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The uni que features of the families of bri ght spinning spatiotemp oral
solitons (doughnuts or vortex light bullets ) in disp ersive quadratic media,
includi ng their stabili ty , are presented. Both analyti cal results, obtained by
means of a simple variational approximation, and numerical simulations are
presented and compared. I t w as found that though the variational approx-
imation is not very accurate, it correctly describ es the qualitati ve features
of the spinni ng spatiotemp ora l solitons. T he spinni ng light bullets are sub-
j ect to a strong azimuthal instabil ity , which leads to the break- up of the
spinni ng soliton into a set of fragments, each b eing a s t a b le nonspinn in g
spatiotemp oral soliton.
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1. I n t rod uct io n

Sol i tons in opti cal m edia wi t h quadrati c nonl ineari ti esexhi bi t uni que dyna m -
ical behavi ors and have a potenti al for appl icati ons to photo nic devi ces[1{ 20]. One
of the funda menta ll y im porta nt properti es is the fact tha t , unl ike the Kerr nonl in-
eari ty [21], the quadrati c nonl ineari ty doesnot lead to wa ve col lapsein any physi cal
di mension [3], and thus i t opens a way to generate stabl e spati otempora l sol i tons
(STS), or \ l ight bul lets" (L B) [21], i .e., ful ly local ized spati otem pora l ob jects tha t
resul t from the simul taneous balance of di ˜ra cti on and di spersion by nonl inear
phase-m odul ati on. STS in various typ es of nonl inear opti cal envi ronm ents have
attra cted a great deal of interest [22{ 42]. However, col lapse does not ta ke place,
m aki ng stable LB possible, in media wi th satura ble [25, 26, 31], quadrati c [35, 39],
and cubi c-quinti c [43, 44] nonl ineari ti es, in o˜- resonance two -level system s [41] as
wel l as in self -induced- tra nsparency m edia [40]. R ecently in Ref. [41] the pro pa-
gati on of 2D f emto second opti cal pul ses in an o˜- resonance tw o-level m edium was
addressed. W i thi n the quasiadiabati ng fol lowi ng appro ach, the evoluti on of the
pul se is governed by a general ized Ka dom tsev{ Petvi ashvil i equati on wi th coupl ing
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between the spati al and tem pora l pro Ùle. It was shown tha t due to the intera c-
ti on between the tra nsient, reta rded di ˜ra cti on and the electrom agneti c absorp-
ti on, stable, local ized (2+1 )-di m ensional opti cal pul sescan be form ed. W e menti on
also tha t the possibi l ity of form ing spati otempora l soli to ns in inhom ogeneous, di s-
persive nonl inear media using a graded- index Kerr m edium as an exampl e was
inv estigated vi a a vari ati onal appro ach [42].

On the one hand, STS is a chal lenging object for funda menta l research, as
exam ples of stable local ized objects in two- dimensional (2D ) and, especial ly, in
three- dim ensional (3D ) nonl inear m edia are rare in physi cs. On the other hand,
STS hold prom ise for potenti al appl icati ons in future ul tra fast al l -opti cal logic
devi ces, where each STS may represent an elementa ry bi t of inf orm ati on, pro vi ded
tha t stabl e STS can be form ed from pul sesat reasonable energy levels in avai lable
opti cal m ateri als.

The form ati on of 2D STS in quadra ti cal ly nonl inear m edia has been recentl y
observed [45]. In these experim ents, ti l ted- pul se techni ques were used to contro l the
e˜ecti ve group- veloci ty-di spersion (GVD ) and group-vel ocit y-mi smatch (GV M)
exp erienced by the propagati ng signals [46]. In parti cul ar, the e˜ecti ve GVD was
m ade anomalous and properly enhanced, whi le the GVM was reduced. An im -
porta nt peculiari ty of the resul ts reported in [45] is tha t 2D STS can be success-
ful ly generated despite a nonv anishing value of group-vel ocit y- mismatch between
funda m ental-harm onic (FH) and second- harm onic (SH) wa ves. Very recentl y, non-
col linear generati on of opti cal 2D STS, based on typ e-I intera cti on (the one whi ch
inv olves a single FH wa ve) in quadra ti cal ly nonl inear media has been demon-
stra ted in a barium meta borate (Ba 2 BO 4 , al ias BBO) crysta l [47]. The resulti ng
Y- l ike geom etry of the opti cal STS generati on can be used to im plement opti cal
logical AND gates wi th ul tra fast high-contra st operati on. Ho wever, 3D STS in
quadra ti cal ly nonl inear m edia have not been observed experim enta lly thus far.

An im porta nt feature tha t must be ta ken into regard in any physi cal ly re-
al isti c m odel of second- harm onic generati on (SHG ) m edia is the fact tha t the FH
and SH wa ves have di ˜erent dispersions: whi le the dispersion at both frequen-
ci es must be anom alous to supp ort ful ly stati onary STS [35], thei r absolute values
are, general ly, di ˜erent. Thi s im pli es tha t equati ons describi ng the structure of
the STS incl ude a spati otem pora l anisotro py whi ch has no analog in the case of
spati al sol i to ns [35].

Sta ti c (n on w a l k in g ) STS [35{ 39] are represented by r eal soluti ons to the
correspondi ng coupl ed nonl inear wa ve equati ons. In thi s case, STS actual ly move
at a veloci ty e x a ctl y equal to the group velocity of the carri er waves. In the SHG
m odel , i t is usual ly assumed tha t FH and SH group veloci ti es coincide. Then, the
onl y free parameter of the STS soluti ons is thei r propagati on constant (no nl inear
wa ve numb er shif t). An im porta nt general izati on to the case of \ walki ng" STS,
represented by co m pl ex (chi rp ed) stati onary soluti ons, whi ch m ove at a Ùnite
vel ocity relati ve to the carri er-wa ve group vel ocity , was recentl y carri ed out for
a sim pler 2D case [48]. Such a general izati on was necessary , Ùrst of al l , because,
in real i ty , the FH and SH group veloci ti es are not exactl y equal . Mo reover, in a
real exp erimenta l situa ti on, the mismatch between the two group vel ociti es may
be signi Ùcant [45], whi ch does not prevent the form atio n of quadrati c sol i tons
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when the phase-m ismatch between the wa ves is correspondi ngly large [49], but
m akes a deta i led theo reti cal study of the \ walking " e˜ects necessary . Famil ies of
1D \ walking sol i tons" were studi ed in detai l as sol i ta ry- wave soluti ons of the SHG
m odels in the presence of spati al or tem pora l walk- o˜ [16{ 18]. It has been found
tha t the walking sol ito ns have features essential ly di ˜erent from tho se of the stati c
ones, e.g., a di ˜erent energy distri buti on between thei r FH and SH components,
and di ˜erent sol i to n contents [50] produced by arbi tra ry (non-sol i to n) input pul ses.

Next we di scuss in som edeta i l recent num erical work on one-parameter fam -
i l ies of 3D spinning (vo rtex) LB in a model of a typ e-I SHG medium [51]. The
m odel assumes di ˜erent coe£ cients of the GVD at the FH and the SH [35] but
neglects the Poynti ng-vector walko˜ and tem pora l group-vel ocity m ismatch. Spin-
ni ng LB in m odels of thi s typ e were very recentl y considered in a bri ef form in
R ef. [52], usi ng a vari atio nal appro xi m atio n and very lim i ted num erical com pu-
ta ti ons. Here we com pare, for a selected set of parameters, the exact num erical
resul ts wi th tho se obta ined by using a simpl e vari ati onal m etho d. However, a cru-
ci ally importa nt issue is the (in)sta bi l i ty of the spinni ng LB against azimutha l
perturba ti ons whi ch wi l l be considered to o.

2. Spin ni ng l i ght b u l let s

The scaled equati ons describing typ e-I SHG processes(i .e., involvi ng a sin-
gle FH polarizati on) in the (3+1 )D geom etry in the presence of dispersion and
di ˜ra cti on are well kno wn [35]
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Here, T , and X ; Y are the norm al ized tem pora l and tra nsverse spati al coordi nates,
Z i s the norm al ized pro pagati on distance, and u ; v are the FH and SH envelopes.
A phase m ismatch between the two harm onics is Ù , and ¥ i s the rati o of the GVD
coe£ cients at the two f requenci es. In the parti cul ar case ¥ = 1 , corresp ondi ng to
identi cal FH and SH di spersions at the two frequenci es, the model possesses an
addi ti onal spati o tempora l spheri cal symm etry [35, 37].

W e look for stati onary soluti ons to Eqs. (1) in the form of u = U ( r ; T )

È exp ( iç 1 Z + is˚ ) ; v = V ( r ; T ) exp [ 2 ( iç 1 Z + is˚ ) ], where ˚ i s the polar angle in
the tra nsverse plane, ç i s the nonl inear wave num ber shif t, and the integ er s i s the
vo rti city numb er or \ spin" . The am pl itudes U and V m ay be taken real , obeying
the equati ons
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In Eqs. (2) ¥ and Ù are m ateri al and carri er-wa ve param eters, whi le ç 1 parametri zes
the fam i ly of the stati onary soluti ons. Note tha t soluti ons of thi s form assume tha t
the phase hel ix is in the tra nsverse spati al pl ane (X ; Y ) . One can also consi der LB
wi th a phase helix in a spati otem pora l pl ane. Because, in general the asymm etry
parameter ¥ 6= 1 , such soluti ons lack the axi al sym metry ; thei r analysis is much
m ore compl icated and theref ore they are left beyond the scope of thi s work.

The to tal energy of LB is

I =

Z Z Z

( j u j
2 + j v j

2 ) dX dY dT ² I u + I v ; (3)

whi ch is a conserved quanti ty. The other dyna m ical inv ari ants are the Ha mi l to -
ni an H , the m omentum (equal to zero for the soluti on considered), and the angular
m omentum L in the tra nsverse pl ane. One readi ly Ùnds from Eqs. (1), (2) tha t the
Ha mi l to nian and the angul ar m om entum of stati onary spinni ng LB are related as
fol lows:
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and

L = sI : (5)

In the parti cul ar case s = 1 and ¥ = 0 it i s possibl e to get exact analyti cal
soluti ons for spi nni ng l ight bul lets vi a a variati onal techni que. To thi s aim , we
choose the fol lowing Ansat z :

U ( r ; T ) = Ar exp( À a 0 r 2
À ˜ 0 T 2 ) ; (6)

V ( r ; T ) = B r 2 exp( À a 0 r 2
À 2 ˜ 0 T 2 ) ; (7)

where we have intro duced the four free param eters A; B ; a 0 , and ˜ 0 . The La-
grangean of the system to be m inim ized is L = H + ç 1 I . Fi nal ly, we got the
fol lowi ng result for the to tal energy and the Ham i l toni an as a functi on of the wa ve
num ber shift ç 1 and the phase m ismatch Ù
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B =
9

p

2

2
a 0 (2 a 0 + ç 1 ) ; (13)

and ç 2 ² 2 ç 1 + Ù .
W e have num eri cal ly found one-param eter fami li es of stati onary 3D spinn-

ing-LB soluti ons, havi ng the shape of a doughnut wi th a hole (pha se dislocati on)
in the center, for di ˜erent values of the GVD -asymmetry param eter ¥ . A stan-
dard band- matri x algori thm was used to deal wi th the correspondi ng two- point
bounda ry- value problem. It wa s f ound tha t soluti ons exist pro vi ded tha t thei r en-
ergy exceeds a certa in t hr eshol d . At the exact phase-m atchi ng point (Ù = 0 ), the
thresho ld vanishes. For stati onary soluti ons to decay exponenti al ly at inÙnity , the
wa ve num ber ç 1 has to obey the requi rem ents ç 1 > 0 for Ù Ñ 0 , or ç 1 > À Ù= 2

for Ù < 0 . W e have found sol i to ns onl y in the case when the SH dispersion is
anom alous or zero, ¥ Ñ 0 .

Fig. 1. The nonli near w ave numb er ç 1 vs. the energy I for the light bullets with spin

s = 1 and ¥ = 0 for the mismatch (a) Ù = À 3, (b) Ù = 0 , and (c) Ù .

Fig. 2. T he H amiltonia n H vs. the energy I for the light bullets w ith spin s and

¥ for the mismatch (a) Ù , (b) Ù , and (c) Ù .

T o characteri ze the LB soluti ons, in Fi gs. 1 and 2 we displ ay the wa ve num -
ber ç 1 and the Ham i lto ni an H of spinni ng LB wi th s = 1 and ¥ = 0 vs. i ts net
energy I for three representati ve values of the m ismatch Ù . In Fi gs. 1 and 2, the
exact fam i lies of stati onary LB are shown wi th ful l l ines, whereas the appro xi mate,
vari ati onal soluti ons are shown wi th dashed l ines. For larger values of the \ spin"
(e.g., s = 2 ), the resul ts are sim i lar, al tho ugh the thresho ld energies are higher.
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T o concl ude the discussion of the stati onary soluti ons, we note tha t compari son
wi th the simpl e variati onal approxi matio n f or the spinni ng LB, bri eÛy described
in R ef. [52], demonstra tes tha t, al tho ugh the vari atio nal appro xi mati on is not very
accurate, i t correctl y describes the qual i ta ti ve features of the shape of the spin-
ni ng LB.

3. St ab i l it y an d p ossib ili t y of obser vat i on of 3D l ight bu l let s

Pro ceeding the stabi l i ty sim ulati ons, we solved Eqs. (1), usi ng the Cra nk{
Ni colson scheme. The corresp ondi ng system of nonl inear equati ons was solved by
m eans of the Pi card itera ti on metho d, and the resul ti ng l inear system was trea ted
by the Gauss{Seidel i tera ti ve scheme. For good converg ence we needed, typi cal ly,
Ùve Picard i tera ti ons and eight GaussÀ Seidel i tera ti ons. The tra nsverse gri d step
sizeswere 0 : 0 8 ç Â X = Â Y = Â T ç 0 : 1 2 and, in m ost cases,the longi tudi nal step
size wa s Â Z = 0 : 0 1 . To avoid distorti on of the insta bi l i ty developm ent under the
acti on of the symm etry of the Cartesi an com puta ti onal m esh,we added ini ti al per-
turba ti ons tha t m imi c random Ûuctua ti ons in a real system (cf . Ref. [5 3 ]). Fi gure 3
di splays the outco me of num erical simul ati ons: the doughnut- l ike spi nni ng LB are
al w ay s unstabl e against azimutha l perturba ti ons, whi ch lead to breakup of the
doughnuts into several nonspinning LB. In fact, thi s instabi l ity is qui te sim i lar to
the theo reti cal ly [54] and exp erim ental ly [55] kno wn insta bi l i ty of (2+1 )D one-ring
(f unda m ental) and tw o-ri ng (second- order) spati al bri ght vortex sol i to ns in sat-
ura ble and quadrati cally nonl inear m edia. It is also notewo rthy tha t higher-order
sol i ta ry wa ves in satura ble m edia exhi bi t sim i lar tra nsverse instabi l iti es tha t break
thei r azi mutha l sym m etry [53, 56].

Three emerging fragm ents were found to have unequal energies in the s = 1

case, whereas four fragm ents are f ound to have exactl y equal energies in the
s = 2 case (see Fi g. 3). Af ter the breakup of the doughnut, the fragments Ûy
out ta ngenti al ly, ra ther tha n keeping to spira l (sim i lar to wha t is kno wn about
the insta bi l i ty- induced breakup of the (2+1 )D spati al vortex sol i to ns [54]). Thus,
the angular m omentum of the doughnut \ spinni ng" soli to n is converted into the
angular mom enta of the emerging nonspi nni ng fragm ents. La stly, we have found
tha t the num ber of the emerging fragm ents is roughly twi ce the ori ginal \ spin"
value s . The dependence of the numb er of the fragments on the other param eters
is f airl y weak.

The resul ts of the di rect dyna m ical simulati ons reported in thi s work m ust
compl y wi th the stabi l i ty analysis based on Eqs. (1) l ineari zed around the sta-
ti onary spinni ng LB. In parti cul ar, sim i lar to Refs. [54, 56], we exp ect tha t the
num ber of the emerging f ragments is determ ined by the \ azimutha l numb er" of
the perturba ti on m ode havi ng the largest growth rate. However, the corresp ondi ng
eigenvalue pro blem turns out to be prohi bi ti vely com plex, and is left beyond the
scope of thi s work.

T o create spi nni ng sol i to ns in the experim ent, one can give the necessary
vo rti city to the ori ginal cyl indri cal laser pul se, passing i t thro ugh a properly fabri -
cated pha se mask [55]. T o estim ate real physi cal param eters at whi ch the spinni ng
l ight bul lets and thei r insta bi l i ty can be observed in the experim ent (si mi lar to the
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Fig. 3. Gray- scale contour plots illu strati ng the instabil ity of the one- ring spinnin g

light bullets. In (a) and (b) s = 1; ç 1 = 3 while in (c) and (d) s = 2; ç 1 = 2 : 2. T he

other parameters are ¥ = 2 and Ù = À 3 . T he propagation distance is Z for s ,

and Z for s . Only the fundamental- f requency comp onent is show n.

exp erimenta l observati on of the instabi l i t y of the spati al vortex bri ght sol i to ns in
R ef. [55]), we can use the param eters at whi ch the 2D LB in the SHG media were
recentl y observed in R efs. [45]. In the Li IO opti cal crysta l (i n whi ch the necessary
tem pora l dispersion is induced arti Ùcial ly, by m eans of a grati ng), the l ight wi th
the intensi ty GW / cm self-tra ps in LB wi th characteri stic tem pora l and spa-
ti al sizes fs and m , respecti vely. In the case of the 3D LB, the intensi ty
should be, roughl y, twi ce as large (see [37, 39]). For the spinni ng LB wi th ,
the energy is, typi cal ly, Ùve ti m es as large as for the zero-spin sol i to n wi th the
sam e size. Thus, we arri ve at an estimate for the energy of the spinni ng 3D LB of
about J. These values of the physi cal param eters suggest tha t the exp eriment
aim ed to observe 3D LB should be qui te feasibl e. For the physi cal interpreta ti on
of the resul ts, i t is also im porta nt to understa nd the real meaning of the pro paga-
ti on distances tha t app ear in the above Ùgures. A typi cal size of the LB is,
in the dim ensionl essuni ts, , hence the corresp ondi ng di ˜ra cti on length is

. Thus, comparison wi th Fi g. 3 and wi th other num erical resul ts
suggests tha t the ful l spli tti ng of the spinni ng LB ta kes pl ace after i t has tra vel ed
a di stance equal to a few di ˜ra cti on lengths. On the other hand, a typi cal value of

in physi cal uni ts is m m [45]. Thi s shows tha t the spli tti ng pro cess m ay be
observed in avai labl e sampl es havi ng lengths up to 3 cm [45].
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4. Co n cl usion s

In concl usion, in the fram ework of the standard model of the typ e-I second-
-harm onic generati on in a three- dim ensional di spersive medium , we have found
num erical ly one-param eter fam i lies of spati otem pora l doughnut- shaped spinni ng
(vo rtex) sol i tons and we have made a compari son wi th the results obta ined by
usi ng a sim ple vari ati onal m etho d. Al l the spinni ng sol ito ns show a stro ng sym me-
try- breaki ng azimutha l instabi li ty . The instabi l i ty spli ts the spati otem pora l sol i to n
into stable nonspi nni ng l ight bul lets, whi ch Ûy out in ta ngenti al di recti ons. The
nonspi nni ng three- di mensional spati otem poral soli to ns are dyna mical ly stable in
m ost cases, hence in pri ncipl e they m ay exp erimenta l ly generated in quadrati cal ly
nonl inear m edia.
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Mo st of the research work bri eÛy presented here have been carri ed out
in col laborati on wi th L. -C. Cra sovan, F. Lederer, B. A. Ma lom ed, D. Ma zilu,
I. V. Mel ' niko v, N.-C. Panoiu, and L. T orner. I am deeply indebted to al l of them .
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in thi s work.
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