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A Darboux-Backlund transformation is used to obtain a positon type
solution of the nonlinear equations describing the propagation of coupled
nonlinear optical pulses.This form of the positon solution is then compared
with that obtained by the special limiting procedure applied to a two-soliton
solution. It is observed that though the algebraic form of the two solutions is
different yet both of these have singularities and the position of the singular-
ities remains on the similar curve in the (z,t) plane. We also depict the form
of these solutions graphically. Finally, it may be added that the method of
Darboux~Backlund transformation is convenient for generating more than
one-positon solution.

PACS numbers: 02.30.+g, 52.35.Sb, 52.35.Mw

1. Introduction

A study of the optical pulse propagation is one of the most important use
of solitary waves found in the domain of integrable system [1]. On the other hand
nonlinear waves other than the type of solitons have been derived recently for
many integrable systems [2]. Here we have derived a new type of solutions for the
equations of coupled nonlinear optical pulses by using both Darboux-Backlund
transformation and a specialized limiting procedure on the usual two-soliton so-
lution — these are called positons for nonlinear optics. In the first part of our
paper we describe the approach of Darboux-Bécklund transformation. In the next
. part we have rederived the positon solution by starting with the two-soliton form
and adopting a specialized limiting procedure. It is observed that though the two
forms differ in their algebraic form yet their singularity structures are very similar.
Before proceeding to the formulation we may summarize the basic properties of a
positon type solution:

(a) Positons are weakly localised and in one dimension possess a singularity;

(b) The properties of the corresponding Lax eigenvalue problem is special;

(c) Positons remain unchanged after mutual interaction.
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2. Formulation

Coupled nonlinear optical pulses are described by equations of the following
form:

ige = @i+ 2r¢%,  irg = —ry — 2¢r7, (1)
the corresponding Lax pair is written as

U, =MV, VU,=NV (2)
M=(%A K ) © (3a)
ir  —iA
21 0 0 2ig —igr g4
N =2)? A
(0 —2i>+ (2ir 0 )+< —7ry iqr)

2o a b
:Z)\J ( cj- _;. ) (say). (3b)

The Lax eigenfunction can be written in general as

¥ = (%11 Yrava1 ¥22) (4)
and the Darboux-Bécklund (DB) transformation can be written as [3]
U=T¢ with = (911 12921 $22) (5)

and

2i 0 a b
T:)\(O 2i)+(c d)‘ (6)

Since we demand that the transformed equation must be of the same form,
we must have

¥ = MU, (7a)
¥, = N, (7b)

where instead of (r,q) the variable (7,§) occur in (M, N). Consistency of (5)
and (7a) demands

T,= MT~TM, (8)
which leads to

a;=i(gc —rd), dy = —i(qc ~7b),

bi=i(qd — qa), c¢;=i(Fa —rd) (9a)

along with
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g+ q=—-ib, r+4+7=—ic (9b)
obviously

det T'(A) = 42 + 2i(d — a)A + (ad — bc)
and if A1, Ay be two zeros of det T'(A) then we have

det T(/\) = 4()\ - }\1)(/\ - )\2) (10)
Now since M, M, N, N are traceless it follows that
(det ¥), = (det ¥); = 0. (11)

The same being true for det ¥, whence A1, A2 are independent of z and ¢. Now ¥
is collinear that is

P11())) N
1§ +ki| % =0 12
( Fa0) ) T\ G (12)
for some constants k;. Thus ¥ = TV is also collinear at A = A1 and A = Ay, leading
to
(2iM1 + @)1 + b2 =0, (=2iA; +d)ha + cp1 =0,
(2102 4 a)d1 + b2 =0, (=2ids + d)d2 + cd1 =0, (13)
where

PY1(A1) = Yra(An) + kavda(Me),  P2(M1) = Ya1(A1) + katdaa(Ar),
$1(A2) = Y11(A2) + kathr1a(X2),  d2(A2) = Ya1(Az) + kath2a(A2). (14)

Solving these linear equations we get
a = 2i(A2d192 — Mith1¢2)/ 4, b =2i(M — )11/ A,

¢ =2i(A1 — A2/ A,  d=2i(Aadathr — Mpad1)/A (15)
with A = 1169 — 2¢1. Substituting b and ¢ from Eq. (15) into Eq. (9b) we get
T=—q+2M — X)hid1/4A, T=—r+2A — A)Ya¢2/A. (16)

Before proceeding further one must check the consistency of the space part
of the old and new Lax operators with the DB transformation. From Egs. (7)
and (5) we get [4]

N = (8,T + TN)T~1. | (17)

If we write
2 @ b
N=SN"M{ 7 7 ], 18
! ,2;3 (z, —%) "

one gets from Eq. (7Tb) NT = T, + TN. On substitution we get

az by ~ [ 21A+a b 21+ a b
= - N . 19
(cz dx) N( c —21A +d c -2+ d ()

Equating various coefficients of A, we get
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62 = 2i, as = 21, ?1:1 = 0, a; = 0, ao = —ia?, ag = —iqT‘,
b2 = 0, bz = 0, bl = 21&, b1 = —2iq, bo :?, bo = qt, (20)
Cao=0, ¢ =0, ¢ =27, ¢ = 2ir, ¢o =7, co=—";.

So that N is of the same form as N with (¢, 7) changed to (¢,7) which proves that
the DB transformation is compatible and Eq. (7b) can be used to generate new
solutions of the set (1) by starting with any seed solution.

3. Positon solution

Let us now note that a trivial solution of Eq. (1) is¢ = r = 0. For this values
of (¢,7), the Lax eigenfunctions are found to be [5]

0 _ Yi1 ¥i2 - eXP[g(‘L”t’)‘)] 0
v ‘(«Zgl %2) ( 0 exp[—g(w,t,»]) (21)

with g(z,t, A)=i(M + 2A%z).
For simplicity we choose A\; = o, A3 = 20 so that the wave function at
A=A is

Y1\ _ [ expli(8ciz + 20t))
( (2 ) B ( exp[—i(8c2z + 201)] ) (22)

and that at A = X5 it turns out to be

¢1 \ _ [ exp [i(2022 + ot)] (23)
b2 exp[—i(20%z + ot)] |’
so that the exact values of the coefficients (a, b, ¢, d) of Eq. (15) can be explicitly
obtained. Finally, we get using Eq. (16)
—icexp[i(1002z + 30t)] . —icexp[—i(100%z + 30't)]

sin(602x + ot) » TE sin(602z + ot)

qg=

(24)

We can now obtain the new eigenfunction ¥, written as
¥ =
[2iX — 2i0 — o exp(if)/ sin 6]e? (o/sin8) exp [i(30 — 802z) — g] (25)
(0/sin @) exp[—i(30 — 80%z) + g] [—2i) + 2ioc — o exp(—if)/sin fle™?
where g=1(2X%z + At) and 6 = (6022 + ot).
With this form of the eigenfunction at hand we can now repeat the above

procedure again and construct the second DB transformation. For this purpose we
choose A; = —20, A2 = —0 to get

= —§ - 207, (z,1)/ 4, (26)

R

= —F =207, (,1)/ 4, ' @

7
where Ty(z,t) and 7, (z,t) are given as
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(o2
1y(2,t) = 2402 exp [i(1002z — 7
'(2:1) 0" exp [i(100%2 3Ut)]+sin(602w+0't)

X { 10 exp [i(160%z — 20t)] — 6 exp[i(1602z + 20t)] ~ 4 exp([i(40?z + 4at)]}

2
o . .
m{ exp [i(220%z — ot)] — exp [i(220%z + 30t)]
+ exp [i(100%z + 90t)] — exp[i(10022 + 50t)]}, (28)
2
Tr(z,t) = —2402 exp —[i(1002z — -
(z,1) o exp —[i(100°z — 30t)] (6% F o0)
X {[10 exp [~i(160%z — 201)] ~ 6 exp[~i(160% + 20t)] — dexpl-i(4o’s + 4o1)] }
2
-7 (92025 — otV — expl—i(2902
+Sin2(60'2:1: apery { exp[—i(220°z — ot)] — exp[—i(2202z + 30t)]
+exp[—i(100%z + 90t)] — exp[—i(10022 + 50'15)]}, (29)
A= 89 0 os(20t) — cos(Bot) — 8 cos(1202 30
| = {60z + o) os(20t) — cos(6ot) — 8 cos(120%z)]. (30)

4, Positon from two-soliton solution

There is another very useful approach due to Jaworski et al. [6] which starts
from a two-soliton solution of the equation under consideration and then taking
a specialised limit to construct the positon solution. The two-soliton solution can
easily be constructed in the bilinear formalism of Hirota. One sets

‘q:G/F;T:H/F (31)
in Eq. (1) to get
(iDy — D? — 2goho)G-F, (iDy + D? + 2goho)H -F, (D? + 2goho)F-F. (32)

Here D is the Hirota operator and

F =1+ exp(m) + exp(n2) + a12 exp(n1 + 102),

G = go[1 + b1 exp(n1) + bz exp(nz) + bizexp(m + n2)],.

G = ho[l+ c1exp(n1) + caexp(nz2) + c12 exp(m -+ n2)] (33)

with
: 224+
m=piz— Dit+nf, e = 1/bi, b = —exp(2i€n) = ~ B0,
n—Pn

P2 = —Q%(2% +4p3), g0 = po exp(—2ip§z), ho = po exp(2ipfz). (34)
The coefficients a1, b1a, 12 are given as

aij = NafDa, bij = Ny/Dy, c¢ij = Ne/D, (35)

where
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Na = 203[(@% + Pyj) cos(26:) + (@% — Pyj) cos(2;)
+2(2ps 2i82; — pjwis) sin(26;) + 2(2p; 2025 — piwi;) sin(2§;)
—4(92% + ply) sin®(26; — 26:)] - 505 (285 + py),
D, = 4p3 2% + Wi + 2%, (35a)
Ny = —a;j (823 +ipi;)? + 5% [exp(2i€;) + exp(2i€;)] + Pij[exp(2i€i) — exp(2i€;)]
+ifexp(2i€;)(2pjwij — 4pi82:82;) + exp(2i&;)(2piwsj — 4p; 12:2;)],  (35b)
Ne = —a;;(02};—ipi;)* + & [exp(—2i&i) + exp(—2i&;)]
+Pyj[exp(—2i;) — exp(—2i€; )] —ilexp(—2i&: ) (2pjwi; — 4pif2:$2;)
+ exp(—2i€;)(2piwij — 4p; 12:82;)], (35¢)
Dy = D. = 2} + p}; (35d)
with
Qij = (2 + ), g = (2 — ), wij = (2 + 2), &ij = (0 - 27),
pij = (pi +p5), Bij = (i — p;), Pij = (0} +p}), Pij = (0 — p})- (35¢)
We now impose the condition p; = p = —py. As a consequence we get ’
ba =& =& (say), 02f =05 =0 (say)

and
2 .
_ _ pgsin(26) 024
a1z = 292(p% ¥ 92)[17 2 51n(2€)])
by = c1o = —on®)__1(8,20% - g - 80%) + ARsin(26)).  (36)
8624(pg + £27)
along with the condition
Q4220  +p* =0 (37)
leading to
0% = -2p% +205(1 — p*/405)"/*. (38)
Now in the limit p — 0, these two roots behave as
2% ~ —p*/8p5, 22 ~ —4p}. (39)
Furthermore one should note that for the situation 22 ~ —4p2, i.e. 2_ ~ 2ip3,
2 2 4
—p —p*(1+96p3) _
a2 ~ Zép—g’ biz =c12 ~ W = Q (say). (40)

Let us now remember that in the definition of the wave fronts n; and 72 we
had two arbitrary constants n{ and 3. We choose

exp(n?) = VA8p}/p, exp(nf) = —V4p}/p, . (41)
so that as p — 0 terms like a;; exp(n; + 7;) are finite. :
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Finally we get
lim F =1+ 8v/3p3 exp(—£2t) + exp(—202t)),
;}i-% G = poexp(—2ipie)[1 — 4V3(2p2z—i) exp(—12t) + Q exp(—282t)),
;}i—{% H = pyexp(2ipdz)[1 — 4V/3(2p32+i) exp(—£2t) + Q exp(—2£2t)]. (42)

So we get the final form of the solution as

= lim ¢ =i i
q_p—:»OF’ r_pl—l;lglf. (43)
Note that these ¢ and r are singular at
_cos(2pot)

whereas the two-positon obtained through the DB transformation is seen to be
singular at

3 1
= cog-!
z=cos™ |5 cos(20t) — 3 cos®(20t)| . (45)

Apparently the forms of the two curves given by Eqs. (44) and (45) are totally
different, but as shown in Figs. 1 and 2 they show almost a similar variation.

IRLITITRNY

Fig. 1 Fig. 2

Fig. 1. Position of poles, Eq. (44) of positon solution obtained as a limit of a 2-soliton
expression, £ vs. t, 0 = 1.

Fig. 2. Position of poles, Eq. (45) of positon solution obtained by DB transformation
method, z vs. ¢, o = 1.

5. Conclusions and discussions

In our above analysis we have obtained one- and two-positon solutions of
the nonlinear integrable system which describes coupled optical pulse propaga-
tion. This has been done in two ways. One with the help of Darboux—Béacklund
transformation and the other with the help of a limiting procedure on multisoliton
states. We have exhibited the space-time variation of such solutions in Figs. 3
and 4 for the one-positon obtained through two different methods, while the two-
-positon is depicted in Fig. 5. Note that to construct a two-positon by the limiting
procedure one has to start from a four-soliton state which we have not done in this
communication. In this respect there is some advantage of the DB transformation
over the latter approach.
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Fig. 3. One-positon, Eq. (24), obtained by DB transformation, mod ¢ vs. £ and t,.

oc=1. .
Fig. 4 One-positon, Eq. (43), obtained as limiting procedure on 2-soliton state, mod ¢
vs.zand t, p=1.

Fig. 5. Two-positon, Eq. (26), obtained by DB transformation, mod ¢ vs. z and %,
o=1.
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