser-

vo i r, we shal l assume tha t x c ( t ) i s a random vari able described by a two -step
random tel egraph signal (RTS) jum pi ng between two states a and À a . Thi s very
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sim ple well -know n dichoto mic Ma rko v process is ful ly deÙned by the fol lowi ng
correl ati ons:

h x c ( t ) i = 0 and h x c ( t ) x c ( t 0) i = a 2 exp

˚

À

j t À t 0
j

§

Ç

; (3)

where 2 § = T is the tel egraph jum p ti me. The physi cal pi cture of these Ûuctua -
ti ons is qui te sim pl e. If k is the wa ve vecto r of the emi tted photo n and v is the
instanta neous velocity of the emi tter one can assume tha t due to col lisions onl y
the di recti on of k changes at random . At each ti m e when the emi tter is assumed
to undergo col l isions wi th the perturb ers the angle between k and v su˜ers an
abrupt change of ¤ or À ¤ . Between coll isions the vel ocit y of emi tter stays con-
stant and as a resul t we can wri te the RTS in the fol lowi ng form x c ( t ) = k v ¿, where
¿ = (À 1 ) n ( t ) . In thi s expression n ( t ) i s a numb er of ti m e the tel egraph changes i ts
state due to col l isions. From micro scopic considerati ons we can associ ate Û = 1 =§

wi th the rate at whi ch the emitter, wi th the veloci ty v, su˜ers the next col l ision.
In such a case

Û( v ) = ¤ n p r 2
0

v ; (4)

where n p is the num ber of perturb ers per uni t vo lume and r 0 i s an e˜ecti ve
scatteri ng radi us. In thi s stati stical picture of col l ision the e˜ect of the bu˜er gas
is vi ewed to be so dra stic tha t the vel ocity of the emi tter after the col l ision is
assumed to be com pletel y independent of i ts velocity before the col l ision.

3. SB E i n t h e pr esen ce of st och ast ic b road -b an d
v acu um an d col l i sion

The ato m ic Bl och equati ons dri ven by a quantum noise are going to be
inv estigated in the fram ework of c-num ber m ulti pl icati ve stochastic R abi am pl i -
tudes. A stochastic model of squeezed vacuum has been intro duced and inv esti -
gated in [8]. It is well kno wn tha t the broad-band squeezed vacuum generated in
opti cal parametri c oscil lati on is described by two param eters N and M , whi ch
characteri ze the reduced quantum Ûuctua ti ons of the vacuum quadratures [12].
The real param eter N can be associated wi th a therm al com ponent carri ed by the
bro ad-band squeezed light, whi le the com plex param eter M = j M j exp( i ' ) rep-
resents the phase-dependent vacuum contri buti on due to the squeezed quantum
noise. Guided by thi s physi cal interpreta ti on we incorporate broad-band squeezed
Ûuctua ti ons assuming tha t the squeezed vacuum is described by the fol lowi ng
compl ex random two R abi am pl i tudes ¨ t and ¨ v . The therm al part ¨ t = x t + iy t

coupl es to the ato mic degrees of freedom in the standard way. The vacuum part
¨ v = x v + iy v coupl es to the ato m ic degrees in the di ˜erent way. W e shal l assume
tha t the coherent l ight Ùeld ¨ 0 = x l + iy l i s determ ini stic.

The SBE in the presence of these random Ùelds are obta ined in the fol lowi ng
wa y. The light part of the dri vi ng Ùeld and col l ision couples to the three com po-
nents ( u ; v ; w ) of the Bloch vecto r in the standard way [13], whi le the vacuum part
of the Ùeld dri ves onl y the popul ati on of the exci ted state and is inhi bi ted due to
ato m ic Ûuctua ti ons for the popul ati on of the ground state [11]. W i th thi s basic
assumpti on the SBE in thi s case have the fol lowing form :
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_u = À ( Â + x c ( t )) v + y l w +
1

2
y v ( w + 1 ) ;

_v = ( Â + x c ( t )) u + x lw +
1

2
x v ( w + 1 ) ;

_w = À (y l + y v ) u À (x l + x v )v ; (5)

where Â i s the detuni ng of dri vi ng coherent Ùeld frequency from the ato m ic res-
onance f requency. No te tha t the vacuum Rabi frequency is coupl ed onl y to the
popul ati on of the exci ted state p 2 = 1

2
( w + 1 ) . Thi s ta kes into account the f act

tha t in the vacuum only sponta neous emission can occur, but never sponta neous
absorpti on.

Fl uctua ti ons of the therm al part of the squeezed l ight are described by a
Gaussian whi te-noisewi th a m ean valueequal to zero and the fol lowing non-vanish-
ing auto correl ati ons:

h x t ( t ) x t ( t 0) i = 2 AN £ ( t À t 0 ) ;

h y t ( t ) y t ( t 0 ) i = 2 AN £ (t À t 0) ; (6)

where A i s the ato m ic decay rate for sponta neous emission into the unsqueezed
vacuum and where the param eter N characteri zed the \ therm al" contri buti on of
the squeezed vacuum .

Fl uctua ti ons of the two vacuum com ponents are described by Gaussian
stochasti c pro cesseswi th a m ean value equal to zero and the fol lowi ng correl a-
ti ons:

h x v ( t ) x v ( t 0 ) i = 2 A (1 À 2 j M j cos ' ) £( t À t 0 ) ;

h y v ( t ) y v ( t 0) i = 2 A (1 + 2 j M j cos ' )£ ( t À t 0 ) ;

h x v ( t ) y v ( t 0 ) i = 2 A j M j sin '£ ( t À t 0 ) : (7)

No te tha t the di ˜usi on coe£ ci ents are phase-dependent. Thi s reÛects the f act
tha t squeezed vacuum Ûuctua ti ons are described by a stochastic pro cess whose
Fokk er{ Planck equati on conta ins phase-dependent di ˜usi on term s. In general the
parameters N and M can be changed independentl y, tho ugh f or the ideal squeez-
ing, they are connected by the relati on: j M j =

p
N ( N + 1 ) . The appa rent nonp os-

i ti ve di ˜usi on coe£ cients for the vacuum com ponent do not cause mathem ati cal
pro blems. Onl y the enti re com bined therm al and vacuum Ùeld form the squeezed
stochasti c Ùeld [6]. The stochasti c di ˜erenti al Eq. (5) dri ven by the correl ated
Gaussian noise and RTS can be averaged exactl y. The stochastic exp ectati on value
of V ( t ) i s the soluti on of the fol lowi ng integro-di ˜erenti a l equati on:

d h V ( t ) i

d t
= (M 0 À Ï s ) h V (t ) i À

Z t

0

dsÏ c ( t À s) h V ( s ) i ; (8)

where Ï s and Ï c are tw o parts of the relaxati on matri x Ï :
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Ï s = D k l M k M l ; (9)

where D k l are vari ous di ˜usi on coe£ cients of the whi te noise and the La place
tra nsform of the l ine bro adening kernel for col l isions has the fol lowi ng form :

Ï c = a 2 M c
1

z + (1 =§ ) À M 0

M c ; (10)

where M c i s the matri x of the mul ti pli cati ve col lisional noise. If we focus our
attenti on on long-ti me behavi or whi ch is val id i f al l earl y tra nsi ents have died
away, we can perform the well -known \ pole appro xi m ati on" ta ki ng z = 0 in Ï ( z ) .
In the long-ti me approxi matio n the integ ro-di ˜erenti al Eq. (8) reduces to Eq. (2)
wi th the LBO in the f ollowing f orm :

Ï = D k l M k M l + a 2 M c
1

(1 =§ ) À M 0

M c : (11)

From thi s expression the averaged SBE are

h _u i = À A ( N +
1

2
+ j M j cos ' + À u ) h u i À ( A j M j sin ' + Â ) h v i ;

h _v i = À A (N +
1

2
À j M j cos ' + À v ) h v i À ( A j M j sin ' À Â ) h u i + ¨ 0 h w i ;

h _w i = À A (2 N + 1 ) h w i À A À ¨ 0 h v i ; (12)

where we have assumed f or sim pl icit y tha t the coherent R abi am pl i tude ¨ 0 i s real
and

À u = a 2 §; À v =
a 2 §

1 + ¨ 2
0 § 2

: (13)

W e recogni ze in these equati ons the Bl och equati ons wi th the enhanced and the
reduced dampi ng rates [2]. At exact resonance of the dri vi ng Ùeld wi th the ato m ic
tra nsiti on f requency three di ˜erent l i feti mes can be calcul ated from the LBO. The
tra nsverse m atri x dam ping rate in the (u ; v ) -plane tha t resul ts from the c-num ber
stochasti c squeezed-vacuum Ûuctuati ons is phase-dependent and has the fol lowi ng
form :

1

T 2

= A

˚
N + (1 =2 ) + j M j cos ' + À u j M j sin '

j M j sin ' N + (1 =2 ) À j M j cos ' + À v

Ç

: (14)

The correspondi ng noise-induced longi tudi na l dam ping rate is
1

T 1

= A (2 N + 1 ) : (15)

The tra nsverse m atri x dampi ng is o˜- di agonal . Thi s suggests tha t the polarizati on
vecto r can be reduced to \ norm al m odes" , leading to di agonal dampi ng rates

Ñ 1 ; 2 =
A

2
[ (2 N + 1 + À u + À v ) Ï g ] ; (16)

where

g = (17)

s

(2 N +
1

2
+ À u + À v ) 2

À 4

˚

N +
1

2
+ À u + j M j cos '

Ç ˚

N +
1

2
+ À v À j M j cos '

Ç

:
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These two eigenvalues of the dampi ng m atri x are associated wi th dam pings of
the two \ norm al m odes" being l inear combinatio ns of h u i and h v i . Note tha t in
general the dam ping rates in the presence of col l isions depend on the power of
dri vi ng Ùeld. Thi s resul ts in an asym m etry between the tra nsverse l i feti mes of
the Bloch com ponents u and v . Thi s asym metry between two l i feti mes is most
pro nounced in the l imi t ¨ 0 ƒ § , when a dri vi ng Ùeld wi th a Rabi am pl i tude is
m uch larger tha n the col l isional li feti m e [14]. In thi s case we have À v = 0 and onl y
the col l isional À u contri butes. In the whi te- noise l im it, i .e., when § ! 0 wi th Ùxed
a 2 § we have À u = À v = a 2 § .

4 . R esonan ce Ûuor escen ce i n t h e p r esen ce of t he st och ast ic vacu u m
an d col l isio n

Because the quantum Ûuctua ti ons have been incorp orated in the SBE in
the form of c -numb er random ampl i tudes, the power-spectrum of a noise-induced
di po le correl ati on describes the resonance Ûuorescence of a radi ati ng dipole m o-
m ent in the presence of squeezed vacuum . Correl ati ons between the radi ati ng
di po les are induced by the vacuum noise. The theoreti cal m ethods involv ed in the
calculati ons of stochastical ly induced resonance Ûuorescence spectra have been
described in great detai l elsewhere [15, 16].

For the steady- state auto correl ati on of di pole we deÙne the fol lowi ng quan-
ti ti es:

S d ( ! ) = l im
t ! 1

2R e

Z
1

0

exp ( À i ! § ) h d Ê ( t + § ) d ( t ) i d§: (18)

The quanti t y represents the stati onary spectrum of di pole Ûuctuati on. In order to
calculate the dipole{di pole correl ati ons requi red in the deÙniti on (18) of the di pole
power spectrum , we intro duce the fol lowing four- com ponent tra nsp osed vecto r:

V ( t; § ) = ( d Ê ( t + § )d ( t ) ; d ( t + § ) d ( t ) ; p 2 ( t + § ) d ( t ) ; d (t )) ; (19)

where the com pl ex dipole m oment d i s deÙned as u = d + d Ê and v = i( d À d Ê ) .
By a repeated appl icati on of the stochasti c Bloch equati on (5) i t is easy to check
tha t thi s four-component vecto r sati sÙesa di ˜erenti al equati on

d
d§

V1 =
i
2

x c V 1 +
i
2

(2 ¨ 0 + ¨ Ê

v + 2 ¨ Ê

t ) V 3 À

i
2

( ¨ 0 + ¨ Ê

t ) V4 ;

d
d§

V2 = À

i
2

x c V 2 À

i
2

(2 ¨ 0 + ¨ v + 2 ¨ t ) V 3 +
i
2

( ¨ 0 + ¨ t ) V4 ;

d
d§

V3 =
i
2

( ¨ 0 + ¨ v + ¨ t ) V1 À

i
2

(¨ 0 + ¨ Ê

v + ¨ Ê

t )V 2 ;

d
d§

V4 = 0 : (20)

From these equati ons we concl ude tha t thi s 4-component vector sati sÙesa stochas-
ti c di ˜erenti al equati on in a f orm given by (1) wi th ti me-independent m atri ces
M 0 ; M k and the fol lowing ini ti al condi ti on for:

V ( t; § = 0 ) = ( d Ê ( t ) d ( t ) ; d ( t ) d ( t ) ; p 2 ( t )d ( t ) ; d ( t )) : (21)
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Perf orm ing the average of the m ul tipl icati vestochastic equati ons (20) we obta in the
fol lowi ng averaged Bl och equati ons for second order ato m ic correl ati on functi ons:

d

d§
h V1 i =

ç

À

A

2
(2 N + 1 ) + b1 1

Ñ

h V1 i À ( A j M j exp( i' ) + b1 2 ) h V 2 i

+ i ¨ 0 h V 3 i À

i
2

¨ 0 h d i ;

d
d§

h V2 i = À (A j M j exp( À i ' ) + b 2 1 ) h V1 i À

ç
A

2
(2 N + 1 ) + b 2 2

Ñ

h V 2 i

À i ¨ 0 h V 3 i +
i

2
¨ 0 h d i ;

d

d§
h V3 i =

i

2
¨ 0 h V 1 i À

i

2
¨ 0 h V 2 i À A (2 N + 1 ) h V 3 i + AN h d i : (22)

In Eq. (22) we have used the fol lowing nota ti ons:

b 1 1 = b 2 2 =
a 2 [ (1 =§ ) 2 + ¨ 2

0 =2 ]

P a

; b1 2 = b2 1 =
a 2 ¨ 2

0

P a

; (23)

where

P a =
1

§

" ˚
1

§

Ç 2

+ ¨ 2
0

#

: (24)

Fig. 1. Resonance Ûuorescence pow er-spectrum as a function of the squeezed phase ' .
T he solid line corresp onds to ' = 0, the dashed line | ' = ¤ = , and the dotted line |

. Plots are for ¨ and .
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Fig. 2. Resonance Ûuorescence power- spectrum as a function of the squeezed param-

eter N . T he solid line corresp onds to N = 0 :1 , the dashed line | N = 0: 5, and the

dotted line | N = 1 . Plots are for A , and .

Fig. 3. Resonance Ûuorescence power- spectrum (log ) as a function of the coherence
time of the collisi onal sto chastic Ûuctuation. T he solid line corresp onds to ,

the dashed line | , and the dotted line | . Plots are for ,

, and .
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W e solve system of equati ons (22) for the dipole{dipole correl ati on functi on, and
we evaluate the power-spectrum usi ng (18). As a result the stro ng-Ùeld resonance
Ûuorescence spectrum in the presence of bro ad-band squeezed vacuum and col l ision
is given by the fol lowing form ula:

S ( ! ) =
Z ( ! )

N ( ! )
; (25)

where the functi ons Z ( ! ) and N ( ! ) are deÙned in the App endi x.
In Fi g. 1 we have pl otted the resonance Ûuorescence spectrum in the presence

of a stochastic squeezed vacuum ( N = 0 : 1 ) and col l ision as a functi on of ' . In Fi g. 2
we have plotted the resonance Ûuorescence spectrum in the presence of a stochastic
squeezed vacuum and col lision wi th di ˜erent values of the param eter N . In Fi g. 3
we have pl ots of log1 0 S in the presence of onl y col l ision ( N = M = 0 ) . We note
tha t these spectra have the sam e form as tho se in [17].

5 . Co n cl usion s

In thi s paper we have discussed characteri sti cs of the strong atom -Ùeld in-
tera cti on in the presence of squeezed vacuum and col l ision. W e have shown tha t
the ato mic Bloch equati ons dri ven by a quantum noise can be studi ed in the frame-
wo rk of a stochastic m ulti pli cati veequati on of the form given by (1) wi th c -numb er
stochasti c R abi am pl i tudes. W e have shown tha t the squeezed vacuum stochas-
ti c Ûuctuati ons represented by c-numb er random ampl itudes can be coupl ed to
the ato m ic variables in such a way tha t the spuri ous sponta neous absorpti on of
the ground state is removed. Thi s can be achi eved i f the c-numb er mul tipl ica-
ti ve stochastic pro cess tha t represents the vacuum Ûuctua ti ons dri ves only the
popul ati on of the exci ted state and is inhi bi ted due to ato m ic Ûuctua ti ons for
the popul ati on of the ground state. From a stochasti c descripti on of broad-band
squeezed vacuum and col l ision we have deri ved the f ast and the slow dam ping rates
of the Bl och polari zati ons. The model of squeezed vacuum Ûuctua ti ons is simpl er
from a stochastic theory whi ch requi res the doubl ing of the random pro cess for
vacuum Ûuctuati ons. W e have shown tha t the noise-induced stro ng-Ùeld resonance
Ûuorescence spectrum f or the stochasti c m odel of squeezed vacuum Ûuctuati ons
and for Ùnite bandwi dth col l ision can be deri ved. The stro ng-Ùeld resonance Ûu-
orescence and other e˜ects can be studi ed f or Ùnite bandwi dth squeezed l ight in
the framework of the sam e form alism.
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Ap p en dix

The functi ons Z ( ! ) and N ( ! ) form ing the power spectrum are as f ollows:

Z ( ! ) = E ( ! )Y (! ) + F ( ! ) X ( ! ) ;

N ( ! ) = Y 2 ( ! ) + X 2 ( ! ) ;

where

E ( ! ) = 2 p B 1 ( ! ) À ! B 2 ( ! ) +
¨ 2

0

2
;

F ( ! ) = 2 pB 2 ( ! ) + ! B 1 ( ! ) ;

X ( ! ) = B 4 ( ! ) + ! B 3 ( ! ) ;

Y ( ! ) = 2 pB 3 ( ! ) + ¨ 2
0 [ T 1 ( ! ) + B 1 ( ! )] À 2 ! B 1 ( ! ) B 2 ( ! ) :

In these expressions we have used the fol lowing nota ti ons:

B 1 ( ! ) = p + R eB 1 1 ( ! ) ;

B 2 ( ! ) = ! + Im B 1 1 ( ! ) ;

T 1 ( ! ) = A j M j cos ' + R eB 1 2 ( ! ) ;

T 2 ( ! ) = A j M j sin ' + Im B 1 2 ( ! ) ;

B 3 ( ! ) = ( B 1 ( ! )) 2
À [( B 2 ( ! )) 2 + ( T 1 ( ! )) 2 + ( T 2 ( ! )) 2 ] ;

B 4 ( ! ) = ( B 2 ( ! )) 2 [¨ 2
0 + 4 pB 1 ( ! )]

wi th

p =
A (2 N + 1 )

2
;

P =

˚

i! +
1
§

Ç " ˚

i ! +
1
§

Ç 2

+ ¨ 2
0

#

;

B 1 1 =
a 2

` È
i ! + ( 1=§ ) 2

Ê
+ ¨ 2

0 =2
ˆ

P
;

B 1 2 =
a 2 ¨ 2

0

2 P
:
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