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Non-local electron—positron correlation effects in solids are studied. The
weighted density approximation is applied to calculations of the non-local
electron—positron correlation functions. The calculated weighted density ap-
proximation electron—positron enhancement factors for the core electrons are
compared with those obtained within the local density approximation. Also,
differences in the electron—positron enhancement factors due to the s, p, d
and f angular momentum channels of the electron charge density are stud-
ied. The formalism is applied to ab initio calculations of positron lifetimes in
a variety of metals and silicon. The influence of various approximations to
the electron—positron interaction on the positron lifetimes is also presented.
The weighted density approximation results are compared to those calcu-
lated within the local density approximation, the recent generalized gradient
approximation and with experimental data.
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The positron lifetime, τ, is an important characteristic of electronic prop-
erties of solids. This parameter provides information on the electron density dis-
tribution in the host material, thus yielding also useful information on defects in
metals and semiconductors. The positron annihilation rate, A = 1/r, is calculated
as

where n ei(re ) is the electron density in the host material, φ+(r p ) is the wave
function of a thermalised positron and g(re , rp ) denotes the correlation function
of the positron at rp and electrons at re , and r0 and c are the classical electron
radius and velocity of light, respectively.
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The electron charge density, n ei(re ), at the position re in the host mate-
rial, consists of a core, n c , and valence, n,,, contribution. The valence contribu-
tion, nv (re ), can be further decomposed into the angular momentum components,
ni (re ), of which we shall make use in the calculations of the electron-positron (e-p)
correlation functions. Consequently, throughout this paper, we shall use quantities
with a subscript t, when considering specific contributions due to different types
of electrons. Here t may stand for: c (core), v (valence), s, p, d, and f electrons.
In this notation we can write

It has been a common practice in calculations of the positron lifetimes to
treat the position-dependent e-p interaction within the local density approxima-
tion (LDA) [1-7]. In this approximation the e-p correlations are replaced by their
analogues in a homogeneous electron gas with the local electron density n(r p ) at
the positron position rp . This approximation is known to work well for systems
with slowly varying electron densities, e.g. for valence electrons in simple metals.
However, for core electrons, due to strong variations of the density, the LDA is
not expected to work very well, while theoretical [4-6, 8-10], semi-empirical [11],
and experimental [12] studies have shown that the core electrons contribution to
the annihilation characteristics is non-negligible in comparison with the valence
electrons contribution. For the localized core electrons the LDA seems to overes-
timate the e-p correlation effects, and in particular, in the interstitial region. The •
same occurs for localized d and f electrons in transition metals, rare earths and ac-
tinides. As a result, the LDA underestimates the positron lifetimes, as compared
with the experimental data [13]. This discrepancy may be caused by non-local
effects.

A certain form of non-locality of the e-p interaction was introduced in
Refs. [10, 14, 15], by evaluating the e-p correlation function g(r p , rp ) at the
positron position within the generalized gradient approximation (GGA). This ap-
proach, however, makes use of a parameter-dependent e-p correlation function and
the adjustable parameter is fitted to the experimental data.

In this paper we utilize the weighted density approximation (WDA) to cal-
culate the non-local e-p correlation functions in solids [8]. The weighted density
approximation includes non-local effects through substituting the electron density,
n(rp ), in the LDA correlation function, by its weighted average, n*(rp ), where
the distribution of the electron polarization cloud, surrounding positron, provides
the weighting factor. The WDA was first introduced by Gunnarsson et al. [16]
for studying the non-local electron-electron correlations and exchange effects. The
WDA can be interpreted as an ab initio generalization of the LDA for strongly
inhomogeneous systems. When the electron density is slowly varying, the WDA •
reduces to the LDA. The former has been successfully applied to the problem of
positron interaction with a metal surface [17, 18], leading to a much improved
description of the positron screening at surfaces, as compared with the LDA.

In the non-local approach of the WDA [8, 17, 18], the correlation func-
tions , gWDA(re , rp ) are approximated by their analogues in an electron gas,

[|re — rp |, n4 (rp )], where nI (rp ) is an effective. WDA density for electrons of
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type t. The density n* (rp ) is defined, for any positron position r p and any type of
electrons t, as the solution of the charge neutrality condition [8] which states that
the electron charge, screening a positron, is equal to —e.

and the correlation functions gnt (0, n) have been parameterized as a function of
density n in several works [19, 20]. When nt (rp) is replaced by nei(rp ), Eq. (3) gives
the LDA annihilation rate. Substituting gt (rp , rp ) by unity we get the independent
particles model (IPM) result.

In the present calculations, the self-consistent electron densities, n et(re ) and
n t (re ), have been obtained using the linear muffin tin orbitals (LMTO) method
in the atomic sphere approximation (ASA) [21]. For the core electrons we have
implemented the frozen core approximation. This does not seem to appreciably
influence the non-local effects studied in the present paper. Indeed, the WDA
effective density for the core electrons is much less dependent on the positron po-
sition than the core electron density in the host material. Therefore, small changes
in the core electron density, due to core electron relaxation, are not expected to
alter the WDA results.

To discuss the effect of the enhancement of the electron density at the
positron position on the positron annihilation rates, it is convenient to define, fol-
lowing Refs. [4, 6, 1, 10, 14], the average enhancement factors rt DA = )DA/)PM
and PWDA = )WDA/) PM, respectively for the LDA and WDA. These average en-
hancement factors ft can be interpreted as the enhancement factors g t (rp , rp ) in
the region, where the overlap of the various electron distributions with the positron
distribution is the largest. The quantities ft are shown in Figs. 1-3, for a number
of alkali metals,•3d, 4d and 5d transition metals.

In all the systems we studied, the quantities 1 for the core electrons are
larger than unity, indicating some deviation from the IPM. Moreover, except for Li,
Al, and Si, the WDA e—p enhancement factors are generally considerably smaller
than the LDA values. In transition metals, the core electrons are distributed over
the high density region. Therefore, the values of r, DA(WDA) are not too large
(smaller than 2.3). As a consequence, the core electrons enhancement factors of
the alkali metals are greater than the ones in the transition metals. It may be of
interest that the values of r,, obtained within GGA by Alatalo et al. [10] for Al,
Si, Ni, and Cu, are very similar to the rWDA of the present calculation.

The rW 1'A 's and " 's are very similar, with a trend of slightly larger
rs (p)A 's. In fact, there is no substantial difference between WDA and LDA for
nearly-free s and p valence electrons. This is not the case for localized d electrons in
transition metals (see Figs. 2 and 3). The WDA enhancement factor for d electrons
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Fig. 1. Average LDA and WDA enhancement factors ft for various types of electrons t
in alkali metals.

Fig. 2. Average LDA and WDA enhancement factors ft for various types of electrons t
in 3d transition metals.

is strongly reduced as compared with its LDA counterpart. The reason is that the
d electrons' contribution to the polarization cloud, screening the positron, is more
likely found in the region where the d electrons reside, than it would follow from the
LDA. As a result, the d part of the screening charge is shifted from the interstitial
region (where the positron is found with the highest probability) towards the
intermediate region. Thus, the overlap of positron density with electrons of type d
is diminished in comparison with the LDA.
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Fig. 3. Average LDA and WDA enhancement factors Ft for various type, of electrons t
in 4d, 5d transition metals.

Calculated positron lifetimes, obtained within LDA and WDA, are compared
in Table with the measured values [13], and with the GGA calculation of Ref. [14].
In the last row of Table, we give the mean difference between the calculated and
experimental positron lifetimes, namely, error = (1/n) Σ i |τycal-τeXP|,averaged
over the systems listed in Table. These errors provide a quantitative assessment
of the WDA and LDA results with respect to the experimental data.

When analysing the values quoted in the last row of Table one can see
that the WDA gives the best results. Note that also the state-selective LDA re-
sults (Eq. (3)) for the systems listed in Table are in better agreement with the ex-
periment than the GGA values [14] (for more details concerning the state-selective
LDA approach see Refs. [1, 8]).

Summarizing the results of this paper it is fair to say that the WDA gives
a substantially different picture of the e—p correlations in solids than the LDA.
Comparing the WDA with the LDA, we find, as expected, that for nearly-free
electron like systems both approaches give similar annihilation rates. However,
non-local effects are very important for the core electrons contribution to the total
annihilation rates. They are equally important for the d electrons in transition
metals. These non-local effects are included in the WDA in an average manner,
through distributing the partial electron densities over the whole Wigner—Seitz
cell. Comparing the present theory and the GGA approach [14] one should note
that the WDA enhancement factors for nearly-free electrons differ appreciably from
the corresponding quantities for the localized core and d electrons, whilst within
GGA [14] all types of electrons scatter on the positron at the same rate. Therefore,
although the WDA and GGA [10, 14] provide similar patterns in the enhancement
factors for the core electrons, as compared with the LDA, nevertheless, considerable
differences are observed between the WDA and GGA enhancement factors for
valence electrons, both in simple and transition metals.
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TABLE
Positron lifetimes calculated using the LDA and
WDA compared with the GGA calculation and
the experimental lifetimes of Ref. [13(a)]. The
experimental value of Ref. [13(b)] is quoted in
parentheses.

In Si, the WDA provides a more reliable description of the e—p correlations
than the LDA. Therefore, this gives us confidence to apply the WDA in the calcu-
lation of e—p momentum distributions, especially for Si. It is with Si and transition
metals in mind that the present implementation has been undertaken in the first
place.

We are grateful to the Royal Society for partial financial support of this
work.
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