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NONLI NEA R UPCON V ERSION-RA TE
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R oyal I nst it ut e of Technolo gy, Dept . of Elect ronics, Electru m 229, 164 40 K ista, Sw eden

Energy transf er betw een excited rare -earth ions has been w idely used
for reali zin g up conversion lasers and also recognized as a gain limitin g factor
in high- concentration Er- dop ed ampli Ùers. T he energy transf er leads to up-
conversion of the excitation w hich for randomly distributed (not clustered )
ions is called homogeneous up conversion. I t was commonly assumed that
the rate of homogeneous upconversion is a linear function of the populatio n
inversion N 2 . H owever, recently publish ed Monte C arlo simulations predict
that the homogeneous upconversion rate is a nonlinea r function of N 2 and
that it, moreo ver, dep ends on the pump and signals rates. In this pap er w e
review some of our exp erimental results conÙrming those predictio ns. W e also
prop ose a statistical, analytical model describi ng the observed homogeneous
up conversion behavior in Er- dop ed Ùbers.

PACS numb ers: 78.20.Bh, 78.55. {m, 42.55.Rz

1. I n t rod uct io n

I nt eract ions between exci te d Er- ions are well kno wn to reduce gain in hi gh-
-concentra ti on Er- doped am pl iÙers. Exci ta ti on energy tra nsferred from one ion
(do nor) to another (accepto r) causes de-exci ta ti on of the donor and hi gher ex-
ci tati on (up conversion) of the acceptor. For random ly di stri buted (no t clustered)
ions thi s pro cessis cal led hom ogeneous upconversion (H UC). The up converted ion
typi cal ly relaxes back to the m etastable level losing the excessenergy to phonons.

The earl ier m odels describing the up conversi on in Er- doped Ùber ampl iÙers
comm only assumed a uni form (equi distant) distri buti on of exci ted ions, and hence
a l inear dependence of the upconversi on rate on the popul ati on inversion N 2 [1, 2].
The observed nonl inear behavi or at high pum ping rates (hi gh popul ati on inv er-
sion) was attri buted to the contri buti on f rom ul tra fast upconversi on among clus-
tered ions [1, 2]. The ensembl e of al l the ions was divi ded into two sub-ensembles:
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the cl ustered ions and the ions whi ch are random ly distri buted. It was further as-
sumed tha t the exci ta ti on m igrati on is much faster tha n the upconversion (the ki -
neti c l imi t) and theref ore, the excita ti on di stri buti on for the random sub- ensembl e
is smoothed out. In R ef. [3] an al terna ti ve, sta ti stical appro ach has been proposed
ta ki ng into account a Ùnite m igrati on rate. The results obta ined by Mo nte Carl o
sim ulati ons showed tha t even for random ly distri buted Er ions the HUC rate W c

i s a nonl inear functi on of N 2 , and tha t i t is accelerated by the m igratio n pro cess.
It was also predi cted tha t a sim i lar HUC enhancement should ta ke place when
the pum p and the signal powers are increased whi le N2 remains uncha nged. The
nonl ineari ty of W c was earl ier predi cted for dye m olecules stati sti cal ly uni f orm ly
di stri buted in soluti on [4].

In order to veri fy tho se predi cti ons we have perform ed several exp eriments
based on decay m easurements for the meta stabl e (at 1 : 5 ñ m ) and the upconverted
(at 980 nm ) Ûuorescence. The exp eriments were designed in such a way tha t the
contri buti on from possible excess clusteri ng was separated and onl y the upcon-
version of the randomly di stri buted ions wa s analyzed. The resul ts [5{ 7] clearl y
conÙrm tha t the HUC rate becom es stro ngly nonl inear for high popul ati on inv er-
sions, and tha t i t depends not only on the popul ati on inv ersion but also on the
level of the pum p and signal rates appl ied to reach a given inv ersion.

Al tho ugh the theory of R ef. [3] m oti vated our experim enta l investigati ons,
the very ti m e consuming Mo nte Carl o sim ulati ons m ake the m etho d unpra cti cal
as a to ol for devi ce design or as an intera cti ve f eedback to experim enta l studi es.
Mo reover, the appro xi mati ons made in the theoreti cal form ulatio n are not clearl y
justi Ùed. W e propose an analyti cal model for the upconversion in Er- doped wave-
gui des. It is based on well establ ished theo ri es[8] wi th a kno wn m axi mum error due
to the invol v ed appro xi m atio ns. The m ain assumpti on m ade is tha t the migrati on
is signi Ùcantl y faster tha n the upconversi on, whi ch is well justi Ùed f or real istic
Er- doped devi ces. The soluti on is readi ly obta ined by solvi ng one tra nscendenta l
equati on. The m odel reconstructs al l the new features predi cted in [3]. W e believe
tha t i t wi ll serve as a useful to ol for investigati ng and design of Er- doped devi ces,
especial ly for planar, integ rated am pl iÙers or short, heavi ly doped Ùber lasers
where the up conversi on pl ays a signiÙcant role.

2. T h eor et i cal m odel

The starti ng point for the proposed here model is the fol lowing set of the
local ra te equati ons for a quasi- two level system :

dn k

d t
= (1 À Ùn k ) ˜ À n k À n k

X

l 6= k

P k l À n k

X

j 6= k

W k j +
X

j 6= k

W k j n j : (1)

Here ti me t i s norm alized wi th respect to a l i feti m e §2 of the second excited level,
n k i s the probabi l i t y of local izati on of an excita ti on at the ion wi th a numb er k ,
˜ = ¥ a I wi th I standi ng f or a pum p rate, and Ù = ( ¥ a+ ¥ e) =¥ a , where ¥ a and ¥ e are
the absorpti on and emission cro ss-section, respectively, at the pum p wavel ength.

The rates of upconversion, P k l , and m igrati on, W k j , are expressed using
the F �orster{ Dexter theo ry [9, 10] for the dipole{di pole mechanism of an energy
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tra nsfer

P k l =
R 6

u p

R 6
k l

; W k j =
R 6

m

R 6
k j

; (2)

where R k l i s a distance between exci ted ions (k ) and ( l ) ; R k j i s a di stance between
ions (k ) and (j ) ; R up , R m are cri ti cal distances for the upconversi on and migrati on
pro cesses [3, 4, 8{ 15], respectivel y.

Af ter f orm al avera ging of Eqs. (1) over al l the ions the global upconversion
rate is expressed as

W c = lim
N 0 ! 1

P N 0

k = 1
n k

P
l 6= k

P k l

P N 0

k =1
n k

= À

dn

d t

1

n
+

˜ (1 À Ùn )

n
À 1 ; (3)

where n = l imN 0 !1

1
N

N
k =1 n k i s a popul ati on inversion level and N 0 i s a num ber

of ions.
In order to ẽ ecti vel y perform the averaging requi red f or calculati ng the

popul ati on inversi on we assume
j 6= k

W k j n j ¤ n
j 6= k

W k j , whi ch is a good ap-
pro xi mati on [4, 11] for the dipole{di pole m echanism of energy tra nsfer. W e further
restri ct our consi derati ons to the case when the rati o of the m igratio n to quenchi ng
cri ti cal distances is (R m =R q ) 6

ƒ 1 , whi ch is wel l justi Ùed for Er- doped glass [16].
Thi s enabl es us to trea t al l the ions (accepto rs) and excited ions (donors) as two
independent ensembles wi thi n the frame of the hoppi ng m echanism [8], and to
express Eqs. (1) as

dn ( S 1 ; S 2 )

d t
= [ 1 À Ùn ( S 1 ; S 2 ) ] ˜ À n ( S 1 ; S 2 )(1 + S 1 ) À [ n ( S 1 ; S 2 ) À n ] S 2 ; (4)

where n =
1

0

1

0
n ( S 1 ; S 2 ) f ( S 1 ) f ( S 2 ) dS 1 dS 2 ; S 1 =

l 6= k
P k l ; S 2 =

j 6= k
W k j

are independent stochasti c variables wi th the distri buti ons [4, 11, 13]

f ( S i ) =
k i

2
p

¤ S
3 = 2

i

exp À

k 2
i

4 S i

; i = 1 ; 2 ; (5)

where k 1 =
p

¤ Ûn; k 2 = ¤ r =2 Û; Û = c E r =cup , cEr i s the concentra ti on of

Er ions, cup = (4 ¤ =3 ) R 3
up

À 1 i s the cri ti cal concentra ti on for the upconversi on,

r = ( R m =R up )
6 . The factor 1 =

p

2 i s the Hub er correcti on [14] accounti ng for the
m igrati on reversibi l i ty , k 1 and k 2 are proporti onal to the concentra ti on of exci ted
and al l ions, respectivel y.

Setti ng dn= d t = 0 and avera ging the rate equati on (4) over al l donors and al l
accepto rs wi th the use of the distri buti on f uncti ons (5) we arri ve at the fol lowi ng
tra nscendenta l equati on for the popul ati on inv ersion in the steady- state case

n =
˜ ( n + r =2 )

1 + Ù˜

F k ( n + r =2 ) =2
p

1 + Ù˜

n + r =2 F k ( n + r =2) =2
p

1 + Ù˜

; (6)

wi th F ( x ) = 1 À

p

¤ x exp( x 2 ) erfc( x ) ; k =
p

¤ Û:

Using the asym pto ti c form of F ( x ) ¤ 1 =2 x 2 ( x ! 1 ) and assuming high
ion concentra ti ons (k

p

r ƒ 1 ) we also obta in the fol lowi ng l inear asympto te for
the upconversi on rate at small pum ping rates, ˜ ! 0 ( n ! 0 );
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Fig. 1. The calcula ted rate of up conversion vs. populati on inversion: 1 | w ith migra-

tion, 1 0 | w ithout migration, 1 00 | the asymptote for small pumping rates.

Fig. 2. T he calculated rate of up conversion vs. signal pow er for three di˜erent

Er- concentration £ : £ 1 < £2 < £ 3 . T he pump p ower is adj usted so that the popula-

tion inversion remains constant.

In Fi g. 1 we pl otted the upconversion rate as a f uncti on of the popul a-
ti on inversion. The nonl inear characteri stic (curve 1) wi th a l inear asym pto te
(curve 1 0 ) for smal l popul ati on inversi ons are consistent wi th the results of the
exp eriments [1, 2, 5, 6, 16] and the sim ulati ons [3]. Al so enhancement of the up-
conversion caused by m igratio n predi cted in [3] is clearly seen from our m odel
(curves 1, 1 00 ).
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In the regions where the ion density is highest the upconversi on rate (stro ngly
dependent on the ion separati on) is m uch faster tha n real istic pum pi ng rates. Thi s
resul ts in spati al ho le burni ng in the exci ta ti on distri buti on. In the absence of m i-
grati on the f astest upconverti ng regions wo uld not any longer e£ cientl y contri bute
to the avera ge upconversi on. Mi grati on Ùlls up the holes and hence i t accelerates
the upconversi on pro cess.

In Fi g. 2 we show tha t the upconversi on rate at the Ùxed popul ati on inv ersion
depends on the signal power (the pum p power is adj usted to keep the inversi on at
the Ùxed level). Thi s peculiar behavi or, Ùrst predi cted in [3], was also conÙrm ed
by our experim ents [5{ 7], as i t is shown in the next secti on. It can be understo od
by noti cing tha t at increased pum p powers the holes burnt by the upconversion
are Ùlled up m ore e£ cientl y and theref ore, sim i lar to the impact of m igrati on, the
average upconversion rate is enhanced.

3. Ex p er im ental r esu l ts

In order to inv estigate the behavi or of the up conversi on characteri sti cs we
perform ed a series of the decay measurements for the m etastable (1 : 5 ñ m ) and
the upconverted (980 nm ) Ûuorescence tra nsverse to Ùbers densely doped wi th
erbi um . The m etho d tha t we devel oped to determ ine the upconversi on rate in
absolute uni ts is described in [5].

In Fi g. 3 we show a clearl y nonl inear behavi or of the upconversi on rate as a
functi on of the popul ati on inversion.

Fig. 3. The measured upconversion rate vs. popula tion inversion.

Three decay curves for the 1 : 5 ñ m Ûuorescence from the sam e steady- state
level of the popul ati on inversion but obta ined wi th di ˜erent pum p-signal pow-
ers are shown in Fi g. 4. The higher the pum p-signal powers the larger the up-
conversion rate. The upconversi on rate at t = 0 was determ ined as W c ( 0) =

À d=dt t =0 ( ln n ) + 1 =§2 . The higher slope corresponds to a larger W c . The resulti ng
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Fig. 4. T he measured decay curves from the same level of steady- state populatio n

inversion but obtained w ith di˜erent pump and signal pow ers. T he slop es increase w ith
increasin g pump- signal powers.

Fig. 5. T he upconversion rate vs. signal p ower determined from the measured decay

curves as those show n in Fig. 4.

W c ( 0) for 10 di ˜erent pum p-signal powers are shown in Fi g. 5. The alm ost l inear
dependence is in good agreement wi th the calcul ated curves of Fi g. 2. Ti m e reso-
luti on for our m easurements was about 2 ñ s whi ch im pl ies tha t the contri buti on
from much faster decayi ng (< 5 0 ns), possibl e Er- clusters, did not inÛuence the
presented results.

4 . Su m m ar y

W e proposed a stati sti cal model for descripti on of migrati on assisted up-
conversion in Er- doped glasses.The m odel pro vi des an analyti cal soluti on for the
popul ati on inv ersion and the upconversi on rate. It wel l repro duces al l the f eatures
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predi cted by the earl ier publ ished Mo nte Carl o simul atio ns for Er- doped Ùbers. W e
also revi ewed the resul ts of our exp erim ents tha t pro vi ded the Ùrst exp erimenta l
evi dence of the nonl inear behavi or of the upconversi on rate on the popul ati on
inv ersion, as wel l as the Ùrst conÙrm ati on of the theo reti cal predi cti ons tha t for
a Ùxed popul ati on inversion the up conversi on rate also depends on the pum p and
signal powers.
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