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The NMR response of an isolated spin-3/2 system with an axially sym-
metric quadrupolar interaction under magic-angle sample spinning to an
ideal radio-frequency pulse using irreducible tensor operators is evaluated
analytically. The excited single-quantum spin coherences are modulated by
the sample spinning. The effects of spinning frequency, quadrupole cou-
pling constant and the orientation of quadrupolar interaction relative to
rotor axis on the spinning-side-band patterns are simulated. High-resolution
single-quantum spinning-side-band pattern detected for 2*Na (I ='3/2) nu-
clei in sodium nitrate powder is compared with the simulation based on the
theory and the quadrupole coupling is estimated.

PACS numbers: 33.25.4k, 33.40.+1

1. Introduction

High-resolution solid-state NMR spectroscopy is used extensively for study-
ing a great variety of solid materials ranging from ceramics to biopolymers. How-
ever, most successful applications have involved spin I = 1/2 nuclei such as '3C,
15N, 31P, etc. Nevertheless, magic-angle spinning (MAS) NMR spectroscopy of
half-integer (I = 3/2, 5/2, etc.) quadrupolar nuclei in solids is becoming an in-
creasingly popular tool in several physical and materials sciences with 27Al and
23Na representing some of the most important nuclei [1-4] (and references therein).
Recent advances in the design of very high-speed (vgr < 20 kHz) and stable
(£5 Hz) spinning devices and probes have proven extremely useful for studies
of half-integer quadrupolar nuclei in solids [6-7]. Using these probes, the complete
spinning-side-band patterns for the satellite transitions extending over large spec-
tral width were observed for several solids [8-10]. In addition, the computer sim-
ulation of the complete spinning-side-band manifolds for the satellite transitions
allows quadrupole coupling constant and asymmetry parameters to be determined
with high accuracy [10].
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For half-integer quadrupolar nuclei such as 2*Na (I = 3/2), 27Al (I = 5/2)
and 170 (I = 5/2) improved spectral resolution can be obtained by observing the
central (+1/2,—1/2) transition that is not influenced by the first-order quadrupolar
interaction [11, 12]. However, the spectra are broadened by second-order quadrupo-
lar interaction. This is a fourth rank interaction that cannot be averaged to zero
by the MAS technique which is successful in averaging second rank couplings
such as dipolar interactions and the chemical shift anisotropy. Several years ago,
dynamic-angle spinning (DAS) [13, 14] and double-rotation (DOR) [15-17] tech-
niques were developed for obtaining high-resolution isotropic NMR spectra for
half-integer quadrupolar nuclei. Unfortunately, both types of experiments are tech-
nically demanding and require specially designed NMR probes.

Recently, Frydman and Harwood [18] demonstrated the possibility to ob-
tain isotropic NMR spectra for half-integer quadrupolar nuclei by correlating the
evolution of the multiple-quantum (MQ) coherences (m,—m) with that of the
single-quantum (SQ) coherences corresponding to the central transition. Struc-
tural investigations have been done in the last few years [19-21] using MQ/SQ
correlation method which proved to be insensitive to the first- and second-order
quadrupolar spectral broadening. Since the above technique involves spin-space
manipulation together with sample rotation at the magic angle, it can be imple-
mented easily using an ordinary MAS probe.

The possibility to use high-resolution double-quantum (DQ) spinning-side-
-band patterns to measure the internuclear distances for protons in rigid solids was
proved recently for malonic acid [22]. Moreover, it was shown that the sensitivity
of the DQ spinning side-band excited by the recoupling type of pulse sequences
to the dipolar couplings can be higher compared to the SQ-spinning-side-band
patterns [23]. Of course, it is also important to clarify which strategy is optimal,
i.e., to measure the quadrupolar couplings using MQ- or SQ-spinning-side-band
patterns or to combine these NMR observables. In order to give a quantitative
answer to this problem the first step is to obtain an analytical expression for the
SQ-spinning-side-band pattern of an isolated nucleus with quadrupolar interaction.
Therefore, the aim of this paper is to evaluate the NMR response of a quadrupolar -
nucleus with a spin I = 3/2 subjected to MAS, after the excitation by a hard
radio-frequency (rf) pulse. The simulation based on the analytical expression for
SQ spinning-side-band patterns are compared with the experimental data recorded
for 2Na in NaNOj3; powder. '

2. The Hamiltonian

In the strong'externa.l magnetic field the Hamiltonian for a spin-I quadrupo-
lar nucleus subjected to magic-angle sample spinning may be approximated by the
secular first-order average Hamiltonian over the Larmor period

2
Hg(t) = Z hw(Qm) exp (imwgt) [3I2 - I(I+1)]

m=-2

2
= Z h\/gw(qm) eXp (imet)szo. ' (1)

m=—2 -
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In the above equation wR/2ér is the MAS frequency and T3 is the irreducible
tensor operator of rank two and order zero. Ty g is given by

Tyo = % [BIZ-I(I+1)]. ' 2)

The spatial dependence of the quadrupolar Hamiltonian is written in terms
of its Fourier coeflicients as

wgn) = wsax {Dg,-—m(-QPR) - _% [D?-2,—m(‘QPR) + Diz,m(‘QPR)]}

xd2 o (Brm)- ' 3)
The maximum quadrupole splitting is
27Cq
max
Yo T Er-1y; )

where Cg = e2¢Q/h, is the quadrupole coupling constant and 7 is the electric
field gradient asymmetry parameter (0 < n < 1). D, is the Wigner matrix with
- 2pr = {o,B,v} denoting Euler angles relating the rotor-fixed frame R to the
principal-axis frame (P) of the quadrupole interaction, whereas d%y, is the reduced

Wigner matrix element having the argument g1, = fm = tan=1(1/+/2) for MAS,
relating R to the laboratory frame L.

In the following we shall consider the simplified case of axially symmetric
quadrupole interaction, i.e., 7 = 0. From Eq. (3) we have

Wi = wB*D2 _ (2pr)d2,, o(BrL). - (5)

Taking into account that at the magic angle wg) = 0, we can write for the
rotor modulated quadrupolar Hamiltonian

Ho(t) = h\/g [w(Ql)exp (iwrt) + wgl)exp(—int) + wg)exp (12wrt)
+w£2—2) exp —(i2th)] . - (6)
Using Eqgs. (3) and (4) we can finally write
Hq(t) = hwg™ [—\/?_,sin 20 cos(wrt + 7)

+\/gsin2ﬁ cos(2wrt + 27) | Tz,0, . (7)

or written in a short-hand notation
Hq(t) = hwq(t)T3,0. (8)

In the argument of the free evolution period propagator acting during the
period of time (0, 1), the integrated quadrupolar Hamiltonian is

Ho(t,0)= [ Aot = 220z, , ©

where
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max
wq(t;0) = \/6% {—\/?_,sin 28 [sin(wrt + 7v) — siny]

+\/§Sin2 B [sin(2wrt + 27) — sin(27)]} . (10)

It is easy to generalize the above formulae for the case of quadrupole inter-
action with n # 0.
3. Single-quantum spinning-side-band pattern

We shall consider in the following a I = 3/2 quadrupolar nucleus in a rigid
lattice for which the chemical shielding interaction as well as internuclear dipolar
couplings can be neglected.

The relevant equilibrium spin density operator is peq & CI, where C'is the
Curie factor. In the limit of hard radio-frequency #/2 pulse the density operator
at the beginning of free induction decay (FID) is given by

p(0) = exp( -1 ) I =iT\1(s), (11)
where the symmetric irreducible tensor operator is defined as Ti:(s)
3 (Ti,1 +T1,m1) with Tian = F (3 )/?Iy and I = I, % il, [24, 25]. The

Liouville propagator is exp (15) A = exp(i0)A exp(—i0).
The propagator which describes the spin system free evolution in the presence
of MAS can be written as

. 1 .
E(t;0) = T'exp (—%/ Hq(t)dt> . (12)
0
From Eq. (9) the above equation can be rewritten as

BE(t;0) = exp( Q\(/%O)T > - (13)

The density operator, which describes the FID, is given by

p(t) = exp <—1 Q&) ) p(0)= iC exp (—1 Q&EO)B 0) Tia(s).  (14)

The above density operator for arbitrary moment of time can be evaluated
using the evolution of the irreducible tensor operators under a quadrupole inter-
action for spin I = 3/2 [25]. We finally get

p(t)=C {1T1 1(s) [ cos(wq (¢;0)) + ] +T 1(a)7 sin (wq(t; 0))

+73.4(9) = cos (wg(1:0) - 1. (15)

It is evident from this relationship that after the action of a radio-frequency
pulse the spin system-develops only SQ coherences, i.e., the density operator con-
tains only terms proportional with i raising and lowering operators.
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"The normalized NMR signals detected in the rotating frame can be evaluated
from the relationships

Sp(t) = Tr{IzP(t)}

- Tr{IzPeq} (16&)
and ,
S,(t) = %. (16b) -

These orthogonal signals can be evaluated using Eq. (15) and the traces of the
irreducible tensor operator products given in Ref. [25]. We can write

Sz(t) =0, ' (17a)
and
Sy(t) = = [3 cos (wq(t; 0)) + 2]. ’ (17b)

The Fourier transform of the FID, Eq (17b) will lead to the spinning-side-band
pattern. The relative intensities of the various spinning-side-bands can be analyt-
ically evaluated using a Fourier—Bessel series.

The FID derived above is valid for a single crystal. For a powdery solid the
FID is given by

Sy(t) = ¢ - [3(cos (wa(t:0))) +21., (18)

where the powder average is

2m 1 2T
(cos (wq(t;0))) = —8—7%/0 doz/0 sin fdg A dy cos (wg(t;0))

= / sin pa | " &y cos (wo(t:0)) (19)

4. Results and discussion

The effect of the quadrupole couplings, the orientation of the quadrupole ax-
ially symmetric tensor relative to the rotor reference frame and rotor frequency on
the SQ spinning-side-band patterns can be analyzed using Eq. (17b) by numerical
simulations.

‘'The spinning-side-band patterns for different values of the quadrupole cou-
pling constant Cg in the range 300 kHz — 1 MHz are presented in Fig. 1. As
the quadrupole coupling constant is increased the relative intensities of the spin-
ning side-bands relative to the center band are decreasing but the features of
triplet static NMR spectrum are present. For the strongest value of the Cq the
spinning-side-band pattern is extended to a broader spectral range compared to
the weaker coupling. If this spectrum could be recorded the quadrupole coupling
constant can be measured with better accuracy as a result of more rotor lines in
the spinning-side-band pattern.

The dependence of the patterns versus the £ angle for ¥ = 0° and a quadru-
pole coupling constant of Cq = 337 kHz corresponding to 23Na nuclei in NaNOs
are presented in Fig. 2. The structure with high intensity spinning-side-bands
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Fig. 1. Spinning-side-band pattern simulations from Eq. (17b), for g = 45°, v = 0°,

wr /27 = 10 kHz and quadrupole coupling constant Cg = (a) 300 kHz, (b) 500 kHz and
(c) 1 MHz, respectively.

is evident for the polar angle 8 = 30° as compared with the other two angles.
Nevertheless, the spinning-side-band pattern will vanish for § = 0° as it is ev-
ident from Eq. (10). As the rotor polar angle is increased the intensities of the
spinning-side-bands will decrease but the structure will become richer.
The dependence of spinning-side-band patterns versus the rotor frequencies
is presented in Fig. 3. For the highest rotor frequency considered of wg = 25 kHz
* the relative intensities of the spinning-side-bands to the center band are higher
compared with the cases of lower rotor frequency. The advantage of high sensitivity
and of resolution offered by fast MAS is supplemented by the higher sensitivity of
the spinning-side-bands patterns to the quadrupole couplings.
The SQ spinning-side-band pattern for *Na in powder NaNQ3 (obtained
commercially and used without additional purification) is presented in Fig. 4a.
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Fig. 2. Spinning-side-band pattern simulations from Eq. (17b), for Cq = 337 kHz,
¥ =0°, wr/27 = 10 kHz and for rotor polar angle # = 30° (a), 54.7° (b) and 60° (c).

The measurements were performed on a Bruker ASX 500 NMR spectrometer
operating at a proton frequency of 500.13 MHz. The commercial double-tuned
4 mm MAS probe has been used with a 90° pulse length of 1.5 us at the 23Na
resonance frequency. The simulation of the spinning-side-band pattern was per-
formed by averaging the FID over all the crystallite orientations by multiplication
with a Gaussian decay and finally by Fourier transformation. The simulation pre-
sented in Fig. 4b used Eqgs. (18) and (19) with quadrupole coupling constant of
Cq = 337 kHz and asymmetry parameter 7 = 0.00 and a Gaussian line width
of 120 Hz [26]. The simulation reproduces well the experimental spectrum but
the intensities of the spinning-side-bands are a little higher for the experimental
spectrum. We believe that this effect is related mainly to the finite radio-frequency
excitation pulse.
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Fig. 3. Spinning-side-band pattern simulations from Eq. (17b), for Co = 337 kHz,

B = 45° and vy = 0° and quadrupole coupling constant wr = 6 kHz (a), 15 kHz (b) and
25 kHz (c). ' :

5. Conclusions and outlook

The spinning-side-band patterns for a spin I = 3/2 with an axially symmet-
ric quadrupolar coupling in the secular approximation were evaluated using the
elegant formalism of the density operator together with the algebra of rotation
of the irreducible tensor operators. This formalism can be extended to the case

~of the anisotropic quadrupole interaction and to the radio-frequency excitation

pulses having finite duration.

The effect of the rotor frequency, the strength of quadrupole interaction
and the orientation of quadrupole tensor on the spinning-side-band patterns was
investigated by simulations for the particular case of 22Na nuclei in NaNQg. This
will open the possibility to discuss the changes of the patterns for the sample
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Fig. 4. (a) ?®Na spinning-side-band pattern for powder **NaNO; recorded after a
90° radio-frequency pulse of 1.5 ps at a proton.resonance frequency of 500.13 MHz.
(b) Simulated spinning-side-band pattern for **Na with quadrupole coupling constant
of Cg = 337 kHz and asymmetry parameter = 0.00 and a Gaussian line-width of
120 Hz [10, 26). '

rotation at an angle different from the magic angle.

The presented results can be extended directly to the case of isolated CHz-
-group undergoing rapid classical rotation. The rotating CH3 spin system in the
high magnetic field can be regarded as a sum of three quasiparticles: one quadru-
polar-like quasiparticle of spin 3/2 and two quasiparticles of spin 1/2 [27, 28]. The
motional averaged dipolar couplings can be evaluated directly from the spinning-
-side-band patterns using a relationship similar with that derived for the case of
a quadrupole nucleus:

Triple-quantum (TQ) spinning-side-band patterns excited by a three-pulse
sequence can be evaluated in the same manner as that presented above. The
sensitivity of the TQ and the SQ spinning-side-band patterns to a distribution of
quadrupole couplings can be also investigated using the results presented in this
paper. Work along this line is currently underway.
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