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The ori gin of the K err ty pe nonlinea rity of the medium as a result of
the interaction betw een photons via the Dirac delta- potential is presented in
the formalism adopted from the photon w ave function approach. I n the view
of the result the optical soliton may be treated as a bound state (cluster ) of

many photons.

PACS numb ers: 42.65.{ k

1. I n t rod uct io n

T o descr ibe photo n in ter ms of a one-parti cle wa ve functi on, i .e., on the f i r s t

quanti zati on level, we fol low the wa y presented in [1{ 3]. Ano ther appro ach was
pro posed in [4]. The concept of the positi on-representati on photo n wa ve functi on
has a long history and is sti l l contro versial . Neverthel ess, we do not want to discuss
the questi on here. The reader interested in thi s pro blem is referred to [1{ 4] and
ref erences therei n. In thi s paper the concept serves us as a conveni ent to ol .

The starti ng point for us is the free photo n Schr�odi nger equati on [1{ 3]. On
thi s basis we develop the descripti on of photo n in medium in term s of the photo n
wa ve functi on. Som e attem pts of thi s ki nd have been presented in [1{ 3]. W hat is
new in our appro ach is to show tha t the inÛuenceof the medium on the photo n can
be described thro ugh som e potenti als. Tho ugh general ly the idea is not new, see
e.g. [5, 6], but here we real ize i t wi thi n the form alism of the photo n wave functi on.
Thi s appro ach can be easily extended to the case of m any intera cti ng photo ns. For
a large numb er of photo ns, i t results as a nonl inear opti cs. In parti cul ar, ta ki ng as
a simpl e m odel the photo ns intera cti ng vi a the D irac del ta -potenti al one obta ins
(i n the Hartree appro xi m atio n) the Kerr typ e nonl ineari ty of the medium . The
pro blem of intera cti ons of photo ns vi a delta -potenti al and the Kerr nonl ineari ty
of the m edium has i ts vast l i tera ture, especial ly in the context of quanti zati on of
nonl inear Schr�odi nger equati on ([7, 8] and references therei n). But al l the l i tera ture
ref ers to the procedure of creati on-annihi lati on operato rs.

The paper is organized in the fol lowi ng way. W e begin Sec. 2 wi th the bri ef
descripti on of a sing lephoto n in the m edium . On thi s basis we extend the appro ach
to the caseof m any intera cti ng pho tons. W e present tha t in Ha rtree appro xi mati on
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the many-photo n quantum Schr�odinger equati on ta kes on the f orm simi lar to the
nonl inear Schr�odinger equati on. The obta ined equati on expressed in term s of cl as-
sical language is nothi ng else but the Ma xwel l equati ons wi th materi al relati ons
in the form of the Kerr typ e nonl ineari ty . In Sec. 3 we summ ari ze results and give
som e Ùnal remarks.

2. R esul t s

In papers [1{ 3] the fo llowing f orm of the Schr�odinger equati on for free photo n
wa s proposed:

iñh @t F = H f F; (1)

F =

"
E ( t; r ) + iH ( t; r )

E ( t; r ) À iH ( t; r )

#

; H f = c

"
p Â S 0

0 À p Â S

#

; (2)

p = À iñh r | mom entum of photo n, ( S i ) k l = À i " i k l | spin photo n matri x. In the
cl assical language, the equati ons are equivalent to the fol lowing Ma xwel l equati ons:

@t E = c r È H ; @t H = À c r È E ; D = E ; B = H : (3)

describi ng free Ùelds in vacuum . Since al l the inf orm ati on carri ed by functi on F is
conta ined in i ts positi ve energy (p ositi ve frequency) part F ( + ) , one m ay ta ke thi s
part as the true photo n wa ve functi on [3]

ê = F (+) : (4)

T o becom e a com plete set of the Ma xwel l equati ons, Eq. (3) m ust be suppl ied by
di vergence condi ti ons r Â E = 0 ; r ÂH = 0 . It is equivalent to the relati on p Â ê = 0 .

In order to describe the pro pagati on of photo n in dielectri c, one should in-
cl ude in Ham i lto nian the intera cti on term . On the m icro scopic level, such intera c-
ti on is rather com pl icated, but here we wi l l ta ke i t into account in a phenom eno-
logical way. W e assume tha t the photo n trea ted as a quantum object \ feels" the
m edium as an externa l cl assical Ùeld. For a stati onary state the wave functi on
ta kes on the form

ê ! = ' ! ( r ) exp( À i ! t ) ; where ' ! ( r ) =

"
E (r ) + i H ( r )

E (r ) À i H ( r )

#

: (5)

Generally, the coupl ings of the m edium wi th the electri c and m agneti c part of the
wa ve functi on m ay be di ˜erent. T o ta ke i t into account we intro duce tw o real and
sym m etri c matri ces Û and ² whi ch spli t the wa ve functi on ê ! into electri c and
m agneti c parts

Ûê ! + ² ê ! = ê ! ; (6)

Ûê ! =

"
E

E

#

and ² ê ! =

"
i H

À i H

#

; (7)

² =
1

2

"
1 À 1

À 1 1

#

and Û =
1
2

"
1 1

1 1

#

: (8)
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The pro jecti on operato rs Û; ² ful Ùll the fo llowi ng relati ons i .e.: Û 2 = Û; ² 2 =

² ; Û² = 0 .
W hen the coupl ings wi th the electri cal and magneti c parts are ta ken into

account, the Schr�odi nger equati on ta kes on the form

ñh! ê ! = H f ê ! À ¨ ! (r ) Ûê ! À À ! ( r ) ² ê ! : (9)

¨ ! ( r )Û ; À ! (r ) ² , have interpreta ti on of potenti al energy operato rs. ¨ ! ( r ) i s con-
nected wi th the dielectri c susceptibi l i ty â ! ( r ) = (1 =4 ¤ ) ¨ ! ( r ) =ñh! , and À ! ( r ) wi th
m agneti c susceptibi li ty â m

!
( r ) = (1 =4 ¤ ) À ! ( r ) =ñh! .

Let us now consider N intera cti ng photo ns propagati ng in a homogeneous
m edium . Let the Ha m ilto nian H have the form

H =
X

f H f À N ¨ ! 0 Û À

X

j> f

H fj ; (10)

where the Ùrst term is the sum of N identi cal Ham i l to nians H f in the f orm given
by Eq. (2) | each describi ng evoluti on of a f ree photo n, the second term describes
thei r coupl ing to the non-m agneti c m edium (À ! = 0 ), and the thi rd term is the
sum ta ken over al l the photo n{ photo n intera cti ons H fj . Any m echanism can lead
e˜ecti vely to the weak intera cti on between photo ns. The m ain assumpti on is tha t
the intera cti on can be modeled by the Dirac £ -functi on (when the two photo ns are
sim ulta neously in a very smal l volum eelement V of the space). The m easure of i ts
intensi ty is given by a param eter A ! . Because the photo n{ photo n intera cti on is
perform ed wi th the help of the m edium , and the dielectri c medium acts e˜ecti vel y
onl y on the electri cal com ponent of the wa ve functi on, therefore the m atri x Û

should appear in the Ham i l tonia n H fj

H fj = A ! V Û£ ( r f À r j ) : (11)

The Schr�odi nger equati on for the N photo ns ta kes on the f orm

iñh@t ê ( r 1 ; . . . ; r N ; t ) = H ê (r 1 ; . . . ; r N ; t ) : (12)

The positi on-representa ti on N -photo n wa ve functi on ê ( r 1 ; . . . ; r N ; t ) i s constructed
in a sim ilar way as the one constructe d previ ousl y for one photo n

ê =

"
~E ( t; r 1 ; . . . ; r N ) + i ~H ( t; r 1 ; . . . ; r N )

~E ( t; r 1 ; . . . ; r N ) À i ~H ( t; r 1 ; . . . ; r N )

#

= ¢ ! ( r 1 ; . . . ; r N ) exp ( À i ! t ) : (13)

The last equal ity m eans tha t only stati onary states are considered. In the Hartree
appro xi m atio n, see e.g. [9], ¢ ! can be wri tten as a pro duct of one-photo n wa ve
functi ons ' f

¢ ! =

NY

f =1

' f

=
1

p

8 ¤ ñh!

"
e ( r 1 ) + i h ( r 1 )

e ( r 1 ) À i h ( r 1 )

#

. . .
1

p

8 ¤ ñh!

"
e( r N ) + ih ( r N )

e( r N ) À ih ( r N )

#

=

˚
1

p

8 ¤ ñh!

Ç N
"

( e (r 1 ) + ih ( r 1 )) . . . ( e( r N ) + ih ( r N ))

( e (r 1 ) À ih ( r 1 )) . . . ( e( r N ) À ih ( r N ))

#

: (14)
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The three- dim ensional vectors ~E and ~H by n o m eans can be trea ted as a
cl assical electri c and magneti c Ùeld. In the case of one photo n the vectors e and h
can be interpreted as an electri c and m agneti c Ùeld connected wi th the pho ton. In
general , our point of vi ew is tha t in m any-photo n case, the vecto rs of an ẽ e ct ive,
self-consistent one-photo n wa ve functi on could be interpreted as a classical electri c
and magneti c Ùeld.

Mul ti plyi ng (12) by the pro duct
Q N

f 6=1
' +

f
, ta ki ng integ ra l over coordi nates

of the parti cles, i .e.
R

dr 2dr 3 . . . dr N , and assuming the norm al izati on of the one-
-parti cle functi on

Z
' +

f
' f dr = 1; (15)

one obta ins the one-parti cle self -consi stent equati on

ñh! ' = H f ' À ¨ ! Û' À (N À 1 ) A ! V ( ' + ' ) Û '; (16)

where the renorm al ized m edium potenti al ¨ ! i s

¨ ! = ¨ ! 0 + 2 ( N À 1 )
A ! V

(8 ¤ ñh! ) 2

Z
( e2 + h 2 ) e 2 dr : (17)

The row vecto r ' + means the Herm i ti an adj oint of ' , and the integ ra ls are ta ken
over al l the space. The physi cal meaning of the constant ¨ ! i s sim i lar as previ -
ousl y was ¨ ! 0 , i .e., in case of nonl inear m edium i t is connected wi th the l inear
(ba ckground) part of the dielectri c constant.

In the next step one m ay recast Eq. (16) to ordi nary form of the Ma xwel l
equati ons

!

c

È
1 + 4 ¤ â ! + ˜ ! ( N À 1 )( e 2 + h 2 )

Ê
e = i r È h ;

!

c
h = À i r È e; (18)

where â ! = ¨ ! =4 ¤ ñh! and ˜ ! = 1
4 ¤

A ! V
( ñh! ) 2

:

The quanti ti es e and h requi re som e renorm al izati on

E cl =
p

N À 1e; H cl =
p

N À 1h : (19)

Theref ore Eq. (18) ta kes on the f orm
!

c

È
" ! + ˜ !

À
E 2

cl + H 2
c l

ÂÊ
E c l = i r È H cl ;

!

c
H cl = À i r È E c l ; (20)

where " ! = 1 + 4 ¤ â ! . Qui te natura l expectati on is tha t in average (o ver a ti m e
period) in electrom agneti c wa ve there is the same quanti t y of energy in electri c
as in m agneti c Ùeld. Af ter neglecting the nonl inear contri buti on to the energy i t
m eans tha t

¨
" E ( t ) 2

˜
=

¨
ñ H ( t ) 2

˜
, and thus E 2

cl / H 2
c l . Because of the smal lness of

the ˜ ! one can wri te
!

c
" N L E cl = i r È H cl ;

!

c
H c l = À i r È E c l ; (21)

where

" N L = " ! + ~̃ ! E 2
cl : (22)

The intera cti on between photo ns resul ts as the Kerr typ e nonl ineari ty of the
m edium (22). Such typ e of nonl ineari ty is requi red to obta in (i n paraxi al and slowl y
varyi ng envel op appro xi matio n) sol i to n soluti ons of the Ma xwel l equati ons [10]. In
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the vi ew of the above results the sol i to n can be trea ted as a bound state (cl uster)
of m any photo ns. Thi s is the attra cti ng intera cti on between photo ns, whi ch can
countera ct spreading (b ecause of di spersion or di ˜ra cti on) of the wave packet.

3 . Su m m ar y

The inÛuence of the m edium on photo n can be described by some scalar
potenti als. Thi s appro ach can be easily extended to the case of many intera cti ng
photo ns. T aking the sim plest model of such intera cti on (vi a del ta -potenti al) in
the Ha rtree appro xi ma ti on one obta ins the Kerr typ e nonl ineari ty of the m edium .
Thi s resul t suggests tha t opti cal sol i to ns are nothi ng else but clusters of intera cti ng
photo ns. In such a cluster the attra cti on between photo ns countera cts di spersion
or di ˜ra cti on. Thi s is a sim i lar point of vi ew to tha t presented in [11] where
sol i to ns of m agneti zati on in m agneti cs were described as cl usters of intera cti ng
(vi a del ta -potenti al ) magnons.
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