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Optical reorientational nonli neari ty in tw isted nematic li quid crystallin e
planar w aveguide is analyzed theoreticall y. I t is shown that optical nonlin-
earity for guided mo des in analyzed w aveguides can be appro ximated by
saturation nonlin earity . Predicted nonlinear ity is large enough to observe
e˜ects like spatial solitons formation with milliw atts of light pow er.
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1. I n t rod uct io n

L iquid cryst als possess m any uni que physi cal , opti cal , and electro-opti cal
pro perti es whi ch cause tha t they are importa nt m ateri als in num erous techni cal
appl icati ons and they are very interesti ng medium for many inv estigati ons in basic
research. In the nemati c phase, the correl ati on among l iqui d crysta l l ine m olecules
is very strong because of the hi gh ani sotro py and the col lective behavi or of the
m olecules. Thi s is responsibl e for the fact tha t l iqui d crysta l m olecules can easily
reorient even wi th a very low appl ied Ùeld. The molecular reori enta ti on due to
intera cti on wi th the electri c Ùeld of the l ight wa ve m odiÙesthe local bi refri ngence
axi s of l iqui d crysta l and it is the basis of the opti cal reorienta ti onal nonl inear-
i ty [1, 2]. The reorienta ti onal nonl ineari ty in l iqui d crysta l l ine wa vegui des leads
to num erous e˜ects not observed in another typ es of nonl ineari ty . Am ong others
there are obta ined the threshold and opti cal bi stable e˜ects resulti ng in nonl in-
ear refracti ve index changes, stro ng dependence on l ight polari zati on as well as
possibi l i ty of contro l l ing the nonl ineari ty by externa l electri c or m agneti c Ùelds.
Theo reti cal ly analyzed uni que properti es of l iqui d crysta l l ine nonl inear waveguides
have been also conÙrm ed in recentl y reported experim ents wi th l iqui d crysta l l ine
wa veguides [3{ 8].
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2. W av eguid e m odes

In thi s paper the deta i led analysis of the nonl inear properti es in a planar
wa veguide Ùlled wi th twi sted nemati c liqui d crysta l (see Fi g. 1) is presented. Ne-
m ati c l iquid crysta l is an anisotro pic medium wi th axi s of bi ref ringence para l lel
to the mean di recti on of the m olecules ori enta ti on, deÙned by the di recto r n . In
analyzed nem ati c orienta ti on the l iqui d crysta l l ine molecules are assumed to be
pl aced in y z pl ane and they are twi sted around z axi s. The orienta ti on of m olecules
can be described by angle ˚ m easured accordi ng to the y axi s: n = ( 0 ; cos ˚ ; sin ˚ ) .
Then the electri c permi tti vi ty tensor in twi sted nem ati cs has the form
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an extra ordi nary electri c perm i tti vi t y. For guided electro magneti c wa ve in planar
wa veguide i t is assumed tha t the electri c and m agneti c Ùelds do not depend on y

coordi nate and they depend on z coordi nate as a functi on exp (À ik N z ) , where k

i s a wa vevector length and N is an e˜ecti ve refracti ve index of the gui ded m ode.
Then, the Ma xwel l equati ons have the f orm
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where Z = cñ 0 i s the free space impedance and ¯ a b are com ponents of the electri c
perm i tti vi ty tensor (1).

Fig. 1. Schematic draw ing of analyzed w aveguide w ith tw isted nematics (T N ).
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In isotro pi c substra te and cover surro undi ng the liqui d crysta l l ine Ùlm , the
electri cal perm i tti vi ty becom es¯ = n 2 , where n i s a refracti ve index of the m edium .
Then the electrom agneti c wa ve in isotro pic cover and substra te spli ts into two
separate soluti ons corresp ondi ng to T E- l ike and TM- l ike Ùelds, respecti vel y. TE
Ùelds are governed by Eqs. (2){ (4) wi th ¯ y z = 0 and ¯ y y = n 2 and for the guided
m odes (wi th N > n ) they are equal to

E y (x ) = A Ï exp( Ï Ûx ) ; (8)

Z H z ( x ) = Ï iA
Ï

Û

k
exp ( Ï Ûx ) ; (9)

where Û = k
p

N 2
À n 2 . Consequentl y the TM- like Ùelds are described by

Eqs. (5){ (7) wi th ¯ y z = 0 and ¯ z z = ¯ ? = n 2 and they have the soluti on

Z H y ( x ) = iB
Ï

exp ( Ï Ûx ) ; (10)

E z ( x ) = Ï B Ï

Û

k n 2
exp ( Ï Ûx ) : (11)

The sign \ + " in soluti ons (8){ (11) corresp onds to Ùelds in substra te (x < 0 ) van-
ishing for x ! À 1 and the sign \ { " corresp onds to Ùelds in the cover for (x > d )
vani shing for x ! 1 . Soluti on in the form of guided mode in the l iquid crys-
ta l l ine Ùlm does not exi st as an analyti cal form ula for arbi tra ry twi sted geom etry .
Theref ore the Ùeld distri buti on inside the wa vegui de Ùlm should be obta ined by
di rect num erical integ rati on of Eqs. (2){ (7). The solvi ng pro cedure requi res to ful -
Ùll boundary condi ti ons at x = 0 and x = d , thi s m eans tha t only one from four
constants A Ï and B Ï in Eqs. (8){ (11) is arbi tra ry.

Fig. 2. Electric and magnetic Ùeld comp onents (in arbitrary units) distribu tion in

guided mo de corresp ondi ng to orientation angle ˚ show ed as a line w ith crosses.

Fi gure 2 presents the electri c and m agneti c Ùeld components obta ined for
funda m ental guided mode in l iqui d crysta l l ine Ùlm wi th linearl y twi sted nem at-
ics: ˚ ( x ) = ¤ x =2 d . In thi s paper the fol lowing param eters were ta ken for nu-
m erical calcul ati ons: l ight wa vel ength Ñ = 8 4 2 nm , thi ckness of the l iqui d crys-
ta l l ine Ùlm d = 1 0 ñ m , refracti ve index of wa veguide cover and substra te cor-
respondi ng to sil ica glass n = 1 : 4 5 , ref racti ve indi ces of liqui d crysta l corre-
spondi ng to 4-tra ns-4 0-n -hexyl -cyclohexyl -isothi ocyanato benzene (6CH BT): ordi -
nary n o = 1:52 and extra ordi nary n e = 1:69.The Ùeld of gui ded m ode in Fi g. 2
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is conÙned close to the bounda ry x = 0 . Thi s is caused by the fact tha t the
funda m ental gui ded m ode (wi th the largest e˜ecti ve refracti ve index N ) has a
dom inati ng electri c Ùeld E y and for thi s polarizati on the largest value of refracti ve
index is close to the border x = 0 (where liqui d crysta l molecules are para l lel to
the y axi s). Note tha t accordi ng to Eqs. (2){ (7) m agneti c Ùelds H y and H z as well
as component E x (pro porti onal to H y ) are shi fted by ¤ =2 in phase to the phase of
components E y ; E z , and H x . Theref ore in further analysis i t wi l l be assumed tha t
Ùeld di stri buti on com ponents E y ; E z , and H x are real and com ponents H y ; H z ,
and E x are im aginary.

3. R eor ient at io na l n onl in eari t y

At a given tem perature nemati c l iqui d crysta l molecules Ûuctua te around
the m ean di recti on deÙned by the di rector n . The di storti on of the molecular
al ignm ent corresp onds to the free energy density [1]

f F =
K 1 1

2
( r n )

2
+

K 2 2

2
( n Â r È n )

2
+

K 3 3

2
( n È r È n )

2
; (12)

where K i i are elasti c constants for three di ˜erent deform ati ons: splay (i = 1 ),
twi st ( i = 2 ), and bend ( i = 3 ). Externa l electri c or m agneti c Ùelds create a
to rque on the m oleculesand they change the m ean ori entati on of the l iquid crysta l .
For opti cal frequenci es the intera cti on wi th magneti c Ùeld can be neglected and
l ight wa ves intera ct wi th nemati c l iqui d crysta ls thro ugh the electri c Ùeld. The
ori enta ti on-dependent term in the intera cti on energy density between the electri c
Ùeld and l iqui d crysta l molecules is equal to

f opt = À

¯ 0 Â ¯

2

D
( n Â E )

2
E

: (13)

Li qui d crysta l line m olecul es tend to be para llel to the electri c Ùeld. Because
the reorienta ti on is slow in com pari son to the electro magneti c wa ve period, the
m olecules tend to l ie para l lel to the mean di recti on of electri c Ùeld. Especial ly in
analyzed conÙgurati on, when E x com ponent is shifted in phase by ¤ =2 to the E y

and E z and is much lower tha n E y (E y ƒ E x ) the molecules are reori ented in
y z plane. Thi s m eans tha t due to the reori enta ti on the twi sted geom etry is sti l l
preserved, i .e. the orienta ti on is described by the angle ˚ ( x ) and the electri cal
perm i tti vi ty tensor has the form (1). As a consequence only the twi st deform ati on
ta kes place and the to tal f ree energy density com posed of the deform ati on energy
and the intera cti on energy f = f F + f opt i s equal to
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The to ta l free energy
Rd

0
f dx ful Ùlls a m inimi zati on pro cedure whi ch leads

to the Eul er{ Lagrange equati on in the form
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whi ch Ùnal ly gives the equati on
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Ê
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Soluti on of Eq. (16) shoul d fulÙll the boundary condi ti on at x = 0 and
x = d . For strong anchori ng ˚ (0 ) and ˚ (d ) are independent of l ight intensi ty . In
the absence of electri c Ùelds and for boundary condi ti ons ˚ (0 ) = 0 and ˚ ( d ) = ¤ =2

the soluti on is the sam e as assumed in previ ous secti on i .e. ˚ ( x ) = ¤ x =2 d . In tha t
case the Ùeld distri buti on presented in Fi g. 2 corresp onds to the m ode wi th l ight
power to o low to intro duce reori enta ti on of l iquid crysta l. For hi gher power of l ight
gui ded in the wa veguide the liqui d crysta l molecules change thei r orienta ti on due to
the intera cti on wi th electri c Ùeld and thi s causes changes of electri c perm itti vi ty
tensor (1). As a resul t of thi s reori entati onal nonl ineari ty m echanism the Ùelds
di stri buti on as wel l as the e˜ecti ve refracti ve index N of guided mode are changing.
Fi gure 3 shows the electri c and magneti c Ùelds distri buti on in nonl inear m ode for
l ight power large enough to reori ent signiÙcantl y the l iqui d crysta l l ine m olecules.
As a l ight power the norm al ized param eter is used

P =
¯ 0 Â ¯ Z

4 K 2 2

Z

S z dx ; (17)

where S z is a com ponent of the Poyn ting vecto r

S z =
N

Z

˚

E 2
y +
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2
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No te tha t for typi cal values of elasti c consta nt K ¤ 1 0 À 1 1 N the value of parameter
P = 1 ñ mÀ 1 corresponds to power density 20 mW / ñ m.

Fig. 3. Electric and magnetic Ùelds distributi on in guided mo de for power P =

1 0 ñ m À . Line w ith crosses show s the distributi on of orientation angle .

Co mparison of Fi gs. 2 and 3 shows tha t due to the nonl inear reori enta ti on
the center of guided m ode is shi fti ng into the center of the guided Ùlm. Thi s is m ore
cl earl y vi sible in Fi gs. 4{ 6, where both electri c and m agneti c Ùelds and ori enta ti on
angle distri buti on acro ssthe l iqui d crysta l l ine Ùlm are pl otted for increasing values
of guided l ight power.
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Fig. 4. Changes of electric Ùeld E y proÙle w ith increasing light p ower P (in ñ mÀ 1 ) of
guided mo de (x in ñ m).

Fig. 5. C hanges of magnetic Ùeld H y proÙle with increasi ng light p ower P in guided
mo de.

Fig. 6. Orientation angle changes w ith increasin g light p ower of nonlin ear guided

mo de.
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The power P used in Fi gs. 4{ 6 corresp onds to the component perpendi cular
to front phase of the guided mode. In fact, in analyzed anisotro pic waveguide the
energy Ûow di recti on is di ˜erent. It is presented in Fi g. 7 where the rati o P y =P

between the power Ûow in y di recti on

P y = À

¯ 0 Â ¯ N

4 K 2 2

Z ˚

E y E z +
Z 2

¯
?

j H y H z j

Ç

dx ; (19)

and the power Ûow in z di recti on is pl otted versus P . W i th increasing l ight power
the ori enta ti on of l iqui d crysta l molecules (ori enta ti on of bi refri ngence axi s) be-
comes more hom ogeneous (see Fi g. 6) and thi s causes tha t the wa lk- o˜ of energy
Ûow is decreasing. Thi s e˜ect can be observed i f instead of planar wa veguide m ode
(i nÙnite l ight wa ve) the l ight beam in a pl anar wa vegui de is used. Then wi th the
increase in input l ight power the bend in propagati on of l ight beam shoul d change
sim ulta neously wi th self-focusing phenom ena.

Fig. 7. F raction of power Ûow in y direction versus the power guided in z direction for

nonlin ear modes.

The walk-o˜ of the energy Ûow does not exist in symm etri cal twi sted ne-
m ati c conÙgurati on, wi th boundary condi ti ons ˚ (0 ) = À ¤ =4 ; ˚ ( d ) = ¤ =4 : In thi s
conÙgurati on for l inear case (wi tho ut reorienta ti on induced by electri c Ùeld) the
ori enta ti on di stri buti on has the form ˚ ( x ) = ¤ ( x À d =2 ) =2 d . The Ùeld and ori en-
ta ti on angle di stri buti on changes wi th increa sing guided power are presented in
Fi gs. 8{ 10. In thi s case the changes of the electri c and m agneti c Ùelds are sym -
m etri cal but lower tha n for previ ously presented resul ts in Fi gs. 5 and 6.

The nonl inear reori enta ti on changes the modal Ùeld pro Ùle and also the e˜ec-
ti ve refracti ve index N of the gui ded mode. The dependence of e˜ecti ve refracti ve
index on the l ight power is presented in Fi gs. 11 and 12. Because the analyzed
Ùeld has dom inant E y com ponent, the e˜ecti ve refracti ve index is mainly deter-
m ined by ¯ y y and the l iqui d crysta ls reori ent to be paral lel to y axi s. Theref ore
the ini ti al value of the e˜ecti ve index N for sym metri cal conÙgurati ons is larger
tha n in asymm etri cal conÙgura ti ons. In both cases the increase in e˜ecti ve index
is satura ti on- l ike, where the maxi mal value of N reached for inÙni te light power
P i s determ ined by e˜ecti ve refracti ve index in pl anar orienta ti on of liqui d crys-
ta l , i .e. for ˚ ( x ) = 0 . In sym m etri cal conÙgura ti on thi s m axi mal reori entati on is
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Fig. 8. Electric Ùeld E y distribu tion changes w ith increasing power P for symmetric

tw isted nematic conÙguration ( ˚ (0 ) = ¤ =4 ; ˚ ( d ) = À ).

Fig. 9. C hanges of magnetic Ùeld proÙle w ith changing the power for symmetric

tw isted nematics.

Fig. 10. Changes of the orientation angle with increasin g guided power for sym-
metric tw isted nematics.
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Fig. 11. E˜ective ref ractive index N changes versus power P guided in nonli near mo de

for di˜erent thickness d of the layer w ith asymmetrical alignmen t of tw isted nematics.

Fig. 12. E˜ective ref ractive index N changes versus power P guided in nonli near mo de

for symmetrical tw isted nematics.

lower tha n Â ˚ = Ï ¤ =4 and i t can ta ke place close to the boundari es i.e. in region
where the electri cal Ùeld is low. In asym metri cal case the maxi mal reori enta ti on
Â ˚ ç ¤ =2 and i t is also large in the centra l part of the l iqui d crysta ll ine Ùlm.
Co nsequentl y, the changes of N due to nonl ineari ty are lower in sym metri cal tha n
in asym m etri cal conÙgura ti ons. The di ˜erences in nonl inear changes for di ˜erent
wa veguide thi ckness are caused by di ˜erent conÙnement of electrom agneti c Ùeld
in the gui ded Ùlm.

4. Sim pli Ùed m odel of n onl in ear it y

In m any appl icati ons of nonl inear wa veguide opti cs m ore importa nt tha n
changes of guided m ode pro Ùle are changes of the e˜ecti ve refracti ve index. The
calculati on of e˜ecti ve index changes due to reori enta ti onal nonl ineari ty presented
in previ ous section requi res to solve the set of equati ons wi th pro per bounda ry
condi ti ons. Ho wever, the obta ined nonl ineari ty can be appro xi mated wi th very
hi gh accuracy by an analyti cal form ul a. T o obta in thi s form ula Ùrst i t is assumed
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tha t the l iqui d crysta l l ine Ùlm is reori ented by hom ogeneous electri c Ùeld wi th
E z = 0 ; and E y = 4 K 2 2 "= ¯ 0 Â ¯ . W i th these assumpti ons Eq. (16) reduces to

d2 ˚

dx 2
+ " 2 sin 2 ˚ = 0 ; (20)

and i t has a soluti on

sin
±

˚ +
¤

2

²
= sn [ ˜ ( x + x 0 ) j m ] ; (21)

where sn( u j m ) i s the Jacobi el l ipti c integ ra l [9] wi th the m odul us m = 2 " 2 =˜ 2 .
For the boundary condi ti on ˚ ( x = 0 ) = 0 i t i s obta ined tha t sn( ˜ x 0 j m ) = 1 and
thi s al lows to determ ine the relati on between integ rati on constants: ˜ x 0 = K ( m ) ,
where K (m ) i s the com plete ell ipti c integ ra l of the second ki nd. Then the soluti on
(21) has the form

cos˚ = cd ( ˜ x j m ) ; (22)

where cd( ˜ x j m ) i s the Jacobi ell ipti c functi on.
The reori enta ti on of l iqui d crysta l line molecul es changes local ly the electri c

perm i tti vi ty , whi ch for E y electri c Ùeld is pro porti onal to Â ¯ cos2 ˚ . For guided
m odes m ore im porta nt tha n local values are e˜ecti ve changes obta ined as an
integ ra l over cross-section. Theref ore i t is conveni ent to determ ine the integra l
Rd

0
cos2 ˚ dx , from Eq. (22) as

Z
d

0

cos2 ˚ dx =
1

˜ m
[ ˜ d À E ( ˜ d j m ) + m sn(˜ d j m ) cd( ˜ d j m )] ; (23)

where E( u j m ) i s an ell ipti cal integ ra l of the second ki nd. For the ori entati on at the
second bounda ry ˚ ( x = d ) = ¤ =2 i t is obta ined tha t cd(˜ d ) = 0 and consequentl y
˜ d = K ( m ) . Then the modul us m can be calculated from the relati on m K 2 ( m ) =

2 " 2 d 2 and the integ ral (23) reduces to
Z d

0

cos2 ˚ dx =
K ( m ) À E [K ( m ) j m ]

K (m ) m
d : (24)

Next im porta nt appro xi m atio n is an assumpti on tha t reori entati on is very
smal l , i .e. because of smal l value of electri c Ùeld " § the modul us of ell ipti c
integ ra ls is small, m § 1 . Thi s al lows to reduce el lipti c integ rals to Ùrst elements in
expansi ons into series: K ( m ) ¤

¤

2

À
1 + 1

4
m + . . .

Â
and E ( ¤

2
j m ) ¤

¤

2

À
1 À

1

4
m + . . .

Â
.

Fi nal ly, the sim pl iÙed form of relati on (12) is obta ined as fol lows:
Z

d

0

cos2 ˚ dx ¤

K ( m ) À E ( ¤

2
j m )

K ( m ) m
d ¤

2 d

4 + m
; (25)

and the e˜ecti ve change of the electri cal permi tti vi ty between l inear case (where
" = 0 and m = 0 ) and nonl inear case is equal to

£ ¯ =
1

d

Z d

0

Â ¯
È
cos2 ˚ ( " = 0 ) À cos2 ˚ ( " )

Ê
dx ¤

Â ¯

2

m

4 + m
: (26)

Because modul us m i s roughl y proporti onal to the square of electri c Ùeld m ¿ " 2 ,



N onl inear Prop er ties of Waveguides . . . 171

the relati on (26) leads to

£ ¯ ¿

" 2

1 + " 2 =" 2
0

; (27)

where " 0 i s a constant.
The above relati on (27) wa s obta ined for low homogeneous electri c Ùeld E y in

l iqui d crysta ls oriented at the boundary ˚ (0 ) = 0 and ˚ ( d ) = ¤ =2 . However, i t could
be exp ected tha t for gui ded mode the behavi or is sim i lar and e˜ecti ve refracti ve
index is modiÙed by e˜ecti ve changes due to reori entati on N = N 0 + £ ¯ =2 N 0 .
Because instead of square of electri c Ùeld for guided mode i t is m ore conveni ent to
use l ight power, Ùnal ly the appro xi m ated form of nonl ineari ty is pro posed in the
form

N = N 0 + N 2

P

1 + P =P 0

; (28)

where power P 0 ; N 0 , and N 2 are constants determ ined for given guided m ode.
The qual i ty and exactness of appro xi m ated form ula (28) can be proved in

Fi g. 13, where the e˜ecti ve index determ ined num erically is plotted versus power
expression P =(1 + P =P 0 ) . The value of power satura ti on P 0 and nonl inear index
N 2 were Ùtted num ericall y independentl y for di ˜erent waveguides. The param eters
values estimated num erical ly are presented in T able. In al l cases the correla ti on
coe£ cient f or 21 points in l inear regression procedure was larger tha n 0.99969 and
standard devi ati on lower tha n 0.00024. Interesti ng is the fact tha t the value of N 2

i s alm ost independent of the Ùlm thi ckness for the analyzed orienta ti on of twi sted
nem ati c wa vegui des.

T ABLE

Parameters used for approximation of nonlineari ty in sat-
uration form.

0 ç ˚ ç ¤ =2

d [ ñ m] 2 5 10

N 0 1.6338 1.6645 1.6765

N 2 [ñ m ] 0.0130 0.0151 0.0137

P 0 [ ñ m À 1 ] 3.43 1.46 0.88

â 2 6 : 2 È 1 0 À 8 1 : 5 È 1 0 À 8 2 :8 È 1 0 À 9

À ¤ =4 ç ˚ ç ¤ = 4

d [ ñ m] 2 5 10

N 0 1.66578 1.68019 1.68511

N 2 [ñ m ] 0.00116 0.00131 0.00117

P 0 [ ñ m À 1 ] 12.8 5.92 3.55

â 2 9 : 0 È 1 0 À 1 1 1 : 9 È 1 0 À 1 0 1 : 4 È 1 0 À 1 0
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Fig. 13. E˜ective refractive index versus P = (1 + P =P 0 ) in w aveguides w ith symmetrical
conÙgurati ons (upp er lines) and asymmetrical conÙgurations (low er lines) w here the

values of parameter P 0 for each line is show n in Table.

5. Co n cl usion s

The twi sted nem ati c l iquid crysta ls thi n Ùlm s can be easily appl ied as a
nonl inear planar wa vegui de. The reori enta ti onal nonl ineari ty for relati vely low
intensi ti es (f or several tens m W =ñ m) induces signiÙcant changes in guided m ode
pro Ùle and e˜ecti ve refracti ve index (up to Â N ¤ 0 : 1 ). The nonl ineari ty can
be a source of typi cal nonl inear phenom enon l ike self- focusing (spati al sol i tons
form ati on). The uni que pro perti es of twi sted nemati cs conÙgurati on allows also
to change the bend of l ight beam by changing the l ight power. Thi s e˜ect can be
appl ied in al l -opti cal swi tchi ng devi ces.

The analyzed nonl ineari ty can be appro xi mated wi th very hi gh accuracy by
satura ti on nonl ineari ty . Thi s typ e of nonl ineari ty is very well kno wn and observed
in other materi als [10, 11]. The estim ated value of nonl inear refracti ve index in
analyzed wa veguides is larger tha n in m any other m ateri als. The calcul ated non-
l ineari ty corresp onds to tha t obta ined in bulk materi als wi th nonl inear refracti ve
index n 2 ¤ 1 0 1 2 m 2 / W . The nonl ineari ty can be addi ti onal ly enlarged even two
orders of m agnitude by uti l izing the Janossy e˜ect in dye- doped l iquid crysta ls [12].
Ho wever, reorienta ti onal nonl ineari ty in l iqui d crysta ls is slow and the relaxa ti on
ti m e of nonl inear changes is of order of mi l li seconds.

Thi s work was parti al ly supported by the Com mittee for Scienti Ùc Research
under the grant No . 8T1 1D 01915.
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