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Stability of motions for different potential functions describing vibra-
tional motions of rotating molecule has been discussed. It was shown that
an equilibrium position for nonrotating 7o and rotating r; molecules for al-
most all the examined potentials is a node, but for the molecule described
by the soft body model a critical value of rotation quantum number J. oc-
curs above which 7o is a saddle point, and the stable motion may occur only
around 7.

PACS numbers: 33.15.—e, 33.15.Dj, 33.15.Mt

Stability or instability of motions plays an important role in many problems
of physics, astronomy, molecular physics and is determined by the form of potential
used to describe the problem considered [1-9].

In this paper I would like to discuss this problem for rotational—vibrational
(rovibrational) motions which are described by many different potential functions
(see for example [10, 11]). For this purpose eigenvalue A of stability matrix A will
be calculated for two fixed points rg and r; [1, 5, 7]. When ) is a real and positive
number, the fixed point is a repeller, whereas for an imaginary one, the motion
examined is stable around this point which is a centre.

The elements of the stability matrix A;; are calculated by the following
method [1, 2, 5, 7]. Let us consider a motion described by the Hamiltonian

noo,2
p.
H= —— +V(q1,. -\ qn),
; g TV (@)
where p; is the generalized momentum for the i-th degree of freedom (i=1,...,f),
gi is the generalized coordinate for the é-th independent motion (¢ = 1,..., f). Now
Fy
Aw = oFy . k=1, ,f1l=1,...,f
Oz 40

*e-mail: konarski@ROVIB.amu.edu.pl

(353)



3h4 J. Konarsk:

and for k=1,...,f
OH . OH

= n=1,....f, Ffon =—5—,
) f [+n (9([77,

L1 B =1y G Bl T2 = PLe ., PSS ¢? is the 7-th fixed point.
The eigenvalues of the stability matrix are calculated from the equation
Det|Ag — M| =0.

Let us consider an example as simple as possible, i.e. a one-dimensional harmonic

oscillator with centrifugal force, now the Hamiltonian has the form

F

k= 73
Mpn,

o o
/i R-
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" 24t + 3! + 2pr?
and Fy = p/u, Fo = —kr+ R?/(ur®), the fixed point is obtained from the condition
Fs =0, and is equal to 7§ = R?/uk, now
aFl 8F] l
A= —= O, A 9= — = -,
11 ar 12 5p ~ n
Y R?
Agl = (aF“> =—k - 3 T = ~4k, Ags = 0.
o /.. prg

The eigenvalue of prohlem for the case has the form

A =0, so A+ 4k =0and A =i ilﬁ,
—4k, = L 7

has an imaginary value for rg so the fixed point is a node [1, 7].

Table I shows the results obtained for different potentials, as well as the
role of rotation of the body considered in the destabilization or stabilization of
motion. These results have been calculated for diatomic molecules, because for
these species the potential which properly describes the internal motion is wéll
known [10-12]. For these calculations the fixed point ro was obtained from the
condition @V /dr = 0, whereas the second fixed point 7; was obtained from the
overall equilibrium condition, i.e from the following equation:

oV R3
ar s T
where R?/ur3 describes a force brought about by rotation of a molecule. -

As follows from Table I the rotational motion of a molecule stabilizes the
nodal feature of the fixed points 7y and r;. Interesting results have been obtained
for a double minimum potential (see no. 5 in Table I) for which rotation of a
molecule stabilizes 7y (the point for which the potential has a maximum).

In a series of papers [13-19] it has been shown that the detected rovibrational
transitions are very well assigned within the soft or deformable model, i.e. within
the model which takes into consideration a deformation of a molecule brought
about by its rotation. This model introduces the references configuration, i.e the
rigid configuration around which the nuclei perform their motions, from the con-
dition

./z-_57-+771-7:wxw><7’i, 0
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Values of the stability matrix for different potentials.

TABLE I

Potential Fixed point. A and remarks
R 22 ca .
L sz + 55 Tt ry =4 f{T i“, 75 is a node
2. | ar® +brt a,b >0 ro {min. of funct.) 1, 70 i1s a node
2 4 ' . : . .
.l ar +br*,a>0b<0, ro (min. of funct.) 1, 7o 1s a node

and 2a + 12br3 > 0
4. [ ar? +brt,a>0b>0
and 2a + 1201 < 0

ro (min. of funct.)

7172 (max. of funct.)

reb, 1o is a repeller

i, r1/2 are nodes

i, for ¢ > 0,5 < 0, and
2(1.—12br0+3R >0

re, for )a—12b70+ Rq <0

ot

2 4 R?
ars + br + 557 To

6. | ar® 4+ brt + 2““, RZ>z|ry i, 7 is a node,
RP<z z= %%,37 T re, 71 is a repeller,
TJ2,TJ2 i, 7j2, T2 are nodes
7. D(l—e_“"’)z. T=7r—"7"9 7o 1, 7o is a node
8. | D(1—e™*)% + ,,ﬁjg ) i, ro is a node for R? > z
z1 = Do’ prge @m0 (L—eam0)
re, 7o is a repeller for R? < z;
9. | D1 - ) + L v,n- ro and vy 1, 7o and r; are nodes

4 imagma.ly value of A, re — real value of \.

where f? = —9V/Or is a force acting upon the i-th atom of a molecule brought
about by electronic structure of a molecule, and w is the angular velocity of rotation
of a molecular coordinate system relative to the laboratory one.

The solution of this equation, r;7, gives the equilibria positions which depend
on the angular velocity w. As a result the overall angular momentum is given by
the equation

P = oL o ) ‘ »

©= G = Z[mz(u X W X 1) +m (7 X v)o +
$0 Py = Ry + Ko, @ = ,y, z, where

5
AG_ZC”? (2)

Owqy

(81=J,;/8wa)v,;L],

is an addmonal angular momentum brought about by the changing of the distance
of the i-th element of the soft body from the equilibrium position r;; due to
vibrations (for » = r;y, V;L =0 and K, = 0, see Eq. (1))[13].

For diatomic molecules

R=pur*w=P-K
and the Hamiltonian for internal motions ha,a the following form [13, 14]:

2 P‘)_ -2
H=2 R v, (3)

24 2ur?
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From this equation we see that internal motions of the soft body are described by
the effective potential

Vo = V) + 5 (4)
The additional angular momentum is calculated from Eq. (2), i.e from the equation
oV (P-K)?
-+t ="
or urs
where §2 = (9r; /Owg)® + (Or; /6wy)2. The solution of this equation leads to the
following formula for additional angular momentum K:
K- urd+ A—d

K

where A = 4By J(J + Durer3/D, By = h*/(2urd), k = \/8BoJ(J + 1)ury/D?,
d = /p2r8 + 2Apur3 + 4Aur(r — rg) and 7y is obtained from Eq. (1) where the
Fues-Kratzer [20, 21] potential has been applied for description of the internal
motion. As a result 7y = ro[1+ BoJ(J +1)/D], and D is a constant related to the
dissociation energy of a molecule.

K =s]—

b

TABLE II

Eigenvalue of the stability matrix for Ars (IE;) calcu-
lated for two fixed points ro and r;.

J A remarks

LA Tyl
1 | imaginary | imaginary | 7o and r; are nodes

112 | imaginary | imaginary | rg and ry are nodes
113 real imaginary | 7 is a saddle point,
rz is a node

120 real imaginary | 7 is a saddle point,

rz is a node

TABLE III

Dependence of the critical rotational quan-
tum number Jo on Y = Bo/D.

Y 70 Ty Je
1.349 x 10~2 | saddle point | node | 4
1.336 x 10=3 | saddle point | node | 11
1.9046 x 1075 | saddle point | node | 113

Table IT presents the results obtained for Ars, (12';(0;)) molecule (the 7y
and D parameters used in these calculations have been taken from Ref. [13]). Ta-
ble ITI shows the dependence of eigenvalue of the stability matrix A on Y parameter
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~1

defined by the relation ¥ = Bg/D, and gives critical values of rotational quantum
number J. at which 7y changes its character from a node to a saddle point.

From the above presented calculations the following conclusions may be
drawn:

(1) for all the widely applied potentials, namely for the harmonic and non-
harmonic ones, the two fixed points, 7o and r;, are nodes, and the motions around
these points are stable,

(2) rotational motions preserve the character of ry for higher energies, i.e
rotation stabilizes the structure of a molecule (this is the well-known gyroscopic
effect (see for example [5])),

(3) for the soft body model the character of the fixed points depends on
rotational quantum number J. Below some J called the critical rotation quantum
number J. both fixed points, namely rg and r;, are nodes, whereas above J, the
motion around rg is unstable (ry is a saddle point) but r; is still a node, so a
motion around this point is stable. As a consequence a molecule changes its shape
above the critical value of J.
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