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Spin chains and spin ladders can have a variety of gapless (critical) or
gapped (massive) phases depending on the length of the spin and the type of
coupling. A brief review of the results on some simple models is given with
emphasis on the generation of the Haldane gap in anisotropic spin ladders.
PACS numbers: 75.10.Jm

1. Introduction

Spin chain models have been intensively studied ever since Bethe [1] has
shown that the excitation spectrum of the spin-1/2 Heisenberg model can be calculated exactly by his famous Ansatz. Since this calculation gives a gapless spin
liquid phase in the isotropic antiferromagnetic point, Haldane's conjecture [2, 3]
that for integer spin models the spin liquid phase has a gap, was met with some
scepticism. By now many analytical and numerical works support it.
The Haldane gap was first observed experimentally in CsΝiCl3 [4]. Even more
interestingly recently several classes of materials have been discovered in which
two, three, etc. chains are coupled together to form spin ladders [5, 6]. Here we
will try to present some of our results, especially on the problem how the Haldane
gap is generated in anisotropic spin ladders.
2. IsOtrOpic spin chain models

The simplest isotropic model for the interaction of spins along a chain is the
nearest neighbour Heisenberg model described by the Hamiltonian

where i is the site index. We will mostly be interested in antiferromagnetic chains,
which in our notation correspond to positive J. For S > 1/2 higher powers of
Si • Si+1may also appear. Assuming that only the nearest neighbour spins are
coupled, the Hamiltonian can be written as

(81)

82

J. Sólyοm

where Ρι(Si + Si + 1) is the projection operator that projects to the subspace with
(Si +8i + 1) 2 = 1(1+ 1). The usual antiferromagnetic Heisenberg model corresponds
to the choice: fl = 1(1 + 1).
For S = 1, where bilinear and biquadratic terms may be present, the usual
parametrization is

On the antiferromagnetic side (—π/2 ≤ θ ≤ π/2) there are two special points,
θ = —π/4 [7, 8], and θ = π/4 [9, 10], where the spectrum can be calculated
exactly. In the first case the excitation spectrum is analogous to that of the antiferromagnetic spin-1/2 model, while in the second case there are three branches
of soft modes.
Between these two points, i.e., for —π/4 < θ < π/4 the system is in the
massive Haldane phase. The ground state is non-degenerate or fourfold degenerate,
depending on the boundary condition, and in any case the ground state is separated
from the continuum of excitations by a finite gap. Although the Haldane phase is
a spin-liquid phase, there exists a hidden order characterized by the string order
parameter [11]:

In the range π/4 ≤ θ ≤ π/2 the system remains gapless [12] with three
branches of soft modes. In the range —3π/4 ≤ θ ≤ —π/4 on the other hand the
• spectrum is again massive [13], and the ground state is doubly degenerate. The
existence of á further new phase in the neighbourhood of θ = —3π/4 has been
proposed [14, 15], but so far it could not be detected in the numerical calculations [16].
Gap can be generated in isotropic antiferromagnetic spin-1/2 models as well,
if the exchange between second neighbours is also important. Using lower case s
for spin-1/2 operators, the Hamiltonian is

At the special J2 /J1 = 1/2 Majumdar—Ghosh point [17] the Hamiltonian can
be written in terms of a spin-projection operator that projects the sum of three
neighbouring spin operators to the maximal 1 = 3/2 subspace

This allows to construct the ground state as a dimerized first neighbour valence
bond solid, and therefore it has a finite gap. In fact, the gap appears for J2/Jι >
(J2/J1)c = 0.241 already.
An analogous special point exists in the S = 1 bilinear-biquadratic model
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Apart from a constant term the coupling between neighbouring spins is proportional to the projection operator P2(Si + Si+l), and therefore the exact ground
state wave function can be constructed [18, 19]. It is a translationally invariant
valence bond solid with nearest neighbour valence bonds only. The Haldane gap
thus corresponds to the binding energy of a valence bond. Using this technique in
fact a large number of other massive spin-1 models can be constructed [20].
3. Isotropic spin ladders

Spin ladder models are obtained b y coupling two or more spin chains in an
appropriate manner as shown in Fig. 1.
Introducing a new index 1 that denotes the leg of the ladder, isotropic
spin-1/2 ladders can be described by the Hamiltonian

where the intrachain coupling is that of the usual Heisenberg chain,

while the interchain coupling acts between spins on the same rung,

When J is ferromagnetic, the spins on the same rung add up to a large
effective spin. Depending on the number of legs this effective spin is either integer
(for even number of legs) or half-odd integer (for odd number of legs). Therefore
a spin ladder with even number of legs in which antiferromagnetic spin chains are
ferromagnetically coupled, will have a Haldane gap.
The Majumdar—Ghosh model can also be considered as a special coupled
chain model. If the spins on even and odd sites are arranged in separate chains,
as shown in Fig. 2, the first and second neighbour couplings give a ladder-like
structure. If both of these couplings are antiferromagnetic, the frustration of the
spins on triangles gives rise to the finite gap.
Similar diagonally coupled ladders but with Haldane-like gap can be obtained
from the composite-spin representation of spin-S chains, if Si is represented as the

Fig. 1. Intrachain and interchain coupling in a two-leg spin ladder.
Fig. 2. Ladder representation of the spin chain with first and second neighbour couplings.
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sum of p = 2S spin-1/2 operators

Inserting this into Eq. (16), we get

where H1 has the same form as in Eq. (9), while the interchain coupling is

This can be considered as the Hamiltonian of a spin ladder, in which the interchain
coupling acts between spins on neighbouring rungs, as shown in Fig. 3.

Fig. 3. Intrachain and interchain couplings in a diagonal ladder.
In this representation the Haldane phase is expected for antiferromagnetic diagonal interchain coupling, since this corresponds to the antiferromagnetic spin-S
chain, while in the usual ladder the Haldane phase is expected to occur for
feromagntichupl.Iasbenhow[21]taifermgnc
diagonal ladder is in the same universality class as the usual antiferromagnetic
ladder, thus in the usual two-leg ladder the Haldane gap is generated for both
signs of the interchain coupling.
Even more complicated couplings are obtained if the composite-spin representation is used for the S = 1 bilinear-biquadratic model of Eq. (3). Beside the
intrachain, the usual ladder-like and diagonal interchain couplings a new type of
plaquette coupling appears, which in the isotropic case has the form

In the composite-spin representation of the spin-1 chain there is a special
relationship between the strength of the various terms. In a ladder the couplings
are independent. A general isotropic two-leg ladder could be described by the
Hamiltonian
with arbitrary couplings λi .
4. Haldane phase in the diagonal ladder

Earlier numerical calculations have already established [22, 23] that the Haldane gap is generated in the two-leg ladder for arbitrary small λ 1 irrespective
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of the sign. We have performed numerical calculations [24] on a model that included H2 and H as well, using the density matrix renormalization group (DMRG)
method [25, 26].
It was shown that like λ 1 , the diagonal coupling also generates a Haldane
gap for any λ2 ≠ Ο. There is, however, one feature that distinguishes the phases
obtained for positive or negative couplings. Since it is convenient to use open
boundary condition in the DMRG procedure, a fourfold degenerate ground state
should be found due to the end spins. For λ1 < 0 or λ2 > 0 this is in fact the
case. For λ 1 > 0 or λ2 < 0, on the other hand, we find a non-degenerate ground
state. This can be explained if we take into account that the usual and diagonal
ladder can be transformed into each other by a shift of the spins on one of the legs,
and that corresponds to cutting off the unpaired end spins that cause the extra
degeneracy.
The plaquett coupling λ3 alone will also generate Haldane gap, but its competition with the other couplings will lead to new phases. One finds a massive
phase, where the ground state is doubly degenerate, which is related to the direrized phase of the bilinear-biquadratic model, and surprisingly an extended critical
phase, too.
3

5. Anisotropic spin chains and spin ladders
In many cases the exchange coupling between the spins is anisotropic. For
uniaxial anisotropy the nearest neighbour Heisenberg Hamiltonian becomes

The ferromagnetic ground state is stable for Δ < —1. For half-odd integer spin
values Néel-type antiferromagnetic order appears for Δ > 1, while in the range
—1 < Δ ≤ 1 the system is in a spin-liquid phase with gapless excitations. For
integer spin values the Haldane phase appears between the gapless spin-liquid
phase and the antiferromagnetic phase in a more or less narrow range around
Δ=1.
The anisotropic diagonal spin-1/2 ladders can be obtained analogously to
the isotropic situation, using the composite-spin representation of the anisotropic
spin-S chain. The Hamiltonian will appear again as the sum of intrachain and
interchain terms, with the slight modification that now

and

When J ┴=JaΔ,nthedigolrsudhavetporis
of the spin-S chain, i.e., for the two-leg ladder the gapped Haldane phase should
extend from Δ = 0 to Δ = 1.18, while for the four-leg ladder it is limited to a
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Fig. 4. Possible phase diagram of the two-leg diagonal ladder.

Fig. 5. Possible phase diagram of the four-leg diagonal ladder.

narrow range around Δ = 1. One can ask the question how the Haldane gap
appears when two or four anisotropic S = 1/2 chains are coupled together. There
are two rather natural expectations as shown in Fig. 4 and Fig. 5, respectively.
Either the interchain coupling is relevant, and the gap is generated for arbitrary small f1, or it is irrelevant, and a finite coupling is needed to generate the
gap.
We have performed numerical calculations [27] to decide which scenario is
valid, but due to the smallness of the gap we were unable to draw definite conclusions. We have therefore done an analytic study [28] of the properties of spin
ladders using the bosonized version of the model.
really

6. Bosonized form of the two-leg ladder mode1
The spin-1/2 operators can be transformed to spinless fermions using the
Jordan—Wigner transformation and then the one-dimensional fermion model is
bosonized. This corresponds to introducing Φl and θ j continuum phase fields
and their adjoints for each chain. Using the standard procedure as given e.g.,
in Ref. [29], a single anisotropic spin-1/2 Heisenberg chain in its critical region is
transformed into a simple harmonic Hamiltonian
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where

For coupled chains the Φ l and 8, fields of the individual chains will be
coupled. Using the bosonized form for the spin operators, we get

where g = 4J ┴ Δ ┴ , g2 = 4J1Δ1, g3 = —4πJ ┴ , g4 = g5 = 2J1.
For the two-leg ladder it is useful to defme symmetric and antisymmetric
combinations of the fields
—

In terms of these fields the Hamiltonian of the diagonal ladder has the form

where

Analyzing the scaling dimension of the various terms it turns out that both the
symmetric and the antisymmetric modes will get gapped in the entire Ο < Δ < 1
range when the interchain coupling is switched on.
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7. Renormalization group treatment of the four-leg ladder

For four-leg diagonal ladders similarly one can introduce a symmetric and
three antisymmetric combinations

The parameters appearing in the harmonic part of the Hamiltonian are

Without writing the full Hamiltonian we give just a few typical terms arising
from the interchain coupling

As can be seen, there are terms that couple the symmetric mode to the antisymmetric modes, and others that only couple the antisymmetric modes among
themselves.
Since there are many terms than can compete we derived renormalization
group equations for the couplings,
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and solved them numerically. It turned out that in this case the antisymmetric
modes become massive, but the symmetric mode remains gapless.
8. Conclusion

The Haldane gap is a generic feature of isotropic antiferromagnetic integer
spin magnetic chains or even-leg spin ladders. Gapless or dimerized phases may
appear if anisotropy or higher order couplings are taken into account. Such higher
order (plaquette) couplings can be obtained if the ladder model is derived from
the composite-spin representation of a spin-S chain.
The effect of anisotropy is even more surprising. Coupling two or four gapless
anisotropic spin-1/2 chains into ladder, completely different scenarios are found. In
the two-leg ladder an arbitrarily small interchain coupling will generate a Haldane
gap in the entire range 0 < Δ < 1, thus realizing the scenario shown in Fig. 1, while
when four spin-1/2 chains are coupled into a four-leg ladder there always remain
a gapless mode, and only a finite value of the interchain coupling can generate a
Haldane gap in a narrow range of anisotropy.
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