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The role of non polar optic phonon scatterin g and of umklapp acous-
tic phonon scattering is analy zed for a delocali zed p ositroni um atom in ionic
crystals at elev ated temp eratures. A t temp eratures above w hich they become
essential both of these scattering mechanisms contribute to the imagina ry
self-energy of p ositroni um renormalizi ng its acoustic deformation potential
constant. I t w as such a renormalizati on that w as recently observed exp eri-
mentally for delo cali zed positroni um in Mg F 2 crystal. W e put forw ard the
theoretical explanati on of these experiments based upon the mo del of non-
p olar optic phonon scattering of positroniu m. A n e˜ect analogous to that
observed in MgF 2 is predicted for crystalli ne quartz above the temp erature
of (˜ À Ù )- phase transitio n.

PACS numb ers: 78.70.Bj , 71.60.+ z, 71.38.+ i, 36.10.Dr

1. I n t rod uct io n

Posi t roni um (Ps) , t he bound state of an electro n and a positro n, has been
found to be form ed in a delocal ized Bl och-t yp e state in ionic crysta ls wi th a low
enough concentra ti on of defects at su£ cientl y low tem peratures (typi cal ly below
a few tens K) [1]. The form ati on of Bl och- typ e Ps in these crysta ls is conÙrmed by
observi ng very narro w peaks (the centra l peak and satel l i te peaks appeari ng at the
m omentum corresp ondi ng to the recipro cal latti ce vecto rs of the sam ple crysta l )
in the m omentum di stri buti on of the photo ns resul ti ng from the 2 Û-decay of Ps
up on i rra diati ng the crysta ls by low- energy positro ns. As tem perature increases,
i t is observed tha t the centra l Ps peak becom es dra stical ly wi der and the satel l i te
peaks disappear, indi cati ng the localizati on of Ps [1]. Such an ẽ ect of a therm al ly
acti vated self-localizati on of Ps wa s observed in m any ionic crysta ls and wa s an-
alyzed theoreti cal ly in Refs. [2, 3]. The only excepti ons presentl y kno wn are the
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crysta ls of Mg F 2 and ˜ -SiO 2 ( ˜ -phase of crysta l l ine quartz). As is shown in recent
exp eriments [4, 5], the Ps ato m in these crysta ls remains delocal ized up to tem per-
atures ¿ 7 0 0 K (thi s exp erimenta l fact was Ùrst expl ained theo reti cal ly in R ef. [3]).
The centra l and satel l ite Ps peaks in Mg F 2 are observed to be drasti cal ly bro ad-
ened at temperatures hi gher tha n 2 0 0 K. Thi s drasti c broadeni ng was fai led to
be expl ained in term s of Ps scatteri ng on longi tudi nal acousti c phonons. An e˜ect
app eared as if there were an addi ti onal scatteri ng mechanism acti vated at tem per-
atures higher tha n 2 0 0 K whi ch renorm alized the acousti c deform ati on-potentia l
constant of Ps so tha t i t increased by a factor of appro xi m atel y tw o in the narro w
tem perature range from 2 0 0 to 3 5 5 K. A sim ilar e˜ect wa s not observed in ˜ -SiO2

where the temperature broadening of the centra l and satel li te peaks of the Ps m o-
m entum di stri buti on wa s sati sfactori ly expl ained by means of Ps-acousti c-phonon
scatteri ng thro ughout the enti re temperature range of ¿ 8 0 { 700 K.

In term s of the Green functi ons form al ism [6], the Ps m omentum distri buti on
at Ùnite tem peratures is expressed as [4, 5]

N ( p ) ¿

Z
1

0

d ! exp (À ! =k B T )
À ( p ; ! )

( ! À p 2 = 2 M Ê ) 2 + À 2 ( p; ! )
; (1)

where the exp onenti al factor stands for the Boltzm ann stati stics because there is
at most only one Ps ato m at a ti m e under usual exp erimenta l condi ti ons. The
non-exponenti al factor represents the so-cal led spectra l density functi on in i ts ex-
pl icit form wi th À ( p; ! ) being the im aginary self-energy of Ps [6]. In the weak
phonon coupl ing regim e (delocal ized Ps) the latter one is usual ly wri tten to the
lowest (second) order appro xi m ati on in the Ps intera cti on wi th a phonon Ùeld:

À ( p; ! ) = ¤
X

qq

j Vqq j
2 [ ( n qq + 1 ) £ ( ! À E kk + qq À ñh! qq ) + n qq £ (! À E + + ñh ! ) ; (2)

where V i s the intera cti on matri x element, E = ñh 2 2 =2 M Ê the energy of Ps wi th
the band massM Ê and quasimom entum = =ñh; n = [exp(ñh! =k T ) À 1 ] À 1 |
the equi libri um phonon di stri buti on functi on, ! | the frequency of the phonon
wi th the wa ve vecto r .

The intera cti on energy of a parti cle wi th latti ce vi brati ons in i ts sim plest f orm
depends l inearl y on stra in | acousti c stra in in the case of acousti c phonon m odes
and opti c stra in in the case of opti c phonon m odes (see, for insta nce, Ref. [7]).
These stra ins inÛuencethe parti cl e in i ts band in two disti nct ways. In the Ùrst way,
short- range di sturba nces of the periodi c potenti al cause practi cal ly instanta neous
changes in energy, and these are the ones quanti Ùed by deform ati on potenti als
and referred to as deform ati on-p otenti al scatteri ng (acousti c and nonpolar opti c,
respect ively). In the second way, the distorti on of the latti ce m ay destroy local
electri c neutra l i ty , and pro duce electri c polarizati on and associated m acroscopic
comparati v ely long-range electri c Ùelds to whi ch the parti cle responds. D isturba nce
of the parti cle' s m oti on by thi s e˜ect is ref erred to as pi ezoelectri c scatteri ng, i f
associ ated wi th acousti c m odes, and polar opti c scatteri ng, i f associ ated wi th opti c
m odes. Co ntra ry to deform ati on-poten ti al scatteri ng, the latter two are believed
to be less im porta nt for the Ps ato m in ionic crysta ls because of i ts electri c neu-
tra l i ty [8].
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Aco usti c deform ati on-potentia l scatteri ng is described by the Ps-acousti c-
-phonon intera cti on wi th the Ha mi lto nian given in the sim plest form by [7, 9]

H
( a )

in t = À E d r Â u r m a =
X

kk ;qq

V ( ) a +

+ +
a ( b À b + ) (3)

wi th E and being the acousti c deform ati on-poten ti al constant and acousti c
latti ce di splacement, respectivel y. The ri ght- hand side of the equati on represents
the secondl y quanti zed form of the intera cti on, where a + ( a ) and b+ ( b ) are
the creati on (anni hi lati on) operato rs for Ps and longi tudi na l acousti c phonons,
respect ively, is such a recipro cal latti ce vecto r tha t and = + + belong
to the Ùrst Bri l loui n zone of a crysta l. The intera cti on matri x element ta kes the
form [3]

V
( )

= À iE
q

ñ
2

q

[ 1 + ( q a =4 ) 2 ] 2 ;
(4)

where N i s the numb er of uni t cells in the crysta l , M | the to ta l m ass of the
ato m s in the uni t cell , a | the Bohr radi us of Ps, and q | the absolute value
of .

The intera cti on H
( )

consists of tw o parts. The term wi th = 0 describes
the norm al scatteri ng pro cesseson long-wa velongi tudi na l acousti c phonons of the
frequency ! = u q , where u i s the average vel ocit y of longi tudi nal acousti c vi bra-
ti ons. Being substi tuted in Eq. (2), thi s term yi elds the Ps imaginary self-energy
in the form

À ( ) (p; ! ) =
E 2 M 3 2 k T

p

2 ¤ ñh
3

u 2 £

p

! ; (5)

where £ is the densi ty of the crysta l , k | the Boltzm ann constant. Equa ti on (1)
wi th the al lowance m ade for Eq. (5) sati sfacto ri ly expl ains the tem perature de-
pendence of the Ps momentum distri buti on in ˜ -SiO2 and fai ls in expl aini ng i t
in Mg F 2 at tem peratures above 200 K. In the latter case, one has to assume the
increase in the E consta nt wi th temperature in the narro w tem perature range of
200{ 355 K so tha t i t changes from 7.6 eV below 200 K to 16 eV above 355 K [4, 5].

The term wi th 6= 0 describes so-cal led um kl app scatteri ng on short- wave
acousti c phonons [10]. Thi s term yi elds the correcti on to Eq. (5) whi ch renor-
m al izes the acousti c deform ati on-p otenti al constant E so tha t at tem peratures
above T 1 = ñh ! 1 =k <

¿
T (! 1 = 2 u =a <

¿
! i s the frequency of the short- wave

acousti c phonon wi th the wa ve vecto r ¿ =2 ; T ; ! , and a are the D ebye
tem perature, D ebye frequency, and latti ce constant of a crysta l , respect ively) the
renorm alized e˜ecti ve constant eE starts growi ng wi th tem perature in a sigmoidal

wa y from E to
q

E + ( u E
( )

= ! ) , where E
( )

' ¡ E g =2 i s the analog of the
deform ati on-potentia l constant f or um kl app scatteri ng, ¡ | the numb er of the
nearest neighb ors in the recipro cal latti ce space (see Ref. [10] for deta i ls). Such
tem perature behavi or of eE i s consistent wi th wha t was exp erimenta l ly measured
in Mg F 2 [4]. For thi s reason the mechani sm of um kl app Ps-acousti c-phonon scat-
teri ng was used in Ref. [5] as a m odel for theo reti cal interpreta ti on of Mg F2 data .
Ho wever, i f the um kl app e˜ect is the case, then there ari sesand rem ains open the
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questi on why thi s scatteri ng mechanism was not observed in ˜ -SiO 2 . In addi ti on,
the absorpti on or emission of the short- wa ve acousti c pho non by Ps woul d, ac-
cordi ng to Eq. (2), yi eld i ts interm ediate-state energy ! in Eq. (1) of the order of
! ¿ E kk + gg= 2 Ï ñh! 1 ¿ ñh 2 ( g =2 ) 2 =2 M Ê

Ï ñh! 1 ¿ ñh! D =Û Ï ñh! D ¿ ñh! D =Û, where Û =

ñh! D =(ñh 2 q 2
D =2 M Ê ) i s the rati o of the m axim al phonon energy to the parti cl e's band

wi dth (q D = ! =u ¿ g =2 i s the Debye wa ve vecto r), called the non-adi abati city
parameter [11]; Û ¿ 0 : 0 1 for typi cal ioni c crysta ls. Then the exponenti al factor
in Eq. (1) would be of the order of exp( À ! =Ûk T ) ¿ exp( À 1 0 0 T =T ) ¿ 0 up
to T ¿ 1 0 4 K, thereby compl etely cutti ng o˜ the um kl app contri buti on in the
m omentum distri buti on of Ps.

The present paper suggests a novel approach to the theoreti cal expl anati on
of the Mg F2 and ˜ -SiO 2 experim ental data reported in Refs. [4, 5]. An advantag e
of thi s appro ach is tha t i t expl ains both drasti c tem perature bro adening of the
Ps m omentum distri buti on in Mg F 2 above 200 K and evidence for the absence of
such bro adening in ˜ -SiO2 . The expl anati on is based up on the mechani sm of opti c
deform ati on-potentia l scatteri ng of Ps.

No npolar opti c deform ati on-potenti al- typ ephonon scatteri ng is kno wn to be
of importa nce in crysta ls wi th tw o and m ore ato ms per uni t cell when a corresp ond-
ing opti c deform ati on-potenti al constant is non-zero because of local sym m etry
restri cti ons [7, 12, 13]. Indeed, al tho ugh the num ber of acousti c phonons is much
larger tha n tha t of opti c phonons, the acousti c scatteri ng m atri x element squared
is estim ated to be of the order of tha t for nonpolar opti c scatteri ng mul tipl ied by
the smal l factor q a § 1 [12, 13]. T o take the nonp olar opti c scatteri ng mechanism
into considerati on in the Ps pro blem we start wi th the intera cti on Ham i lto nian of
the form [7]

H
( )

=
M

M
Â ' V ( ) a +

+
a ( b À b+

À
) ; (6)

where is the vectori al opti c deform ati on-potentia l constant, | the opti c
latti ce di splacement, M | the reduced m ass of a pai r of ato m s in the uni t cell .
The ri ght- hand side of the equati on represents the secondl y quanti zed form of
H

( ) wri tten wi thi n an isotro pi c appro xi m ati on wi th um kl app processesneglected
(co mpare wi th Eq. (3)). The operato rs b+ (b ) create (annihi late) long-wave
opti c phonons of the constant frequency ! ,

V ( ) = À iD
ñh

2 M N !
(7)

wi th D being the absolute value of .
Substi tuti ng the intera cti on m atri x element Eq. (7) in Eq. (2), up on stra ight-

forwa rd calcul ati ons one gets the nonpolar opti c contri buti on to the Ps im aginary
self-energy in the fol lowing form :
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where n ( ! ) = [exp (ñh! =k T ) À 1 ] À 1 and ˚ ( x ) are the opti c phonon distri bu-
ti on f uncti on and step functi on, respecti vely. Then the to ta l im aginary self-energy
accounti ng for both acousti c and nonpolar opti c scatteri ng of Ps can, in vi ew of
Eq. (5), be wri tten as

À ( p; ! ) = À ( ) ( p; ! ) + À ( ) ( p; ! ) =
eE (! ) M Ê 3 2 k T
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representi ng the \ e˜ecti ve" deform ati on-potentia l consta nt wi th nonpolar opti c
scatteri ng ta ken into account. In vi ew of the fact tha t onl y ! ¿ k T m ainly
contri butes to the Ps mom entum di stri buti on (Eq. (1)), the ! -dependence of eE ( ! )

can be appro xi m atel y changed by T -dependence so tha t Eq. (10) is rewri tten in
the appro xi mate form
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expl aini ng the resul ts of the exp eriment for Mg F2 [4, 5]. Indeed, eE ( T ) is seen
to tend to E , the acousti c deform ati on-potenti al consta nt of Ps, at low tem -
peratures T § ñh! =k , where opti c vi brati ons are not excited. In the opp osite
case, when T ƒ ñh! =k , eE ( T ) tends to the tem perature independent e˜ecti ve
constant eE =

p
E + ( u D =! ) representi ng the acousti c deform ati on-potentia l

constant \ renorm al ized" by nonpolar opti c scatteri ng of Ps. One can estim ate
the rati o D =! by compari ng thi s constant wi th the experim enta l resul t for
Mg F 2 at T > 3 5 5 K (16 eV above 355 K, 7.6 eV below 200 K [4]). One obta ins
D =! ¿ 2 È 10À eV s/ cm then. If one further assumes ! to be ¿ 5 È 1 0 1 3 sÀ 1 ,
the average acousti c frequency in Mg F2 corresp ondi ng to the edge of the Bri l loui n
zone (estim ated by m eans of ! ¿ u ¤ =(2 a= 3 + c= 3 ) wi th u ¤ 7 È 1 0 5 cm/ s [14]
and the Mg F2 latti ce constants a = 4 : 6 4 ¡A, c = 3 : 0 6 ¡A [15]), then one obta ins
the reasonabl e estimate D ¿ 1 È 10 eV/ cm f or the opti c deform ati on-potentia l
constant of Ps in Mg F 2 . (Typi cal values of D for electrons and holes in semicon-
ducto rs are ¿ 5 È 1 0 8 eV/ cm [7]; for exam ple, D = 7 È 10 eV/ cm for electrons
in Ge [16].)
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3. Co n clusion s

Ab ove i t was shown tha t nonpolar scatteri ng of Ps on long-wave opti c
phonons is responsibl e for the renorm al izati on of the Ps acousti c deform ati on-
-potenti al constant. Thi s expl ains drasti c tem perature bro adening of the Ps m o-
m entum di stri buti on in Mg F 2 above 200 K reported in Refs. [4, 5]. Exp erim ental
evi dence for the absence of the same e˜ect in ˜ -SiO 2 can be attri buted to local
sym m etry restri cti ons rul ing out the nonpolar scatteri ng m echani sm in thi s crysta l .

Opti c deform ati on-potenti al scatteri ng is known to be al lowed in degenerate
and forbi dden in nondegenerate À -valleys (Bri l loui n zone center) of cubi c crysta l
latti ces[7, 13]. Thi s is easy to understa nd on the basis of general pri ncipl esof group
theo ry . The constant D o i s determ ined by the m atri x element of the perturba ti on
operato r, tha t is the vari atio n of the ri gid- latti ce potenti al due to opti c latti ce vi -
bra ti ons, ta ken over Bl och wa ve-functi ons of a parti cl e in the neighb orhood of i ts
band m inimum [12, 13]. For non-degenerate À -valleys of cubi c latti ces thi s matri x
element tra nsform s accordi ng to the uni t representa ti on of the point group of the
crysta l , whereas zone-center opti c phonon m odes are tri pl y degenerate, i .e. corre-
spondi ng norm al la tti ce vi brati ons tra nsform accordi ng to the three- dim ensional
group representa ti on. In such a situa ti on, the intera cti on (Eq. (6)) is not an in-
vari ant wi th respect to point group tra nsform ati ons and, theref ore, vanishes (or,
in other words, D o ² 0) . Thi s is the reason why opti c deform ati on-potentia l scat-
teri ng is forbi dden in nondegenerate and al lowed in tri pl y degenerate À -vall eys
of cubi c crysta ls. If , f urther, the point group of the crysta l has lower sym m etry
tha n cubi c (no ncubi c crysta ls), then the three- dim ensional group representa ti on,
accordi ng to whi ch zone-center opti c phonon m odes tra nsform , wi ll be reduci ble. If
thi s reduci ble representa ti on conta ins i rreduci bl e one of the sam e dim ensionali t y
as the degeneracy mul ti pli cit y of the À -vall ey, then the opti c m odes tra nsform -
ing accordi ng to thi s i rreduci ble representa ti on wi l l be present in the intera cti on
(Eq. (6)) pro vi ding i ts invari ance wi th respect to point group tra nsform ati ons. The
constant D o i s non-zero f or such opti c modes and these m odes wi l l be responsible
for nonp olar opti c scatteri ng of the parti cle in the À -valley.

The aforesaid results let one predi ct a qui te new e˜ect for the delocal-
ized Ps ato m in crysta l l ine quartz. Crysta l l ine quartz is kno wn to undergo the
second-order tra nsi ti on from ˜ - to Ù -phase (˜ -SiO2 ! Ù -SiO 2 ) at tem perature
above 846 K [15, 17]. As thi s ta kes place, the typ e of the sym metry of the quartz
latti ce increasesf rom D 3 to D 6 [17]. The D 6 point sym m etry group is isom orphi c to
the C 6 v point group of wurtzi te-struc ture crysta ls and, theref ore, has the same set
of group representa ti ons for the Bri l louin zone center and, consequentl y, the same
selecti on rul es for zone-center opti c phonons. Accordi ng to R ef. [13], the C 6 v point
group (and D 6 i somorphi c to C 6 v ) adm i ts nondegenerate and doubl y degenerate
À -vall eys of the Bri lloui n zones of corresp ondi ng crysta ls, whereas zone-center op-
ti c phonon m odes tra nsform accordi ng to the group representa ti ons of single and
doubl e dim ensional iti es. Theref ore, wha tever the degeneracy mul tipl icit y of the
À -vall ey, there always exi sts the opti c m ode tra nsform ing accordi ng to the group
representa ti on of the dim ensional i ty equal to the degeneracy m ul ti pli cit y of the
À -vall ey, so tha t the intera cti on (Eq. (6)) wi l l always be non-zero for À -vall eys
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of crysta ls of the C 6 v and D 6 point sym metry groups. From thi s i t fol lows tha t,
being absent in ˜ -SiO 2 crysta l , Ps nonpolar opti c phonon scatteri ng must mani fest
i tsel f above 846 K, the tem perature of ( ˜ À Ù )-pha se tra nsiti on, yi elding the e˜ect
of drasti c temperature broadening of the Ps m omentum distri buti on in Ù -SiO2

crysta l .
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