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The discussio n of qubit for quantum computation in quantum dots tech-
nology is presented . T he state- of-the- art structure of multi- electron dot is
considered and the appropriate quasi- tw o- level system is suggested employ-
ing the single t{trip let transition in the presence of magnetic Ùeld. T he meth-
ods of qubit rotation (the w rite pro cedure) as w ell as two- qubit operations,
as con trol led- N OT , in vertically stacked dots system are analysed.

PAC S numb ers: 73.20.D x

1. I n t rod uct io n

R ecentl y, several proposals for t he quantu m inf orm atio n pro cessing on quan-
tum dots (QD s) systems have been suggested. They incl ude both the spi n degree of
freedom [1, 2], as wel l as the carri er density exci ta ti ons wi th special attenti on paid
to exci to ns in self -assembled dots [3, 4]. The latter idea seems to be interesti ng,
since i t employs the ul tra fast resonant opti cal techni ques [5, 6], whi ch are faster
tha n typi cal decoherence pro cessesinv olvi ng electrons and holes in dots. On the
other hand, the adv anta ge of the spi n degrees of freedom is based on the fact tha t
the decoherence for spin is less e£ ci ent [2, 7]. Al l the pro posals refer however to
ideal situa ti ons of qubi t deÙniti on as the exactl y two - level system [8, 9], e.g. spin of
sing le electron or exactl y one exci to n per dot, whereas in real QD s we deal ra ther
wi th mul ti -electron system s wi th com pl icated level structure. In parti cul ar i t con-
cerns the self-assembled stra in- induced verti cal ly stacked dots pair, interesti ng for
appl icati ons [10, 11]. Theref ore the proper deÙniti on of qubi ts in such structures
needs the discussion. For instance, instead of single electro n spi n, the noncom pen-
sated to ta l spin of electro ns could be used as a qubi t. In practi ce, an isolated f rom
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envi ronm ent subsystem coul d pl ay the ro le of a qubi t i f two quantum levels of thi s
subsystem are su£ cientl y well separated from the rest of its spectrum .

As i t fol lows from a theoreti cal analysis of Ùlling many-electron dots, and
even from recent experim ents on verti cal dots [12{ 14], a com m on and qual i ta ti ve
pro perty of m ul ti -electron dots is the exi stence of the so-cal led singlet{ tri plet tra n-
siti ons between the ẽ ecti ve sing le-parti cle levels in m agneti c Ùeld (f or a num ber
of electrons N Ñ 4 ). It is a result of the competi ti on between the di rect Coulom b
intera cti on and the exchange intera cti on of electro ns in a nonzero perpendicu-
lar magneti c Ùeld in the region of crossing single-parti cle (F ock{D arwi n) levels
(cf . e.g. [15]). The magneti c Ùeld changes the energy separati ons of these levels,
and one can observe the departure from anti ferrom agneti c spin al ignm ent to fer-
rom agneti c Ùll ing accordi ng to Ùrst Hund ' s rul e, simi lar to ordi nary ato ms. The
characteri sti c crossing of levels wi th the sim ulta neous change of the spin polariza-
ti on seems to be the dominant qual i ta ti ve picture wi thi n the shell descripti on of
the dot, robust against many parti cul ari ti es of theo reti cal m odel l ing [15, 16], and
is convi nci ngly conÙrm ed in experim ent [12] in an easily atta inable region of m ag-
neti c Ùeld (of the order of 1 T). Two crossing levels, well -separated from others,
could be considered as a qubi t in the real isti c m ul ti- electro n dot. The energy di s-
ta nce between these levels can be preci sely tuned by the magneti c Ùeld and can be
m ade very small , whi ch is im porta nt as the Zeeman spli tti ng is also m inute. A to o
smal l energy distance between qubi t levels is however inconvenient, as i t leads to
the long ti m e of qubi t rota ti on (e.g. for ¿ 1 ñ eV of the order of 1 0 À 1 0 s). W e anal -
yse the possibi l i ty of pro per deÙniti on of the qubi t employi ng the sing let{ tri pl et
tra nsiti on f or mul ti -electron dot (wi th N Ñ 4 ) and also sing let{ tri pl et tra nsi ti on
in the m odel He-dot, i .e. two -electro n system (cf . [16, 17]). The m etho ds of qubi t
ro ta ti ons are considered. The two- qubi t system is modelled by a pai r of verti cal ly
stacked dots, each wi th tw o electrons, intera cti ng electri cal ly.

2. Pr op er t ie s of st at e-o f-t he-ar t sel f -as sem bled Q D s

The electri cal intera cti on in QD s plays a much m ore importa nt ro le tha n in
ordi nary ato m s. The quanti zati on of ki neti c energy by conÙning potenti al scales
wi th QD di mension d as 1 =d 2 , whi le the Coulom b intera cti on energy as 1 =d . For
smal l dots (d ¿ 1 0 À 20 nm ) these tw o term s are in the sim i lar relati on as in ato ms
and Hund' s rul es are appl ied for noncom pletely Ùlled electrons shells. Accordi ng to
these rul es the to ta l spi n S wi thi n the shell is maxim al and the sam e holds for the
to ta l angul ar momentum . By varyi ng the externa l m agneti c Ùeld perpendicul ar to
the dot it is possibl e to change the e˜ecti ve dot radi us d , because the m agneti c
Ùeld enhances conÙnement. It resul ts in vari ati on of inter- level energy di stances
and speciÙc interpl ay between di rect and exchange intera cti on term s. It causes the
tra nsiti ons between levels, com pletel y unaccessible f or ato ms or molecules. In order
to induce sim i lar behavi our in ato ms the one-order greater magneti c Ùelds should
be appl ied, i .e. the Ùelds of magni tude of a few tens or hundreds of T instead of
sing le T as for QD . Thi s rare opportuni ty meets recentl y wi th growi ng interest
in impl ementa ti on of quantum logic gates in QD s techno logy. Several proposals
are suggested, but for considerati ons of logic gati ng the ideal ized structures are
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assumed (as a sing leelectron dot for a spin qubi t, or a simi lar ideal structure for an
exci to nic qubi t). Theref ore the real isti c consi derati ons are of cruci al im porta nce
(cf . e.g. [18{ 20] for real istic studi es of exci to ns) especial ly addressed to coupl ed
dots system s.

For the state- of-the- art coupl ed QD s systems we deal wi th two alm ost pl anar,
lens-shaped verti cal ly stacked dots [10, 11]. They are self-assembled InAs / GaAs
dots induced by the stra in, in whi ch several electro ns (and holes) can be tra pped.
They have a radius of the order of 10 nm (the upp er dot has however the slightl y
greater radius tha n the botto m one [10]). The verti cal separati on between dots in
the pai r is also of the order of 10 nm .

The single self-assembled dot of sim ilar di mension as each in thi s pai r is very
wel l recogni zed from the point of vi ew of i ts electronic structure [15]. Let us rem ind
the most importa nt one of these properti es.

I. The real geom etry of conÙnement onl y weakl y m odi Ùesthe sing le-electron
levels (and thei r dependence on m agneti c Ùeld) from thei r form given by Fock{
D arwi n states (i .e. f or planar parabol ic conÙnement), cf. Fi g. 1, where the compari -
son of pure 2D parabol ic conÙnement wi th lens shape 3D conÙnement is presented
(the lens radius d = 1 8 nm and the lens hi ght h = 4 : 4 nm , cf . [21]). For thi s
structure, the shells are cl earl y deÙned.

Fig. 1. Comparison of single- electron levels for lens-shap ed self-assembled dot (radius

d = 1 8 nm, hight h = 4 :4 nm) of exact calculatio n (circles) and Fock{Darw in levels

(lines) [15, 30]; and Fock{Darw in levels not conÙned for lens- shaped dot (dashed lines).

I I. Incl usion of intera cti on modiÙessing le-parti cl e levels especial ly strongly
wi thi n shells. Genera lly, levels (shel ls) are shifted to wards hi gher energies pro por-
ti onal ly to the inter- parti cle intera cti on energy and a num ber of electrons (a typi cal
intera cti on energy scale in the consi dered structure ¿ 2 5 m eV).
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I I I. The m agneti c Ùeld dependent interpl ay between di rect Coul omb intera c-
ti on and exchange intera cti on resul ts in sing let{ tri pl et tra nsiti ons in a m any- par-
ti cle ground state f or N = 4 ; 5 ; 6 ; . . . ( N | the num ber of electro ns in the dot),
cf . Fi g. 2a. It can be also observed vi a the analysis of addi ti on energy for the last
electron (or chemical potenti al ), cf. Fi g. 2b.

Fig. 2. The ground- state energies for conÙned ( N = 1 Ë 6 ) electrons in self-assembled
Q D (d = 18 nm, h = 4: 4 nm); pairs of numb ers on the curves (L ; S z ) (exact diag-

onaliza tion ) [15, 26] (a); di ˜erence b etw een chemical potential of the interacting and

noninteracting systems and chemical potential (inset) vs. magnetic Ùeld, angular mo-

menta and spins of the single- particl e states, to w hich electrons are added, are indica ted

(exact diagonali zati on) [15, 26] (b).

IV. The hole structure is sim i lar to the electro n one as the stra in separates
the subbands of l ight and heavy holes and theref ore reduces thei r m ixing , but
di ˜erent param eters result : ñh ! h

0
15 m eV (f or electrons ñh!

0
30 m eV) leading

however to a simi lar num ber of conÙned shells as for electrons.
V. For the Ùelds of the order of 20{ 30 T (at ñh!

0
30 50 meV) the tra nsi ti on

between singlet- ground and tri plet- excited states for N = 2 can also be observed
(no te however tha t i f ñh! 5 m eV then thi s tra nsiti on ta kes place at 3 T, [17]).

VI. Pro xi mit y e˜ects in a pai r of the dots change signi Ùcantl y the level
structure in both dots [22].

VI I. The weakl y intera cti ng exci to ns can be created in the self-assembl ed dot,
due to strong conÙnement both f or electrons and holes and electro n hole attra c-
ti on (ñh! + ñh! 45 m eV, and Coul omb energy 2 5 meV), cf . [15, 19, 20, 23, 24].
Ho wever, for the energy of electron exci ta ti ons of the order of 30{ 50 m eV, as for
the consi dered dot, the stro ng m ul ti- phonons mixing e˜ects lead to the creati on
of polarons (wi th an energy shift of the order of several meV) [25], whi ch strongly
enhances decoherence for exci to ns vi a phonon channel .
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3. Q ub i t d eÙn i tio n , sin g le-qub it r ot at ions , t w o-qu bi t op er at ions

Let us focus the attenti on on the singlet{ tri plet tra nsiti on for QD s. There
are tw o typ es of thi s tra nsi ti on: the tra nsiti on in m ul ti -electro n dot for N Ñ 4

accom panying the Fock{ Darwi n levels intersecti on and the tra nsi ti on in the case
of He dot, i .e. for N = 2 . The Ùrst typ e tra nsiti on has been recentl y observed by
T arucha et al . [12, 13] for verti cal , of m edium size dot, cf . Fi g. 3a. Let us note
tha t the experim ental ly observed behavi our (Fi g. 3a) very well corresponds wi th
theo reti cal predi cti ons (Fi g. 3c) for a sim i lar num ber of electrons, tho ugh for a
di stinct dot diameter.

Fig. 3. T he singlet{tri pl et transition (N Ñ 4 ) observed experimentall y by T arucha
et al. in dot w ith ñh ! e

0 ¿ 2 meV (af ter [12] , w ith A uthors ' permission ) (a); the simpliÙe d

tw o-electron mo del for singlet{tri plet intersecting levels for N Ñ 4 (af ter [12] ) (b);

additio n energy spectrum vs. magnetic Ùeld calculated for self-assembled dot w ith h!

30 meV , areas of circles are prop ortion al to the intensities of indiv id ual transitions;

continuous lines | chemical p otential [15, 26] (c).

T arucha et al . gave also a ski l l ful expl anati on of the m any-pa rti cle system
tra nsiti on in term s of onl y the last pa i r of electrons [12] in the case when two
vari ous Fock{D arwi n levels intersect (cf . Fi g. 3b). W i thi n thi s simpl e appro ach
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T arucha et al . repro duce the sam e properti es of chemical potenti al as f ound by
exact diagonal izati on metho ds appl ied up to 6 electrons [26], cf. Fi g. 2 , as well as
by the appl icati on of sim pl iÙed Hubba rd- typ e calculus [27].

The sing let{ tri plet tra nsiti on for N = 2 does not accom pany the crossing of
Fock{ Da rwi n levels. It indi cates rather the enhancement wi th m agneti c Ùeld of the
exchange energy whi ch is inconveni ent for the singlet state and f avours the ori gi -
na l ly exci ted state | the tri plet one | cf. Fi g. 4. Thi s typ e of tra nsiti on app ears
at a su£ cientl y low Ùeld for dots wi th a not to o stro ng conÙnement param eter,
as the cri ti cal Ùeld B Ê [T] ¿ ñh! 0 [meV] / 1.6. Theref ore for a verti cal ly stacked pai r
of self-assembled dots (wi th ñh ! e

0 ¿ 30À 50 m eV) the tra nsiti on Ùeld is in an uni n-
teresti ng region (of the order of 20{ 30 T), and for these dots rather the previ ous
typ e of singlet{ tri plet tra nsiti ons for N Ñ 4 is atta inable at lower Ùelds | as i t is
indi cated in Fi g. 2.

Fig. 4. T he intersections of single and triple states for H e QD, (a) indep enden t elec-

trons, (b) interacting electrons (af ter [17] , w ith A uthors' permissi on).

In the vi cini ty of the tra nsiti on point, the two crossing levels lay very close.As
the interna l shells are com pletely Ùlled and energeti cal ly distant f rom considered
intersecti ng levels, the last two electrons create the almost separated subsystem
(cf . Fi gs. 3 and 2). The intersecti ng two levels for the last electrons (e.g. in the
T arucha m odel ) coul d be trea ted as a qubi t (si mi larl y as the sing let and tri pl et
sta tes for N = 2 near the cri ti cal magneti c Ùeld, even tho ugh in thi s case we do
not deal wi th the intersecti on of bare single-parti cle levels). No te tha t the Zeeman
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Fig. 5. T he mo del of a qubit in the vicini ty of the singlet{trip let transition point
(scheme for H e dot), the range of prop er deÙniti on of the qubit is indicated on b oth

sides of the critical Ùeld.

spl itti ng for GaAs is ¿ 0 : 0 3 m eV/ T and i t atta ins the value of 0.1 meV at 3 T.
Hence the proper deÙniti on of the qubi t needs the level separati on to be smal ler
tha n the Zeeman spli tti ng | wha t is atta inabl e in the vi cini ty of cri ti cal Ùeld,
cf . Fi g. 5.

For a further m odel analysis we consider the sing let{ tri pl et tra nsiti on for
N = 2 assuming ñh! e

0 ¿ 5 m eV. In the case of He dot the wa ve functi ons for
ground and Ùrst excited states can be appro xi mated by the analyti cal form ulae
given in App endix A.

The exci ted tri pl et sta te, f or the Ùeld smal ler tha n the tra nsiti on Ùeld, is
long l ivi ng owi ng to spi n sym metry of the wave functi on and corresp ondi ng selec-
ti on rul es. We have analysed the tra nsiti ons from thi s state to the ground state
induced by various perturba ti ons coupl ing the spin degrees of freedom , incl uding
stochasti c term s and com pare them wi th sim i lar tra nsiti ons from a higher exci ted
sing let sta te. W i thi n the perturba ti on theo ry the exci ted tri plet sta te appears to
be extrem ely long l ivi ng, of several orders longer tha n the excited sing let sta te.
The tri plet sta te is spli t in m agneti c Ùeld proporti onal ly to the Zeeman energy (cf .
Fi g. 5). T ransiti ons between these states num bered by z components of the to ta l
spi n are also hampered by the spi n- typ e selections rul es.

The rotati on of the qubi t spanned on the sing let and the lowest state of the
tri plet ones (wi th S z = À 1 ) can be perf orm ed by the appl icati on of varyi ng in ti m e
m agneti c Ùeld oriented para l lel to the QD . The resulti ng Rabi -t yp e oscil lati ons
(App endix B) concern only the considered sing let{ tri pl et tra nsiti on whi ch can be
achi eved by suita bl e tuni ng of perpendicul ar m agneti c Ùeld (i n order to avo id
m ulti -resonances wi th e.g. upp er tri plet sta tes spl it by the Paul i term ).

W e consider also another possibi l i ty of the state evoluti on (i .e. qubi t ro-
ta ti on). Varyi ng the perpendicul ar magneti c Ùeld one can shi ft the system to a
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sing let{ tri pl et intersecti on point. In thi s point one can observe also the character-
isti c oscillati ons of the wave functi on between two degenerated states (App endix C)
due to arbi tra ry and even smal l and stati c perturba ti on (pro vi ded tha t V 0 1 6= 0 )

w 0 1 = 2
j V 0 1 j

2

(ñh! ) 2
[ 1 À cos( ! t ) ] ; (1)

where w 0 1 i s the probabi l i ty of tra nsi ti on between tw o degenerated states, ñh! =p
( V 0 0 À V1 1 ) 2 + 4 j V 0 1 j 2 , and Vi j are m atri x elements of perturba ti on (here, the

perturba ti on is the longi tudi na l stati c m agneti c Ùeld). By appro pri ate choice of t i t
i s possibl e to rota te the state vector in a desired m anner. If to disturb then rapidl y
the perpendicul ar m agneti c Ùeld the chosen state of the qubi t can be achi eved. In
the opposite case, the case of the su£ cientl y slow vari ati on of perpendicul ar Ùeld
m agni tude, the ground singlet or tri plet wave functi on wi l l be obta ined for Ùelds
smal ler or greater tha n the cri ti cal one, respect ively (i t wo uld be employed as the
reset pro cedure). No te tha t for N Ñ 4 tra nsi ti ons, the possibi l i ty of sim ul ta neous
observati on of the exci ted tri plet and ground sing let states (or vi ce versa) [12], cf .
Fi g. 2a, suggests tha t the rapi d change of the above-mentio ned Ùeld can be easily
achi eved in exp eriment.

The cruci al for two- qubi t operati ons (as the \ swap" operati on or CNOT
(i .e. contro l led-NOT), cf. e.g. [28]) is the pair of intera cti ng two -level system s. The
standard CNOT operati on Ûips ta rget input i f the contro l input is j 1 i and does
do nothi ng i f the contro l input is j 0 i (i .e. i t intercha nges j 1 0 i wi th j 1 1 i tw o-qubi t
sta tes). T o perform thi s pro cedure two separated quantum inf orm atio n carri ers
(qubi ts), whi ch can intera ct in a contro l led m anner, are needed. As such system one
can consider the pai r of QD s. For the m odel let us consider the pai r of He dots. Thi s
system wi th two electrons in each dot can be exam ined wi thi n the perturba ti on
appro ach of Heitl er{ Lo ndon typ e. The possibi l i ty of tuni ng, by magneti c Ùeld, the
level separati ons in each qubi t from very smal l to rather high allows us to enhance
or dim ini sh the ro leof qubi ts coupl ing (due to sim ple energy relati ons). The matri x
elements of inter- dot intera cti on (qubi ts coupl ing) can be trea ted as smal l or bi g
onl y by compari son wi th intra -qubi t energy level separati on (as we conÙned the
system to onl y a pai r of qubi ts). In the case when thi s separati on is much greater
tha n the energy of inter- qubi t intera cti on, the ro le of thi s intera cti on is practi cal ly
negl igible and theref ore the reconstruc ti on of separate qubi ts states to enta ngled
state does not occur. In the opposite case when the energy levels in qubi ts are
located in the di stance of the sam e order as the intera cti on, the four-electron
system should be consi dered instead of tw o independent two- electro n subsystem s.
In thi s case the intera cti on between qubi ts leads to enta nglement of them , qui te
natura l for the descripti on of the enti re four- parti cle system .

Theref ore by tuni ng the qubi t level separati on vi a vari ati on of the perpen-
di cular m agneti c Ùeld near the sing let{ tri pl et tra nsi ti on point one can achi eve
the contro l led, ti m e dependent inter- qubi t intera cti on. It seems tha t thi s scenari o
of two- qubi t operati ons coul d be appl ied also to other concepts of qubi t wi th a
tuna bl e level separati on.

In the case of D iVi ncenzo [1, 2] pro posal of spin qubi t on a single electron QD ,
the Zeeman spl itti ng, being the qubi t level separati on in tha t case, can be made
smal l or bi g in compari son wi th inter- dot intera cti on, vi a tuni ng the magneti c Ùeld
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and theref ore can al low or preserve the creati on of entanglement of qubi ts states.
It actua l ly makes the exchange intera cti on (the di ˜erence between the enta ngled
tri plet and sing let sta tes f or a pai r of single-spin qubi ts) negl igible or not. In
other wo rds, two m agneti c Ùeld dependent tw o-parti cle levels, sing let and tri pl et,
intersect at a certa in Ùeld (si mi larl y as for He QD , even tho ugh electrons are
located in di stinct single-electron dots) and at thi s Ùeld the qubi ts intera cti on is
swi tched o˜ (we suppose here a verti cal ly stacked dot system , contra ry to the
ori gina l D iVi ncenzo proposal , because the axi al sym metry al low in thi s case for
alm ost a di rect appl icati on of metho ds from He QD ).

T aki ng into account thi s metho d of tw o-qubi t operati ons one coul d perform
CNOT operati on vi a suita bly ta ilori ng the ti me dependent m agneti c Ùeld shi fts in
the vi cini ty of sing let{ tri plet tra nsi ti on. Let us underl ine tha t it is conveni ent to
m anage wi th slightl y disti nct dots in the coupl ed pai r (as i t is actual ly observed
in real verti cal ly stacked system s [10]) in order to al low the addressing, by energy,
the sing le qubi t operati ons.

The other m etho ds of two -qubi t operati ons can be also considered for a cou-
pl e of He QD s. In the case of two slightl y disti nct qubi ts in the pai r i t is possibl e to
Ùnd the magneti c Ùeld region in whi ch the state of the Ùrst qubi t strongly a˜ects
the states of the second one al lowing for condi ti onal logic operati ons. The other
opp ortuni ty is to try to tem porari ly separate electrons in opp osite sides of two
stacked dots by latera l electri cal gati ng appl ied to both dots in the opp osite di rec-
ti ons. It would be however real istic for not smal l dots and when they are located
rather not to o close. But in thi s case the intera cti on of qubi ts woul d be insu£ cient
to create the enta ngled state. Al terna ti vel y the two- qubi t operati ons can be per-
form ed also by m appi ng the inform ati on from single qubi ts (QD s) onto photo ns
in cavi ty quantum electro dyna m ics (QED ) but an exp erimenta l real izati on of thi s
idea is not as yet com pleted [28].

Fi nal ly let us m enti on the decoherence e˜ects. As the tri pl et{ singlet tra nsi-
ti on needs the coupl ing of envi ronm ent perturba ti ons wi th spin of electro ns, the
D iVi ncenzo argum ents related to the smal ler decoherence rate in thi s case gener-
al ly hold [2]. In the case of sing let and tri pl et sta tes we have however the coupl ing
between the orbi tal and spin structure in wa ve f uncti ons f or these states. Theref ore
we cannot consider the separate evoluti on of only spin structure of these functi ons
| such an evoluti on causes also a change of thei r orbi ta l parts. The decoherence
vi a orbi ta l parts of wa ve functi ons is highly inconveni ent. These pro blems need
however separate consi derati ons.

Ac kn owl ed gm ent

Supp orted by EU R esearch and T echnological D evelopm ent Pro ject " Semi-
conducto r- Based Im pl ementati on of Qua ntum Inf orm atio n Devi ces".
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AP PE ND I X A

Singlet { tr ip let t r an si t ion i n He Q D

The singlet{ tri plet tra nsi ti on for He QD has been analysed num erical ly
in [17]. It is however interesti ng to give appro xi mate analyti cal form ulae for cro ss-
ing states whi ch hi ghly sim pl iÙesfurther appl icati ons. The He dot is described by
the Ham i lto ni an

H =

2X

i =1

ç

À

ñh
2

2 m Ê
Â i +

1

2
m Ê ! 2 r 2

i
+

ñh! c

2
l̂ i z + g ñh! c ŝ i z

Ñ

+
e 2

¯ £
; (2)

where ! 2 = ! 2
0

+ 1
4

! 2
c

; ! c = eB =m Ê ; £ = j r 1 À r 2 j ; g | gi romagneti c facto r.
In the centre of m assand rel ati ve coordi nates the wa ve functi ons corresp ond-

ing to above Ha mi l to nian have the fol lowing form :

ê N M (R ) ¢ s;
n m ( ) â

;

S; S
( ¥ 1 ; ¥ 2 ) ; (3)

where s and t indi cate singlet and tri plet, respectivel y, and

â
S =0 ;S =0

=
1

p

2
â 1 = 2 ( ¥ 1 ) â

À 1 = 2 ( ¥ 2 ) À â 1 = 2 ( ¥ 2 ) â
À 1 = 2 ( ¥ 1 ) ; (4)

â S =1 ;S =1 = â 1 = 2 ( ¥ 1 ) â 1 = 2 (¥ 2 ) ; (5)

â
S =1 ;S =0

=
1

p

2
â 1 = 2 ( ¥ 1 ) â

À 1 = 2 ( ¥ 2 ) + â 1 = 2 ( ¥ 2 ) â
À 1 = 2 ( ¥ 1 ) ; (6)

â
S =1 ;S = À 1

= â
À 1 = 2 ( ¥ 1 ) â

À 1 = 2 ( ¥ 2 ) ; (7)

and

ê N M =
1

L
G N j M j

( R =L )
1

p

2 ¤
exp ( iM ˚ R ) ; (8)

where L = ñh=M 0 ! , M 0 = 2 m Ê , and

¢ n m ( ) = ¢ n m ( À ) =
1

l
gn j m j

( £= l )
1

p

2 ¤
exp( im È £ ) ; m = 2 k ; (9)

¢
n m

( ) = À ¢
n m

( À ) =
1

l
g n j m j

( £= l )
1

p

2 ¤
exp ( imÈ £ ) ; m = 2 k + 1 ; (10)

where l = ñh= m 0 ! ; m 0 = m Ê =2 ; k | integer.
The corresp ondi ng eigenenergies have the fol lowi ng form :

¯ N M ; n m; S S = ¯ N M + ¯ n m + g ñh! c S z ; (11)

where ¯ N M = ñh! ( N + 1 ) + M ñh! c =2 and ¯ n m = ñh! E n j m j + m ñh! c =2 .
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Hence for the Ùrst pai r of intersecti ng levels, denoted by j 0 i and j 1 i , we have

j 0 i = ê 0 0 ¢ 0 0 â 0 0 ; (12)

where

ê 0 0 =
1

L
p

¤
exp( À R 2 =2 L 2 ) ; (13)

¢ 0 0 =
1

l
p

2 ¤
A 0 exp

ç

À

1 + b0

2
(£= l )2 + 2 £= a

Ñ

; (14)

wi th a = ¯ ñh
2

=m 0 e2 ,

A 2
0

=
2 (1 + b0 )

4 l=a
p

1 + b 0

exp
h

(2 l=a ) 2

1 + b 0

p

¤

2

±
1 + ` (

2 l=a
p

1 + b0

) + 1

; (15)

here ` i s the error functi on, and

j 1 i = ê 0 0 ¢ 1 À 1 â 1 À 1 ; (16)

where

¢ 1 À 1 =
£

l 2
p

¤
A 1 exp À

1 + b 1

2
( £= l ) 2 + 2 £= 3 a exp (À iÈ £ ) ; (17)

A 2
1

=
8 (1 + b1 ) 2

8 l= 3 a
p

1 + b
3 + 2 (2 l= 3 a )

1 + b
exp (2 l= 3 a )

1 + b

p

¤

2
1 + ` ( 2 l= 3 a

p

1 + b
) + 4 (2 l= 3 a )

1 + b
+ 4

: (18)
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The corresp ondi ng eigenenergies are

¯ 0 0 ;0 0 ;00 = ñh!

˚
E 0 0

2
+ 1

Ç

(19)

and

¯ 0 0 ;1 À 1 ; 1 À 1 = ñh!

˚
E 1 1

2
+ 1

Ç

À

ñh! c

2
(1 + 2 g ) : (20)

In the above form ul ae the param eters b0 and b 1 are trea ted as v ariati onal
parameters whi ch al low for evaluati on of E 0 0 and E 1 À 1 wi th respect to m agneti c
Ùeld. For vari ous QD conÙnements given by ñh! 0 we determ ine the magneti c Ùeld
for the Ùrst singlet{ tri plet tra nsiti on. For instance, for GaAs QD wi th ñh! 0 =

1 7 : 4 m eV, B Ê = 1 2 T, for ñh ! 0 = 5 : 2 m eV, B Ê = 3 : 2 T and f or ñh ! 0 = 2 : 5 m eV,
B Ê = 1 T. These values correspond well wi th num erical resul ts from [17].

The accuracy of thi s analyti cal appro ach is checked also by di rect compari son
wi th num erical calcul ati ons, cf. Fi g. 6.

AP P END IX B

R ab i -t yp e osci l l at io ns for si ng let{ t ri plet He QD qu b i t

The rota ti on of the qubi t deÙned by two levels | the singlet ground state of
He QD at a Ùeld in the left vi cini ty of the cri ti cal Ùeld and the exci ted tri pl et state
wi th S z = À 1 at the sam e Ùeld | can be perform ed by R abi -ty pe oscil lati ons.
These oscil la ti ons are the response to an externa l longi tudi nal dyna mical m agneti c
Ùeld whi ch we assume in the fol lowing f orm :

B ( r ; t ) = B ( ) exp( À i ! t ) + h:c: ; (21)

where ( ) = ( B exp ( i Â ) ; 0 ; 0 ) ' ( B + Â ; 0 ; 0 ) ; = i B .

Thi s Ùeld leads to the perturba ti on in Ham i l toni an for He QD

w = w 0 exp( À i ! t ) + w +
0 exp ( i! t ) (22)

and w 0 = g e ñh =m Ê [( ŝ 1 x + ŝ2 x )( B + Â ) + (ŝ 1 x À ŝ 2 x ) Â =2 ] :

For j 0 i and j 1 i states described in App endix A h 0 j w j 0 i = h 1 j w j 1 i = 0 , and

h 1 j w j 0 i = w 1 0 exp it
E 1 À E 0

ñh
À ! + w Ê

0 1
exp i t

E 1 À E 0

ñh
+ ! ; (23)

where w 1 0 = ( g e ñh =
p

2 m Ê )( bx Ûl =2 À iby Ûl =2 ) , and Û =
1

0
x 2 g 1 1 ( x )g 0 0 ( x ) dx .

If we identi fy the qubi t wi th the state c0 j 0 i + c 1 j 1 i then

iñh
dc 1

dt
= w 1 0 exp ( i¯ t ) c0 ; (24)

iñh
dc 0

dt
= w Ê

1 0 exp( À i ¯ t ) c 1 ; (25)

where ¯ = ( E 1 À E 0 )=ñh À ! .
The soluti on of the above equati on has the fol lowi ng form :

u ( t ) = A exp [i ( ¯ =2 Ï ¨ ) t ] ; (26)

where u = c0 exp ( i¯ t ) and ¨ = ¯ 2 =4 + j w 1 0 j 2 =ñh 2 .
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In resonance, when ¯ = 0 , we observe Rabi -typ e oscil lati ons

j 0 i ( t ) = j 0 i cos( ¨ t ) exp (À iE 0 t= ñh ) À j 1 i iw Ê

1 0
= j w 1 0 j sin( ¨ t ) exp (À iE 1 t= ñh ) ; (27)

j 1 i ( t ) = j 0 i iw 1 0 = j w 1 0 j sin (¨ t ) exp( À iE 0 t= ñh ) + j 1 i cos( ¨ t ) exp (À iE 1 t= ñh ) : (28)

From the above form ulae i t fol lows tha t the pro babi li t y of tra nsiti on between
two states of our subspace is pro porti onal to sin2 ( ¨ t ) = [ 1 À cos(¨ t= 2 )] =2 .

AP P END IX C

R ot at ion of t h e si ng let { tr ip let qu bi t by sh i f t s of p er p end icu lar
m agn et ic Ùeld

W hi le shifti ng the perpendi cular magneti c Ùeld in the di recti on of the inter-
secti on point we tra nsform the qubi t wi tho ut loosing inform ati on. W hen we reach
however the intersecti on point the new opp ortuni ty appears. In thi s point two
states described in App endi x A span the two- dimensional subspace corresp ondi ng
to the sam e energy value | i t is a degeneracy point. In the case of the two- level
degenerated system one observes the ti m e-dependent rota ti on of the state (wi thi n
the tw o-dimensional subspace). Thi s rota ti on is induced by any stati c perturba ti on
V for whi ch the m atri x element h 0 j V j 1 i i s nonzero. Accordi ng to perturba ti on the-
ory for degenerated levels one can determ ine the correcti ons to the energy (whi ch
rem ove the degeneracy), cf . [29]

Â E = ( V0 0 + V 1 1 Ï ñh! ) =2 (29)

and

ñh! =
p

( V0 0 + V 1 1 ) 2 + 4 j V 0 1 j 2 : (30)

These energy correcti ons lead to the rota ti on of the state, whi ch can be described
by the tra nsiti on probabi l i t y

w 0 1 = 2
j V 0 1 j

2

(ñh! ) 2
[ 1 À cos( ! t )] : (31)

For smal l perturba ti ons the period of tra nsi ti on is su£ cientl y long.
In the chosen m oment of ti m e one can rapi dly rem ove the system from the

intersecti on point by the change of perpendicul ar m agneti c Ùeld. In tha t m anner
i t is possibl e to m ap the quantum state prepa red in the degeneracy point into the
qubi t sta te wi th di ˜erent energy levels. For a longer ti m e (and i t depends of the
choice of qubi t locati on in the vi cini ty of the singlet{ tri plet tra nsiti on point) the
qubi t eventua lly wi ll tra nsform to the ground state (si nglet or tri plet for left and
ri ght positi on wi th respect to the intersecti on point). Thi s last pro cedure could be
trea ted as the reset scheme for a sing let{ tri plet QD qubi t.
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AP PEND IX D

Th e ver t ical ly st acked He QD s

The Ham i l tonia n for thi s system is given by

H = H 0 ( r 1 ; r 2 ) + H 0 ( r 0

1
; r 0

2
) + w ( r 1 ; r 2 ; r 0

1
; r 0

2
) ; (32)

where H 0 i s deÙned for a sing le He QD in App endix A. The intera cti on term

w ( r 1 ; 2 ; 0

1
; 0

2
) =

e 2

¯ ( 1
0

1
) 2 + x 2

+
e2

¯ ( 1
0

2
) 2 + x 2

+
e 2

¯ ( 2
0

1 ) 2 + x 2
+

e2

¯ ( 2
0

2 ) 2 + x 2
; (33)

where x i s the verti cal separati on between dots. The perturba ti on wi th respect
to w ( 1 ; 2 ; 0

1 ; 0

2 ) repro duces the Heitl er{ Londo n appro ach for m olecules. As the
zeroth appro xi m atio n we ta ke states of two separated dots trunca ti ng the corre-
spondi ng Hi lbert space to only tw o lowest states (sing let and tri pl et ones). The
perturba ti on is sim ple i f we ta ke only the S = 1 tri pl et state. W hen, however,
the levels separati ons in QD s are of the sim i lar order as the intera cti on w then
the perturba ti on m etho ds cannot be appl ied. In thi s case we deal actual ly wi th
stro ngly intera cti ng four- electron system . In the case when two coupl ed dots are of
a disti nct diam eter (whi ch al low f or a sing le qubi t addressing by energy) by tuni ng
m agneti c Ùeld we can achi eve the various interl evel energy distances and i t is pos-
sible to a˜ect levels signiÙcantl y by the intera cti on w . In parti cul ar i t is possible
to arra nge the condi ti onal separati on of levels in one dot wi th respect to the state
occupati on in the second dot. Note tha t i f the Zeeman spli tti ng is of the order of
interl evel distances, then three com ponents of tri pl et state have to be ta ken into
account (then the state of four electro ns in the system can be numb ered by the
to ta l spin S = 0 ; 1 ; 2 wi th corresp ondi ng S com ponents spli t by Paul i term ).
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