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In the paper numerical calcula tion s of the results of propa gation in a
nonlin ear planar w aveguide are perf ormed. A typ e of nonlin eari ty is the K err
nonlin eari ty . T he w ave equation, the solution of wave equation are show n,
the disp ersion equation, and the numerical solution of disp ersi on equation
are analysed.
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1. I n t rod uct io n

Propagation in l inear planar wa vegui des is a wel l-known pro blem , whereas
pro pagati on in nonl inear waveguides wa s considered onl y in parti cular cases. Tha t
is the caseof the nonl inear waveguide wi th a l inear Ùlm on a nonl inear substra te [1],
then the l inear Ùlm surro unded by the nonl inear substra te and cover [2{ 7], the non-
l inear Ùlm surro unded by l inear isotro pi c m edia [8{ 15]. In the paper the analysis
of electrom agneti c Ùeld in the nonl inear planar waveguide is underta ken, where
al l m edia have the Kerr typ e of nonl ineari ty .

The mathem ati cal analysis of the electrom agneti c Ùeld in the nonl inear
wa veguide is m ore com pl icated tha n the nonl inear interf ace because of:
{ two interf aces and three nonl inear m edia exi st, so three nonl inear waves can
app ear,
{ the nonl inear wave equati on can have a m ore general f orm tha n in the case of
the nonl inear interf ace.

(111)
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2. T h e m od el of n on l i near p l an ar wa ve gui de

The nonl inear waveguide is a structure of the consi sting three layers pre-
sented in Fi g. 1. In thi s structure we have
{ layer 1 | cover (x > l ),
{ layer 2 | Ùlm ( À l < x < l ),
{ layer 3 | substra te (x < À l ).

Fig. 1. The model of the nonlinea r planar w aveguide.

Each layer is the Kerr nonl inear medium whi ch is described by the uniaxa l per-
m i tti vi ty tensor j b" ( j = 1 ; 2 ; 3 )

j b" =

0

@
j " 1 1 0 0

0 j " 2 2 0

0 0 j " 3 3

1

A : (1)

W e assume tha t only the tensor com ponent 1" 2 2 depends on the perpendi cular
component of electri c Ùeld E y j . The tensor components (1) have then the fol lowi ng
form :

j " 1 1 = j " 3 3 = j " ; (2)

j " 2 2 = j " 2 2 + ˜ j j E y j j
2 ; (3)

where 1" ; j " 1 | the l inear perm itti vi ti es of m edia, ˜ j | the nonl inear factor in
m edium , E y j | the perpendicul ar component of the electrom agneti c Ùeld.

The subject of the further investi gatio n wi l l be TE Ùeld in the nonl inear
wa veguide structure using the appro xi matio ns (2{ 3).

3. Ma xwel l equ at ion s an d t h e wa ve equ at i on

The electri cal Ùeld vector of TE- waves has only one nonzero component, for
instance E y . The m agneti c Ùeld strength vecto r components for thi s sort of wa ves
are connected wi th E y by the Ma xwel l equati ons.

For the planar wa vegui de, whi ch is described by the di electri c tensor wi th
nonl ineari ty (2{ 3), the Ma xwel l equati ons for TE polari sati on can be wri tten as

@E y j

@z
= À i ! ñ 0 H x j ; (4)
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@E y j

@x
= i! ñ 0 H z j ; (5)

@H x j

@z
À

@H z j

@x
= À i! " 0

j " 2 2 E y j ; (6)

where " 0 and ñ 0 | the perm ivi tty and the permeabi l i t y of free space, respectively,
j = 1 ; 2 ; 3 i s the index of the region of the wa veguide structure.

D ue to the tra nsl ati on sym metry along the z -axi s the y -com ponent of the
electri c Ùeld E y ( ! ; x ; z ) can be chosen as

E y j ( x ; z ; t ) = E y j ( x ) exp [ i ( k 0 hz À ! t ) ] ; (7)

where E j (x ) | the am pl i tude of electri c Ùeld mode in j -layer, h | the constant
of the propagati on, k 0 = ! =c. Thi s component describes the TE wa ve propagati on
along the z di recti on.

In the assumed m odel of the Ùeld pro pagati on, the wav e equati on in the j

reg ion of the nonl inear waveguide structure can be obta ined from the Ma xwel l
equati ons (4{ 6) and wi th the uni axi a l approxi mati on (1{ 3) i t ta kes the fol lowi ng
form :

d 2 E y

dx 2
À k 2

0 ( h 2
À " ) E y + k 0 ˜ j E y j

2 E y = 0 : (8)

For ˜ j > 0 the soluti on of the wa ve equati on is given by the ell ipti c functi on of
Jacobi cosine

E y = p j cn[ qj k 0 ( x À x 0 j ) j m j ] ; (9)

where

p 2
j =

h 2
À

j " +
È

( h 2
À

j " ) 2 + 2 ˜ j C 1 =k 2
0

Ê1 = 2

˜ j

; (10)

q 2
j =

È
( h 2

À
j " ) 2 + 2 ˜ j C 1 =k 2

0

Ê
1 = 2

; (11)

m j =
˜ j p 2

j

2 q2
j

; (12)

C 1 ; x 0 j | integ ral constants. For C 1 = 0 and m = 1 Jacobi cosine has a form of
decay soluti on

E y = p j f cosh [ qj k 0 ( x À x 0 j )] g
À 1

; (13)

where

p j =

s
2 ( h 2 À

j " )

˜ j

; (14)

q j =
p

h 2 À
j " : (15)

In the model of the Ùeld propagati on in the nonl inear pl anar wa veguide, we
seek f or the soluti ons of the Ùeld equati on (8), whi ch have the fol lowi ng character:
{ in layer 1 (cover), the decay soluti on | coshÀ 1 ,
{ in layer 2 (Ùlm ), the periodi cal soluti on | cn( m j u ) ,
{ in layer 3 (substra te), the decay soluti on | coshÀ 1 .
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4. Th e di sp er sio n equ at ion

Co nti nui t y condi ti ons at interf aces between layers (x = Ï l ) requi re conti nu-
i ty of the ta ngent components of the electri cal and magneti cal Ùelds, E y ( x ) and
H z ( x )

E y 2 ( À l ) = E y 3 ( À l ) ; (16)

d ( E y 2 ( x ))

dx
j x = À l =

d( E y 3 ( x ))

dx
j x = À l ; (17)

E y l ( l ) = E y 2 ( l ) ; (18)

d ( E y 1 ( x ))

dx
j x = À l =

d( E y 2 ( x ))

dx
j x = À l : (19)

Using the soluti on (13) for a substra te and a cover and using the soluti on (9)
for a Ùlm , the conti nuit y condi ti ons give a dispersion equati on for the nonl inear
wa veguide

( h 2
À " 2 )2 ( A 2

1 À B 2
1 ) + 2 (h 2

À " 2 ) B 1 C 1

+2 ˜ 2 ( " 2 À " 1 ) A 2
1 E 2

0 1 + ˜ 2 ( ˜ 1 À ˜ 2 ) A 2
1 E 4

0 1 À C 2
1 = 0 ; (20)

where

A 1 = 2 (" 2 À " 1 ) + ( 5 ˜ 1 À 4 ˜ 2 ) E 2
0 1 ; (21)

B 1 = 2 ( " 2 À " 1 ) + ( ˜ 1 À 2 ˜ 2 )E 2
0 1 ; (22)

C 1 = 2 ( " 2 À " 1 ) E 2
0 1 + ( ˜ 1 À ˜ 2 ) E 4

0 1 : (23)

Equa ti on (20) is stri ctl y connected wi th Eq. (25) by the condi ti on E 0 1 = E ( x = l ) .
The constant E 0 1 is also uni vo cal ly dependent on the assumed constant E 0 = E 0 2 ,
whi ch describes the value of electri c Ùeld strength on the lower interf ace x = À l .

The soluti on of the dispersion equati on is

h = Ï

s

" 2 +
À 2 B 1 C 1 Ï

p
2 A 2

1
C 1 [ 2 C 1 À ( A 2

1
À B 2

1
)]

2 ( A 2
1

À B 2
1

)
: (24)

E 0 1 can be calcul ated from

" 2 +
À 2 B 1 C 1 Ï

p
2 A 2

1
C 1 [ 2 C 1 À ( A 2

1
À B 2

1
)]

2 ( A 2
1 À B 2

1 )
=

" 3 +
À 2 B 2 C 2 Ï

p
2 A 2

2 C 2 [ 2 C 2 À ( A 2
2 À B 2

2 )]

2 ( A 2
2

À B 2
2

)
; (25)

where

A 2 = 2 (" 3 À " 2 ) + (5 ˜ 2 À 4 ˜ 3 ) E 2
0 2 ; (26)

B 2 = 2 ( " 3 À " 2 ) + ( ˜ 2 À 2 ˜ 3 )E 2
0 2 ; (27)

C 2 = 2 ( " 3 À " 2 ) E 2
0 2 + ( ˜ 2 À ˜ 3 ) E 4

0 2 : (28)
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5. Cal cu lat i ons

For the calcul ati on purp ose, we ta ke the length of wave Ñ = 0 : 6 3 3 ñ m and
three nonl inear Kerr media, whi ch bui l t a nonl inear wa vegui de structure , wi th
thei r guidi ng layer of thi ckness 2 l = 0 : 7 ñ m and wi th the fol lowi ng values of
ref racti ve indexes [13{ 15]:
{ cover | crysta l M BB A (n 0 1 = 1 : 5 5 ; n 2 1 = 1 0 À 9 m2 / W ),
{ Ùlm | crysta l YA G (n 0 2 = 1 : 8 3 ; n 2 2 = 3 È 1 0 À 9 m 2 / W ),
{ substra te | crysta l MBBA (n 0 1 = 1 : 5 5 ; n 2 1 = 1 0 À 9 m2 / W ),
where n 0 1 ; n 0 2 ; n 2 1 ; n 2 2 are the l inear and nonl inear parts of the refracti ve indexes
of the crysta ls MBBA and YAG.

The pi cture of electro magneti c Ùeld in nonl inear wa vegui de shows the proÙle
of electri c Ùeld di stri buti on for a deÙned m ode for a wa veguide. The calcul ati on
for the param eters assumed above gives the proÙle of TE 0 i l lustra ted in Fi gs. 2
and 3.

Fig. 2. T he intensity pro Ùle of TE 0 electric Ùeld mode in the nonlinea r planar w ave-

guide for E 0 1 = 1 V/m, 2 l m.

As can be seen an electri c Ùeld m axi mum of the basic mode is situa ted in
the Ùlm and asym metri cal ly to the sym m etry axi s of the Ùlm . In the region of
a substra te and a cover the Ùeld decays rapidl y. Such asym metry is caused by
electri c Ùeld of a very bi g value, whi ch is encountered in a nonl inear m edium . The
electri c Ùeld E 0 2 generated on one interf ace exci tes a nonl inear polari zati on of a
m edium , and as a resul t, an appro pri ate value of the strength of the electri c Ùeld
E 0 1 on the second interf ace. The value of strength E 0 1 varies from E 0 2 , whi ch is
shown in the expressions (21{ 28). Al l tha t creates an asymm etri c waveguide, in
spi te of the same materi al layers of a substra te and a cover. Such a sym m etry
causes \ degenerati on" of the Ùeld guided in a wa veguide. Thi s m eans pushi ng in
of the Ùeld or i ts tra nsform ati on into surface wa ve gui ded by only one interf ace.
No nl ineari ty of m edium near the one of the interf aces becam e so stro ng tha t the
electrom agneti c Ùeld creates i ts own canal along the interf ace and pro pagates i tsel f
as the surface wa vein tha t canal . In the case showed in Fi gs. 2 and 3 such situa ti on
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Fig. 3. T he intensity proÙle of TE 0 electric Ùeld mode in the nonlinea r planar w ave-

guide for E 01 = 10
5 V /m, 2 l = 0 :7 ñ m.

ta kes pl ace on the upp er interf ace x l and for the m odes wi th a great value of
the propagati on constant h .

A simi lar situa ti on is al ready m enti oned in the l i tera ture [16] in the case
of a nonl inear waveguide structure consisting of a l inear substra te, a l inear Ùlm
and a nonl inear cover. For great values of electri c Ùeld, the mode gui ded in a Ùlm
is caught by the interf ace between a cover and a Ùlm, and \ degenerates" into a
surf ace wa ve gui ded by tha t interf ace.

It is kno wn tha t for exci ti ng an electrom agneti c Ùeld in nonl inear structures,
a certa in thresho ld power is necessary. From tha t reason the power guided in the
wa veguide is also an importa nt param eter.

The Ûow of power f or harm onic Ùeld is given by an avera ge value of the
Poyn ting vector, and the power being tra nsported by wa ves in the di recti on of
the wa vegui de axi s can be obta ined by integ rati on of thi s v alue into a di recti on
perpendicul ar to the wa vegui de axi s. As a result, the power guided in j di recti on
of the wa veguide region is given by the fol lowing expressions:

P
k h

! ñ
E x dx ; (29)

P
k h

! ñ
E x dx ; (30)

P
k h

! ñ
E x dx ; (31)

The to tal power guided by the nonl inear TE wa ves in a wa vegui de is the sum of
the power guided in parti cul ar reg ions of the wa veguide

P P ; (32)

and is a functi on of the m ode index h .
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The results of the power gui ded in parti cul ar regions of the waveguide is
presented in Fi gs. 4 and 5. In these Ùgures i t is easy to see tha t the power guided
by the TE 0 m ode in a substra te and a cover of a nonl inear wa veguide structure is
a functi on of the pro pagati on constant h .

Fig. 4. The power T E0 mode dep endence of the propagation constant in media 1, 3.
Fig. 5. The power T E0 mode dep endence of the propagation constant in medium 2.

From Fi g. 5 one can see tha t for exci ti ng the electrom agneti c Ùeld in the
considering nonl inear wa veguide structure, a certa in cri ti cal power is needed, below
whi ch no exciti ng of a guided nonl inear wave (N LG W ) in the wa veguide is possibl e.

6 . Co n cl usion s

On the basis of the reached resul ts we can state tha t:

a) In a planar wa vegui de structure consi sting of three focusing nonl inear layers,
the exci tem ent and the guidi ng of the nonl inear TE Ùeld modes (NLG W ) is
possible.

b) For exci ti ng the nonl inear modes, guided in a layer (NLG W ), a certa in
thresho ld power is necessary (Fi g. 5).

c) For great values of the electri c Ùeld, a gui ded wa ve (NLG W ) \ degenerati on"
can happen ei ther by i ts tra nsform ati on into two surface wa ves (NLSW )
gui ded by two interf aces,or into one surface wave on the one of the interf aces.
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