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W e study theoreticall y T M- p olarized electroma gnetic w aves at a plane
interf ace betw een two nonabsorbi ng, opticall y defocusing, nonlin ear K err-
-typ e media. N umerical results are obtained for the disp ersion equation and
propagation constants of the Ùeld modes. T he power guided by T M w aves
on interf ace w as calculated and illustrate d as a function of electric Ùeld value
on interf ace.

PACS numb ers: 42.65.{ k

1. I n t rod uct io n

T he analysis of nonl inear T M gui ded wa ves is com pl icated by the inherent
structure of the Ùelds tha t conta in two electri c Ùeld com ponents E x (x ) and E z ( x )

whi ch are ¤ =2 out of phase wi th one another [1 ]. Thi s is why classical surf ace wa ves
of the TM typ e on the nonl inear interf ace were onl y analysed by appro xi mate
m etho ds using various assumpti ons [1{ 8].

In the paper [9] an analysis of electrom agneti c boundary probl em for T E
Ùeld on a plane interf ace of tw o nonl inear m edia was presented. It wa s shown
tha t apart from a surf ace wave, kno wn f rom the li tera ture, the bounda ry pro blem
al lows also for exi stence of the wa ves of other typ es. No nl inear interf ace can guide
also electro magneti c wave wi th the am pl i tude decayi ng in one region (x > 0 ) and
oscil lati ng in the second region (x < 0 ), whi ch is non speciÙc for classical surface
wa ve. It is a new ki nd of wa ve and a questi on is i f such wa ve wi th TM polarizati on
can exist and be gui ded on the interf ace. In thi s work we shall try to Ùnd an answer
for tha t questi on.
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102 M . W abia, G. ` egl i¥ski

2 . G eom et r y of t he in vesti gat ed p r ob lem

Two nonl inear m edia of the Kerr typ e (x > 0 and x < 0 ) di vi ded by a
pl ane interf ace and described wi th the fol lowi ng tensor of dielectri c perm itti vi ty
are consi dered:

b" j =

0

@

j " 1 1 0 0

0 j " 0

0 0 j " 3 3

1

A ; (1)

where
j " 1 1 = j " 2 2 = j " ; (2)

j " 3 3 = j " 1 + ˜ j j E 2
z j

j : (3)

The index j i s the index of a medium and ta kes on the values j = 1 ; 2 :

No nl ineari ty of the Kerr typ e is enclosed in the com ponent " 3 3 of the tensor
describing a m edium . Values j " ; j " 1 characteri se l inear perm itti vi ti es and ˜ j i s
a coe£ cient of nonl ineari ty of a m edium . Theref ore, the medium 1 ( x > 0 ) i s
described by the param eters 1" ; 1" 1 ; ˜ 1 , the medium 2 ( x < 0 ) i s described by the
parameters 2" ; 2" 1 ; ˜ 2 , and E z i s the longi tude component of the electrom agneti c
Ùeld. The geometry of the pro blem is i l lustra ted in Fi g. 1.

Fig. 1. Geometry of considered problem for T M w aves.

3. Ma x wel l equ at i on s f or co nsid er ed r egion s

Ma xwel l equati ons describing TM Ùeld in media 1 and 2 ta ke on the general
form

@H y

@z
= i ! " 0 " 1 1 E x ; (4)

@H y

@x
= À i! " 0 " 3 3 E z ; (5)

@E x

@z
À

@E z

@x
= À i ! ñ 0 H y ; (6)

where " 0 and ñ 0 | the permi tti vi t y and perm eabi l i ty of free space, respectively.
TM Ùeld is com pletely described by three com ponents E x ; E z , and H y :
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4. W a ve equ at ion f or TM Ùel d in co nsider ed regi on

W e assume tha t the considered electrom agneti c Ùeld is slowl y vari able and
i t does not depend on coordi nate y . In such a case the com ponent E z j (x ; z ; t ) can
ta ke on the form

E z j ( x ; z ; t ) = E z j ( x ) exp [ i (k 0 hz À ! t ) ] ; (7)

where h i s propagati on consta nt of a m ode, k 0 i s the free space wa ve numb er.
The other components of the Ùeld, E x ; H y , are deÙned uni vo cal ly by the Ma xwel l
equati ons (4){ (6). Using (2), (3), and (7) and tra nsform ing Ma xwel l equati ons, we
obta in the wave equati on for ampl itude E z j ( x ) in j region

d 2 E j

dx 2
À

k 2
j

j "

À
j " 1 + ˜ j j E j j

2
Â

E j = 0 ; (8)

where

E j ² E z j ( x ) ; (9)

k j = k 0 ( h 2
À

j " ) 1 = 2 : (10)

5. Solu t ion of wa ve equ at ion

The Ùrst integ ra l of wa ve equati on (8) ta kes on the form
˚

dE j

dx

Ç2

À

k 2
j

" j

±
j " 1 E 2

j +
˜ j

2
E 4

j

²
= C j : (11)

Properti es and the form of the last soluti on are determ ined by the values k 2
j

; ˜ j ,
and C j . In the case when k 2

j
> 0 ; ˜ j > 0 (f ocusing m edium ), C j > 0 , then a

soluti on of wave equati on (8) is expressed by the Jacobi cs functi on

E j ( x ) = ¨ j cs [¥ j ( x À x 0 j ) j m j ] ; (12)

where

cs( u j m ) = cn( u j m ) =sn( u j m ) ; (13)

¨ j =

"
2 C j

a j À ( a 2
j À 4 bj C j ) 1 = 2

# 1 = 2

; (14)

¥ j =

"
a j + ( a 2

j
À 4 bj C j ) 1 = 2

2

# 1 = 2

; (15)

m j =
2 ( a 2

j À 4 bj C j ) 1 = 2

È
a j + (a 2

j À 4 b j C j ) 1 = 2
Ê: (16)

The parameters a j and bj are expressed by the form ulas

a j =
k 2

j
j " 1

" j

; (17)
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b j =
˜ j k 2

j

2 " j

; (18)

and x 0 j i s an integ ra l constant of Eq. (11).
From the form of the soluti on of Eq. (12), i t could be seen tha t the electri c

Ùeld can have, in thi s case, a singulari ty in the point x = x 0 j and such soluti on
has to be rejected form the physi cal point of vi ew.

In the case when k 2
j

> 0 ; ˜ j < 0 (defocusing m edium ), C j > 0 , then the
soluti on of wave equati on is expressed by the Jacobi cosine

E j ( x ) = £j cn [Û j ( x À x 0 j ) j m j ] (19)

where

£ j =

"
a j + ( a 2

j
+ 4 j bj j C j ) 1 = 2

2 j bj j

#1 = 2

; (20)

Ûj = ( a 2
j + 4 j bj j C j ) 1 = 4 ; (21)

m j =
a j + ( a 2

j
+ 4 j bj j C j ) 1 = 2

2 ( a 2
j

+ 4 j bj j C j ) 1 = 2
; (22)

and the expressions a j and bj are given f urther by (17) and (18), respectively. Jacobi

functi on cn( u j m ) has a period 4 K ( M ) , where K (m j ) =
R

¤ = 2

0
(1 À m j sin 2 ˚ ) À 1 = 2 d ˚

i s the el lipti c integra l of the Ùrst typ e. From (19) one can calcul ate tha t E j ( x )

has i ts m axi m a in points x n j = x 0 j + n l j ; n = 0 ; 1 ; 2 ; . . . where the di stances
between maxi ma are l j = 2 K ( m j ) =Ûj . Hence the electri c Ùeld described by the
expression (19) is periodical functi on of x .

In the case when C j = 0 , then m j = 1 and we have cn( u j 1 ) = ( chu ) À 1 . W e
obta in then the no periodi cal and vani shing soluti on of the wave equati on (8) in
the form

E j =

˚
a j

bj

Ç

f ch [ a j ( x À x 0 )] g
À 1

: (23)

The electri c Ùeld described by the soluti ons (19) or (23) does not have the sin-
gul ari ty and these soluti ons can be used whi le deÙning a boundary problem on
interf ace.

6. Id ea of b oun dar y pr obl em on non l inear i nt erf ace f or TM Ùel d

The above consi derati ons of the soluti ons of nonl inear wa ve equati on (8)
showed tha t for deÙning the boundary pro blem for TM Ùeld on interf ace, we
could use only nonsi ngular soluti on (19){ (23). Thi s m eans tha t electrom agneti c
bounda ry problem for TM Ùeld in lossless nonl inear media is physi cal ly possible
onl y i f both media are of the defocusing typ e, i .e. when ˜ 1 < 0 ; ˜ 2 < 0 :

Pure surface m odes, whi ch are not periodical and not vanishi ng for x > 0

and x < 0 , are well kno wn soluti on of a boundary problem [1{ 8]. Seeking f or new
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soluti ons of the probl em, we want to show the exi stence of such TM Ùeld modes,
whi ch are oscil lati ng and periodi cal in one m edium , vanishing in a second medium
and fulÙl the boundary condi ti on on interf ace and in inÙnity .

W hi le assuming a vanishing character of ampl itude of a Ùeld in region 1
and i ts osci llati ng character in reg ion 2, we also presume certa in form for integra l
constants of Eq. (11), accordi ng to our previ ous considerati ons, nam ely

C 1 = 0 for x > 0 ; (24)

C 2 > 0 for x < 0 : (25)

Then the soluti ons of nonl inear equati on (8) ta ke on the form (23) and (19).
R egion 1, x > 0 and ˜ 1 < 0

E 1 =

˚
a 1

b 1

Ç

f ch [ a 1 (x À x 0 1 )] g
À 1

: (26)

R egion 2, x < 0 and a 2 < 0

E 2 ( x ) = £2 cn [ Û2 ( x À x 0 2 ) j m 2 ] ; (27)

where a 1 ; b1 ; £2 ; Û2 ; m 2 are given by the expressions (17), (18), (20), (21),
and (22), respecti vely and x 0 1 and x 0 2 are the new integ ral constants and factors
deÙning m axi ma of the f uncti ons (26) and (27).

7 . Co n di t io n s of con t in u it y an d in teg r al con st ant C 2

The bounda ry condi ti ons for TM interf ace requi re the conti nui ty of com po-
nents E z and H y for x = 0

E 1 (0 ) = E 2 (0 ) ; (28)

H 1 (0 ) = H 2 (0 ) ; (29)

where E j ² E z j ; H j ² H y j . From Ma xwel l equati ons (4) and (6) we have

H j ( x ) =
i! " 0

j "

k 2
j

dE j (x )

dx
: (30)

The relati on (29) coul d be wri tten in a form

" j

k 2
1

dE 1 ( x )

dx

Ù
Ù
Ù

x =0
=

" 2

k 2
2

dE 2 (x )

dx

Ù
Ù
Ù

x =0
: (31)

Using the expl icit form s of com ponents E 1 (x ) and E 2 ( x ); the condi ti on (31) and
Eq. (11) al low for deÙning an integ ra l constant C 2

C 2 =
k 2

2

2"

ç˚
1" k 2

2

2" k 2
1

1" 1 À
2" 2

Ç

E 2
0

+
1

2

˚
1" k 2

2

2" k 2
1

˜ 1 À ˜ 2

Ç

E 4
0

Ñ

; (32)

where E 0 i s the value of electri c Ùeld on interf ace x = 0 :
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8 . D isp er sio n equ at ion an d i t s d i scu ssio n

The condi ti ons of conti nui ty (28) and (29) of components of the Ùeld on
interf ace x = 0 give us the f ollowing relati ons:

£cn( Û 2 x 0 ) =

˚
a 1

j b1 j

Ç 1 = 2 È
ch( a 1

1
x 0 )

ÊÀ 1
; (33)

2"

k 2
2

£ Ûsn( Û2 x 0 ) dn ( Û2 x 0 ) =
1"

1 k 2

a
3 = 2

1

j b1 j
1 = 2

th (a 1
1 x 0 )

È
ch( a 1

1 x 0 )
Ê

À 1
: (34)

Replacing (33) wi th (34) we obta in the di spersion equati on, whi ch determ ines the
TM Ùeld modes on interf ace

1" a 1 k 2
2 th ( a 1 x 0 1 )cn( Û2 x 0 2 ) = 2" k 2

1 sn( Û2 x 0 2 ) dn ( Û2 x 0 2 ) : (35)

The last equati on can be easily reduced on expl ici t form of an equati on, determ ining
the pro pagati on constants h of these m odes. Assum ing a certa in valueof the electri c
Ùeld E 0 on the interf ace, we have

E 0 =

˚
a 1

b 1

Ç1 = 2

[ch( a 1 x 0 1 )] À 1 ; (36)

and

E 0 = £ 2 cn( Û2 x 0 2 j m 2 ) : (37)

Using the last relati ons, the dispersion equati on (35) could be tra nsform ed into
the form , in whi ch the value of E 0 Ùeld and the coe£ cients of nonl ineari ty ˜ 1

and ˜ 2 exist in various powers. As the coe£ ci ents of nonl ineari ty ˜ 1 and ˜ 2 are
of the order of 10À 12 m 2=V 2, so the expressions conta ining ˜ 1 and ˜ 2 in the
powers n Ñ 2 cannot be avoided because of thei r inÙni tesimal contri buti on. Easy
tra nsform ati ons lead us then to wards the dispersion equati on wi th i ts form

( h 2
À

2" )

˚

2 2" +
1"

2"
˜ 1

Ç

+ ˜ 2 ( h 2
À

1" ) = 0 : (38)

The roots of the last equati ons are easy to determ ine and they have the form

h = Ï

s
2 " 2

2 + 2 " 1 ˜ 1

2 " 2 + " 1

" 2

˜ 1 + ˜ 2

¤

p

" 2 : (39)

A propagati on constant h , as one can see, is determ ined by the param eters of a
bounda ry media and does not depend on the value of E 0 Ùeld on interf ace. Thi s
m eans tha t in considered structure, where the param eters of m edia are given, we
can guide onl y one m ode of TM electri c Ùeld wi th the propagati on consta nt (39).

9 . P ow er gu id ed by TM Ùeld on t he int erf ace

The power Ûux in opti onal region is determ ined by the average value of the
Poyn ting vector, whi ch is given for TM Ùeld in consi dered structure as

h S i =
1

2
R e

È
À ( E z H Ê

y ) + ( E x H Ê

y )
Ê

: (40)
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Using Ma xwel l equati ons for TM Ùeld (4){ (6), a com ponent of the Ûux on the
interf ace in j reg ion could be expressed in the form

h Si z =
1

2
R e

"
! " 0

j " k 0 h

k 4
j

@E z

@x

@E Ê

z

@x

#

; (41)

and the power gui ded in tha t di recti on is deÙned by integ rati on of the last expres-
sion.

9.1. Power guided in region 1 (x > 0 )

Using (41) and (26) we obta in

P 1 =
! " 1

0 "k 0 h

2 k 4
1

Z
1

0

@E z

@x

@E Ê

z

@x
dx =

! " 1
0 "k 0 h

6 k 4
1

b1

È
1 + th 3

( a 1 x 0 1 )
Ê

; (42)

where k 1 ; a 1 ; b1 are determ ined by the relati ons (10), (17), and (18), respectively.
The dependence of power P 1 on the value of electri c Ùeld E 0 streng th on the

interf ace is i llustra ted in Fi g. 2.

Fig. 2. Power guided on the interf ace in region 1 as a function of E 0 Ùeld.

9.2. Power guided in region 2 (x < 0 )

Accordi ng to (4) and (27) the power guided in thi s reg ion can be expressed
in the form

P 2 =
! " 2

0 "k 0 h

2 k 4
2

Z 0

À1

@E z

@x

@E Ê

z

@x
dx

=
! " 2

0 "k 0 h

4 k 4
2

(

m À 2
2

[ À E [am (0 ) ; m 2 ] + E [ am (2 K ( m 2 )) ; m 2 ] ]

À m 2
2

Û2 2 t 0
À1

sn4 [ Û2 ( x À x 0 2 )] dx

)

; (43)
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where E and K are the respective el l ipti c integ ra ls. The power P 2 can be further
analysed num erical ly in an easy way. The dependence of power P 2 on the value of
electri c Ùeld E 0 strength on the interf ace is i l lustra ted in Fi g. 3. Calcul ati ons of
the powers P 1 and P 2 were made for the case when a m edium 1 is characteri sed
by the coe£ cients: 1" 1 = 1 : 5 5 ; ˜ 1 = 6:37 È 10À 11 m2 =V2 and a medium 2 by
coe£ cients: 2" 2 = 1 : 8 3 ; ˜ 1 = 8:88 È 10À 10 m 2=V 2 [4, 5]. The wa ve of the TM
m ode is of the length Ñ = 0 : 6 3 3 ñ m .

Fig. 3. Power guided on the interf ace in region 2 as a function of Ùeld.

a) El ectrom agneti c Ùeld wi th polari sati on TM and vari able am pl i tude perpen-
di cular to interf ace can be exci ted on nonl inear interf ace between two non-
l inear m edia of the Kerr typ e, whi ch are described by uni axi al tensor (1) and
in appro xi mati on (2), (3).

b) It means tha t for x > 0 am pl i tude quickl y decays in the di recti on perpen-
di cular to interf ace, and for x < 0 ampl i tude oscil lates wi th a certa in period
of oscil lati on.

c) The wa ve can be however exci ted onl y in the case when both adjacent me-
di a are characteri sed by negati ve nonl inear coe£ cients ˜ < 0 (def ocusing
m edia).

d) For the chosen nonl inear appro xi m atio n (2), (3) the constants of propagati on
of TM Ùeld on interf ace are only weakl y dependent on the value of guided
power and thus we assume tha t no such dependence exi sts.

e) A real part of Poyn ti ng vector, perpendi cular to interf ace is equal to zero.
In spite of the am pl i tude oscil lati on the wa ve does not pro pagate in tha t
di recti on. Onl y oscil lati on of the power pro ceeds. The half of the period of
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the Poyn ti ng vector is di rected towards positi ve v alues of x , the second hal f
is di rected towards the negati ve values. The ti m e avera ge value of oscil lati on
of the Poynti ng vecto r perpendicular to interf ace is equal to zero.

f) Such energeti c behavi our is characteri sti c of surf ace wa ves. Typi cal surface
wa ve has however the ampl itude vanishing on the both sides of interf ace.

g) TM wave described in tha t paper can be cal led the wave of the surf ace typ e
or quasi-surf ace wave because of the ampl i tude behavi our whi ch is di ˜erent
tha n tha t of the typi cal surf ace wa ve.

h) A wa ve wi th sim i lar characteri sti cs appears in com plete interna l reÛection
on the nonl inear interf aces.

i ) TM wa ve guided on nonl inear interf ace, being di scussed in tha t paper, is a
new ki nd of wave, excited on tha t interf ace.
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