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~Angular differential cross-sections for the formation of He® in collision
between fast He' ions are calculated using distorted wave Coulomb-Born
approximation. The interaction potentials satisfy necessary Coulomb bound-
ary conditions. In absence of any other theoretical results the present results
are compared with the existing experimental data.

PACS numbers: 34.70.4¢

1. Introduction

Charge transfer in collision between positive ions is of theoretical and ex-
perimental interest being fundamental processes in astrophysical and laboratory
plasmas, including Tokamak plasmas. Total cross-sections for charge exchange in
one and two electron systems

H* + Het — H® 4 He?t 1)
and
Het 4+ Het — He® 4 He?t, (2)

respectively, have been investigated since many years, both theoretically [1-16]

- and experimentally [17-21]. Good agreement between theory and experiment was

achieved. But the theoretical works on angular distribution of the scattered beams
are scarce [22, 23] while first ever attempt on the experimental investigation on
reaction (2) is by Giessen group [24] in Germany. The differential cross-section
gives more sensitive probe by which one can have deep insight into the collision
processes. Charge changing collision between He ions in reaction (2) represents
an unique ion—ion collision system which can be represented by hydrogen type
wave function, the relative motion being distorted by Coulomb repulsion in the
incident channel.
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In this paper we formulate an expression for angular differential cross-section
(ADCS) for the electron capture in the reaction (2). There has been as yet no the-
oretical work on this process. We use Coulomb—-Borh approximation with the total
interaction potentials as in the paper [23] for reaction (1). The post interaction
includes two (e—a) attraction terms and one (a—c) repulsive term. The prior form
of the interaction contains interactions between (a—a), (a—e) and (e—e). (a—a)
term is found to dominate both the channels. As such the post-prior discrepancy
is small. The potentials are so chosen that the boundary conditions in the asymp-
totic limit are satisfied. This causes modification in the effective charge of the
interacting systems. The Taylor series expansion of the potential terms provides
convenient tools in writing the interaction potential terms in exponential forms.
The exponential containing the momentum operator, provides translational factor
associated with the relative motion.

Coulomb-Born approximation with distorted wave function is used in
Ref. [23] to calculate the ADCS for the reaction (1). The results differed widely
from those by Winter [22], but the post-prior discrepancy came out to be very
small. However, there was no experiment on reaction (1) till then. In this paper
we use the same methodology to calculate ADCS in the reaction (2) for which
preliminary experimental results are available [24]. As in the experimental data
[24], the maximum contribution for ADCS in (2) comes from a very small angular
range (0° to 1°) in the forward direction. ADCS decreases very rapidly with angle
up to 0.2°, after which it becomes almost constant. We compute ADCS with the
post and the prior interaction form of the potential. The difference in the ADCS
for post and prior interactions exists in the forward direction which however is
reduced appreciably as angle increases to 0.4°. This difference may be due to
non-orthogonality between the initial and the final wave functions. In absence of
any other theoretical result, the present results are compared with the preliminary
experimental data by Giessen group (Fig. 2).

2. Mathematical formalism

The charge transfer reaction under consideration is Het + Het — He® +
He*+, where the projectile and the target are the helium ions [Het(1s)].

Fig. 1. Coordinate system: A (R4) and B (Rp) are the nuclei of the projectile and
target He*(1s) ions recpectively. e (1) and e; (r2) are the two electrons bound
respectively to A and B. Al (Ra1) and B2 (Rp;) are the CM of the (A,e7) and
(B,e;) systems. B12 (Rpiz) is the CM of (B, €], e;) system.
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In Fig. 1 Ra, Rp are the coordinates of the nuclei of the Het projectile (A)
and the target (B) respectively. »; and 7o are the coordinates of the two electrons
e; and e; respectively. R4, and Rps are the coordinates of the centre of mass of

(ca—e7) system and (ap—ej ) system respectively, where « is the nucleus of the
helium atom.

The total potential energy of the system is
U=— ZA62 _ ZA62 _ Z)ge2 Z362
| |re — Ra|l |r2—Ra|l |Rp—72| |Rp—m|

ZAZBEZ € (3)
|Bp — Ral * |ri~ 7|
The operator expressions for the kinetic energies of relative motions of the inter-
acting systems in the initial and the final channels are respectively

+

1 1 1 1 .
Ti=~-—-V% — —V%, — —VZ_ ___V? : 4
l a1 MY 2upy B2 o ' MR )
and
1 1 1 1
Ti=—Vyy— = V% — — Vi —V3, 5
! upz P2 Opm P' T o T 2M R )

where fi41, 4B2, Mi,.ps are the reduced masses associated with the relative co-
ordinates 741, 7B2, pi, pr respectively (Fig. 1), and V’s are with respect to the
suffixed coordinates R4, 74n, Bn (n = 1,2), p; and p;. M and R are respectively
the mass and the CM coordinate of the interacting system.

_ MgRp + mers

= i = Rpo — Rai,
Rp) Vs tme pi B2 Al

ray=ri—Ra, raz=r2— Ry
Ra = MaR4 + mery
At My + me
M= Ms+ Mg+ me+me, R=[Rar(Ma+me)+ Rpz2(Mp+me)]/M,

pt=R4s—Rp1s, rsn=Rp—m, 7B2=Rp—7

MpRp + mery + mer2 ‘ 6
. : (6)
Mp + me + me
The total Hamiltonian of the system in the initial channel is
H =T;+U;j= Hoi+ Vi,
where Hy; is the unperturbed part of the Hamiltonian and Vj is the perturbation
- part. ’

: .~ Hoi= [—Vfu/(2um) -

Rpip =

228 1 |9,/ ume) -

|7 a1

ZBez_]
|rB2|

+ [-vrem + A2 e D]+ (~v/am), NG
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where the differentials are with respect to the suffixed coordinates 741,781
and p;.
Za4e?  Zpe? Z4Zpe? e? _ (Za—1)(ZB - 1)62. ®)

Vi=- [rasl  reil ~ |Rasl = |ri—ra leil
Writing 742, 781, Rap in terms of p;, Vi can be written as
% '-—ZACZ —ZAez]
a [IPi + (me/Ma)(r2 — TB1) — TB2| loi
[ —Zpe? 3 —ZBez]
T o+ e/ Ma)(ras — 7a2) — vl 1ol
[ ZAZ362 _ ZAZBe2]
[oi + (me/Ma)(Pa1 — Ta2)l il
e? e? ] '
+ — 1. (8a)
[|Pi +(rB1 —ra2)l  |ail

Similarly, Hamiltonian in the final channel can be written as H = T¢+U = H, 0f+'Vf,‘
where Hyr is the unperturbed part of the Hamiltonian and V; is the perturbation

part
Zpe? ]

Hot = {=V%,/(2up2) — ?ﬁi] + [—V% /@pB1) ~ 7—
R 5] : =

|72

Z4(ZB ~ 2)82] 9 e?
—Vi2/(2 ZAVB A7 | 4+ [-VE/(2M)] + ——— 9
+[-ve s+ HEEAE s om0 O
and .
2 2 2 92
Vf — _ZAC _ ZAB ZAZBe _ ZA(ZB 2)6 ) (10)
lrail  |razl  |Rasl e ,
Writing 741, 742, Rap in terms of p; in W,
— 2 7,62
Ve = [ Zae + A }
lps + (me/Ma)(rB2 — mB1) — TB1| Pl
[ —Z €2 + ZACZ]
lpe + (me/Ma)(rB2 — TB1) — rB2|  |P%]
[ ZAZ382 _ ZAZBGZ] (10&)
lpe + (me/Ma)(rar — ra2)| o]

As p; and p; tend to the asymptotic limit, each square bracket in (8a) and (10a)
becomes identically zero. The interaction potentials V; and V; vanish in the asymp-
totic limit, and eventually satisfy boundary conditions.

Since me/M4 < 1, we ignore the terms containing m./M, as a factor in
the interaction potentials ¥, and V; in (8a) and (10a). Using Taylor’s expansions
in (8a) and (10a) as in [23], and writing V, in terms of momentum operator p,
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we get for V; and V¢

—ZA Z382 (ZA + Zg — 1)62 e?
Vi = exp “icP-r + + 2 1
V= o SRR et ol frr—ra] 2
and -
—Zae? . —Z4e? 27 42
Ve = exp(—ieP - rg1) + exp(—icP  rpy) + 4~ 13
o PR P e

where ¢ = 1 + me/M,.
Eigenfunctions of the channel Hamiltonians Ho; and Hps are respectively,

et(1s et(1s i
i = 1 Crar) 55 (rpa) ¢y (K, 1) (14)

and
lbf = ¢(TBI) 7'.BZ) ¢£el.(I{f;Pf); (15)

where ¢I;Ie+(ls)(r,41),¢§Ie+(ls)(r32), and ¢(rp1,7p2) are the hydrogen type wave
functions of the projectile and the target Het(1s) ions and He(1s?) atom, respec-
tively. @i, (Ki, pr) is the eigenfunction for relative motion of the colliding system
in theinitial channel, and in the final channel ¢f, (K7, pr) is a plane wave. Looking
to the expressions (7), (9) of the unperturbed Hamiltonians Ho; and Hos one finds
that the effective nuclear charges for the relative motions are (Z4 —1) and (Zp —1)
in the incident channel and Z4 and (Zp — 2) in the final channel. Since for he-
lium ion Z4 = Zp = 2, the wave function for relative motion ¢ (p;) is Coulomb
distorted while in the final channel the corresponding wave function ¢f, (pg) is

undistorted. The Coulomb distorted wave function
B (Ki, o) = [1/@m)¥2] exp(=mn/DT (1 + in) exp(~iKi - p;)

XlFl[—-in, 1,1(1{1/)1 - K;- pi)] (16)

where 1 = (Za — 1)(Z5 ~ Dpu/IKi| and 8L, (pr) = [1/(2m)%/%] exp(—ikK - py),
where K; and K are the relative momenta of the initial and the final channels,
respectively. ¢%, (K¢, pr) being a plane wave, the momentum operator P in (12)
and (13) satisfies the equation

eXp(—lA P)'¢rel (I{f’pf» - exp( —iX- Kf)|¢rel (‘Kfipf)) (17)

The transition matrix element VP o(Post) of the prior (post) interaction V; (V;)
between the initial state 9; and the final state 1, is obtained in the Coulomb-Born
approximation

yprior(post) /¢fVi,f¢id37‘B1d37'Bzd3pf = /¢(7'B1, rB2)bre. (Kt, pe) Vi

+(1s +(1s :
T 1) (s GHT ) (o) gl (K, pi)dPrp1dPrpad® oy (18)

We use both the prior and the post form of the interaction potentials to
calculate the ADCS for charge transfer between Het(1s) and Het(1s) ions to
produce He(1s?) atom in the ground state. The integrations involved are of the
form '
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Va(m) = [ 6(ran, roa) (Ko, o) exp(ike - )/l

X G (1 ) HT O (1)l (K, 1) rmr P2y, (19)
where for
n=1, A =crp1,
n=2, A = crBa,
n =3, A=0,

and

@) = [ 8o, mo2)ia (Ko ) W Iral| 61 a3 ) r52)

X ¢l (Ki, pi)d°rp1d®rBad®py, (19a)

Va(5) = / $(rp1, r52)dk (Ke, pr) [1/|7m1 — 782)] 45 O (ra1)gh® 1) (rpy)

X $re1. (Ki, pi)d>rp1d®rp2d®p;. (19b)
Using (19), (19a) and (19b) in (12) and (13) we obtain from (18) the inter-

action matrices for the prior and the post form of potential
VFF“M = (—ZAeZ)Vﬁ(2) + (fZBez)Vﬁ(4) + (ZA +Zp — 1)62Vﬁ(3)
4eVa(s), (20)
VPO = (—Z4e?)Va(1) + (—=Zae?)Va(2) + 2Z24€°Va(3). (21)
The integrations are shown in Appendix.

3. Results and discussions

The angular differential cross-section for charge transfer in the CM scattermg
angle is

_ MB12f4, lkfl 2

do(0)/ds2 @n)y? |k‘ | |Val*. (22)

We calculate the cross-section with both the post and the prior form of inter-
action potential. Usually, in charge transfer reaction, the energy and momentum
transfer are very small. With no target recoil, in the projectile energy range under
consideration, we find from (11A), |62|/]61| < 1, and approximate ¢(v) = 47 /6;.
The maximum contribution to the reaction comes from the small angular range in
the forward direction. Correlations [25] are taken into consideration in the choice of
the He(1s?) wave function in the final state. For collision energy 10 keV (CM) the
maximum contribution to ADCS comes from the range 0° to 0.4° CM-scattering
angle. The results are compared with the preliminary data (Fig. 2) of the experi-
ment [24] by Giessen group.
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Fig. 2. The angular differential cross-section with respect to solid angle for charge
transfer at 10 keV CM energy for the reaction Het + Het = He® 4+ Hett. Present
calculation: prior interaction - - - -, post interaction ——, experimental results of
Giessen group [24] e e 6.

4. Conclusion

In this paper the Coulomb-Born approximation with Coulomb distorted
wave function is used to calculate ADCS for the formation of He® in collision
between Het ions. A total interaction potential is considered. The post interaction
potential contains (a—c«) and (a—e) interaction terms, in addition to which, the
prior interaction potential contains (e—e) term. Contribution from the (a—«) term
dominates the ADCS in both the channels. Though contribution from the (e—e)
term is much smaller than that from the (¢—a) term, yet the same is larger than
that from (a—e) term. As such, ADCS in the post interaction channel is slightly
greater than that in the prior interaction channel. However, beyond 0.5°, there
is no post-prior discrepancy. The necessary boundary conditions, for asymptotic
vanishing of the long range potentials, are achieved (8a), (10a).

In the experiment [24] as the absolute primary beam density profile in two
dimensions could not be measured, the results were interpreted as preliminary and
eventually some error in the measurement of ADCS is not unlikely. In principle, the
present results for differential cross-section do/df2 are plotted as a function of the
CM-scattering angle at 10 keV. CM energy shows similar characteristic variation
as obtained in the experimental results [24]. However, more such experiments are
necessary to validate the present theoretical approach.

Appendix

The detailed calculations for Vi(n) are given below. The wave functions for
He*(1s) ion in the initial state and that of He® in the final state are respectively

¢11-Ie+(1s)(rA1) — Nle—otu"/u’ and T41 = pPr — TBI1, : (1A)
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and

¢He(rp1,rp2) = N [e"B1 o752 4 e~ trBIpem B (24)
where

Ny = (1/Vm)(Z4]a0)??, a1 = Za/ao
and N, a, b are obtained from Ref. [25].

N2 =0.502571, a = 1.8850, b =2.1832.

The wave function ¢§Ie+(13)(r}32) of Het is equal to

¢12'Ie+(13)(r32) = Nye~%2rBz, (3A)
where

Na = (1//7)(ZB/a0)®?, a2 = Zp/ao.
The integrals Va(n) in (18), for n = 1 to 3, are shown below. Since me/M4 < 1,

from (6) one can approximate R4; = R4 and Rp1 = Rpi12 = Rp, leading to the
fact that p; = p; = p. On using atomic units

Va(n) = / $(rs1,mB2)dL0. (K, p1)(1/|p]) exp(—ier- Kp) i< *(|p = rp1)

+ .
Xy A9 (rpa) iy, (Kr, pr)d>rp1dPrpad®p. (4A)

After integration over rp; and rgy we get
Va(1) = Ti(a, b) + T1(b, a),

where

Ti(a,b) = / / No(2m)~58ma8rbs [|pl]~2 1 (K) expli(K: — K:)pr]
x1Fi[—in, 1,i(Kip — K; - p)|d*pd®K, (5A)

Ji(K) = [(a® + L%)%(bf + LA)"2(K? + a1)?] texp(iK - p)
= [A1 + fi(K)] % K2 + a1) "2 exp(iK - p)
= —(d/dAy) {[A1 + f1(K)]"H(K? + a1)"2exp(iK - p)} (6A)

where
L,=Ki—-K, L, =0,

Ay =a®? +b3Ke?,  fi(K) = b2K? — 202K K cos. (TA)

Using Feynman identity
1/(a2by) = 2 / 2da/[as + by(1 — )P
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we get

Ju(K) = — ) [ zde exp(iK - p)
(K) = —2(d/d4;) / d T T AN =2 + (T aeT™ (84)

where v
No = NNy N3[1/(27)?)(~Z4€) exp(—mn/2)T (1 + in),
by =b+1, Z4 =2 and ao=1.v
Using the integral formula
[ explE PP + K228 K = ()@ fexp () ),

where from (8A) p = z + b?(1 — z), 0 is the angle between K; and K;, and
v? = [z + (a0} + K¢?03)(1 — @) /] — {[b2 K¢ cos8(1 — 2)]2/p?} .
Hence from (5A) '

Ti(a,b) = No32abym*(27w)~6(d/dA;) [/u'sv'l(d/dv)(¢(u)/u)zd:c , (9Aj

80) = [explovp+i(Ke - K) - plllo]

x1F1[~in, 1,i(Kip — K; - p)]d3p. (10A)
Using Nordsieck integrals [26] we get
$(v) = (47/6:1)(1 + 62/6:)" (114)

6 =12+ (Ke — Ki)?, 6 =2(K; K — K? —ivKs),
while ’
[ explove +ite— K)ol 1Fylin, 1,i(Kip - K- )l
= —(d/dv)g(v). (124)

The integration over z in (94) is carried out using trapezoidal rule with
sufficiently small mesh Az.
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